
• What do spectra tell us about dynamics?

• How can we easily calculate spectra?

• Case studies

• MIME effect (with J. Zink)

• Benzophenone (with John Frederick)

• Scars
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Many years of focus on 
stationary states followed
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Map complex phase into color
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ψ(!x, !J) = (2 ih̄)−n/2
∑
k

∣∣∣∣ ∂2Sk

∂!x∂ !J

∣∣∣∣1/2

exp
[
iSk(!x, !J)/h̄ − i k /2

]
Semiclassical Eigenstate, Integrable case:

π πµ



The focus on stationary states  
was understandable...

• low energy

• high resolution “line” spectra

• i.e. evidence of individual eigenstates 
predominated
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Time dependent version
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Exact! not semiclassical



Iťs begging a 
Semiclassical Wavepacket 

Implementation

Im
plementati

on

t t t t ttt



Thawed gaussian approximation

-- Center guided



Other gaussian wavepacket 
propagation schemes

Frozen Gaussians
Off-center guiding



The dream: provide a physically motivated 
basis set for chemical dynamics

• semiclassical Gaussian wavepackets are locally 
correct solutions to the time dependent 
Schroedinger equation

• they are a complete set - expand in semiclassical 
Gaussian basis

• they individually are guided by and act like 
classical trajectories; easy to run in many degrees 
of freedom



Many strategies and variants....
• Thawed Gaussians, frozen gaussians, Herman-

Kluk, variational (Huber - EJH), off center guiding 
(Tomsovic - EJH), Jackson & Metiu (B.O. surface 
crossing), van Vleck cellular dynamics,...

• Promising recent work:, Ben-Nun & Martinez 
(spawning, surface crossing); Child & Shlashilin 
(variational swarm), H-K by many workers, van 
Voorhis & EJH (nearly real), Rossky & Co, Batista 
...

• Related work by Miller & Co, Makri & Co,
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Eigenstates by Fourier Transform
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Wavepacket, autocorrelation, spectrum



Wavepacket, autocorrelation, spectrum, eigenfunction
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From a spectrum to dynamics
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Measuring ergodicity with one state

ωMIME =

∑
n

ω2
n∆2

n∑
n ωn∆2

n

σ(ω) =
∑

n

fa
n δ(!ω − En)

fa
n = |〈χe,n|µge|χg,a〉|2

σ(ω) =
∞∫

−∞
dt eiωt〈|φa|φa(t)〉

|φa〉 ≡ µge|χg,a〉

|φa(t)〉 = e−iHet/!|φa〉

〈φa|φa(t)〉 =
1
2π

∞∫
−∞

e−iωtσ(ω)dω

Pa(t) = |〈φa|φa(t)〉|2

P (a|a) = lim
T→∞

T∫
0

Pa(t) dt

1



an = 〈En|α〉 pα
n = |〈En|α〉|2

pα
n measures the tendency of an eigenstate to be

large in a certain region of phase space. Since

|〈En|α〉|2 = |〈En|α(t)〉|2,
such regions of large overlap are correlated (O’Connor,
EJH).

Time averaged phase space transport
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Easily shown:

Quantum Ergodicity:
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Eigenstate Projections

P(a|a) = .16

P(b|b) = .31

P(a|b) = .16

F = 0.22





LASER

Another view of absorption/emission from a 
time dependent viewpoint
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Extreme quantum control! 
Using perfect phasing to build 
an eigenstate.  



A note on quantum control....
A c.w. laser...

is just a pulsed femtosecond laser...

with a high repetition rate!

=
+ + + +...



Semiclassical 
Methods
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A note on many degrees of 
freedom, decoherence



• A partially resolved spectrum gives a very 
evenly spaced set of peaks, but the spacing is 
not near any normal mode frequency of the 
molecule

MIssing Mode Effect
(MIME)
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Case study: benzophenone
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Reduced dimensionality

High energy needed to excite some high frequency degrees of freedom 

can lock them out

Examples:
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String theory:Living in 4 dimensions instead of 11!!
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• Kramers-Heisenberg-Dirac

What determines Raman spectral 
intensities?
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Good luck:   10^(18) states m to sum over!
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What determines Raman spectral intensities?
If the wave packet does not return, for whatever reason, 
(dissociation, decoherence, lost in a big phase space, etc.) then 
the short time propagation gives the Raman intensities of 
individual lines even on resonance.   
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A separate projection 
onto another final state 
for each line strength. 

“Raman wave function”
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What determines Raman spectral intensities?
(polyatomics)

The story is more interesting for 
polyatomics-the direction of initial 
motion clearly determines what states the 
Raman wavefunction will overlap
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This got relegated to the first chapter of textbooks

Everybody “knew” the time dependent S.E. was much harder to solve than the time independent
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Time dependent 
Semiclassical: 

van Vleck Green’s function; 
vV, Morette, 1940’s



first full Van Vleck 
implementation - early 90’s! 
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Off-center guided thawed Gaussians
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This got relegated to the first chapter of textbooks
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one. So it became
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for the rest of the book.

The Van Vleck formula is
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=
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1
2πi!
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∣∣∣∣Det
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Getting the whole emission spectrum

Iab(ω) =

∣∣∣∣∣∣
∞∫
0

eiωt〈φb|φa(t)〉 dt

∣∣∣∣∣∣
2

=

∣∣∣∣∣
∞∑
m

〈φb|m〉〈m|φa〉
Ea + !ω − Em + iε

∣∣∣∣∣
2

|φa,b〉 = µif |χa,b〉

∆E∆t ∼ !

|Ra
ω〉 =

∞∫
0

eiωt|φa(t)〉 dt

Iab(ω) = |〈φb|Ra
ω〉|2

I(ωs) =
ωIω3

S

2π

∞∫
−∞

eiω′t〈Ra(ω)|Ra(ω, t)〉 dt

1

Raman wavefunction propagated
 on the initial surface

“Simple Aspects of Raman Scattering”

Example:  On resonance quantum yield of 
fluorescent (Raman) photons in Iodine 
photodissociation about the same as typical 
pre- resonant yield in polyatomics



Incoherent neutron scattering
e.g. molecules in solution
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Thus far we have learned...

• Time dependent theory is driven by the 
requirements of condensed phase systems and 
large molecules, whether the experiment is 
time dependent or not.

• Ironically, the very shortest time information 
about chemical dynamics is often best 
obtained from the frequency domain



Perspectives on Quantum 
Tunneling

• Decoherence and tunneling

• tunneling when you least expect it

• dynamical tunneling

• molecular spectra and tunneling



Barrier penetration: role of coherence

∆E ∼ e−
∫

|p(x)| dx/h̄

Γ ∼ e−2
∫

|p(x)| dx/h̄
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time
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2 2
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"decoherence"

P = a

2P = a

2
P = 4a

2
P = 2a

Quadratic vs. Linear buildup



All correlations quadratic for 

short time
rollover to exponential-

depends on residual 

coherence on the right
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|



Finite temperatures and decoherence do not
eliminate tunneling; rather, they eliminate
coherent enhancement of tunneling.



Symmetric tunneling made to behave like
bound     free tunneling by decoherence



1. Comment on coherence and tunneling

2. Standard and nonstandard examples of tunneling

3. Surface jumping (not hopping) 

 (with B. Segev, S. Kallush, A. Sergeev)

4. Ultracold sticking (A. Mody, J. Doyle)



Above barrier reflection

Below barrier tunneling

Two Kinds of “Ordinary”Tunneling

Both have analogs in “Dynamical Tunneling”



Penetration/reflection-use WKB?

0

0

x

p

e
−

∫ b

a
|p(x)|dx/̄h

e
−

∫ p−
p+

|x(p)|dp/̄h



Low Barrier Causes problems for both barrier 
tunneling and reflection. Cannot 
use semiclassical action-too small!
Solution: use perturbation theory

r =
∫

V (x) )

V (x)

dx

=
∫

e2ipx/ h

eipx/ h e- ipx/ h

V (

(

x) dx

*



(−h̄2

2m

∂2

∂x2
+

V WKB(x)

V WKB(x)
)

ψWKB

ψWKB

(x) = E ψWKB(x)

V
WKB(x) =

h̄2 (−5 V ′(x)2 − 4 E V ′′(x) + 4 V (x) V ′′(x)
)

32 (−E + V (x))2

R ≈
∫

ψWKB∗(x)
[
V (x) − V WKB(x)

]

[
V (x) − V WKB(x)

]

ψWKB(x) dx

1

(1) what potential                      makes
exact?
(2)  Do perturbation theory on 

WKB Perturbation Theory
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• N.T.Maitra and E.J.Heller, “Semiclassical perturbation approach to quantum reflection ”
Phys. Rev. A, 54, 4763 (1997).
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• N.T.Maitra and E.J.Heller, “Semiclassical perturbation approach to quantum reflection ”
Phys. Rev. A, 54, 4763 (1997).
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Pink- above barrier tunneling
Green- below barrier tunneling



Onresonance:Rabi cycling
} (t)=0oscH4hyHcos(~ Rabit)+ 4oscH3hyHsin(~ Rabit)

0oscH4hyH

4oscH3hyH 4oscH3hyH

0oscH4hyHOvertone transition: 
dynamical  tunneling

hν

Q uantize the field mode: M orse + harmonic
+ linear coupling.  C lassically forbidden
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Resonance Theory

Consider a Hamiltonian in action-angle form

H(J, θ) = H0(J) + V (J, θ)

The potential term V (J, θ) is conveniently expressed as a Fourier series.

V (J, θ) = λ
∑
m,n

Vm,n(J1, J2) cos(m θ1 − n θ2)

For example we might have

H = α J1 + β J2 + γ J2
1/2 + δ J2

2/2 + µJ1 J2 + λ J1

√
J2

∑
m,n

cos(m θ1 − n θ2)

This is always valid because everything is periodic in the angle variables.
Now the frequencies are gradients of the Hamiltonian (from Hamilton’s equations of motion):

θ̇1 = ω1(J) =
∂H(J)
∂J1

= α + γJ1 + µJ2 + λ
√

J2

∑
m,n

cos(m θ1 − n θ2)

θ̇2 = ω2(J) =
∂H(J)
∂J2

= β + δJ1 + µJ2 + λ
J1

2
√

J2

∑
m,n

cos(m θ1 − n θ2)

and the rest of Hamilton’s equations of motion are

J̇1 = −∂H

∂θ1
=

∑
n,m

Vm,n(J1, J2) m sin(m θ1 − n θ2)



Then
φ1 = θ1 − n0

m0
θ2; φ2 = θ2

J1 = I1; J2 = I2 − n0

m0
I1

and
H = H0(I1, I2 − n0

m0
I1) +

∑
!

V!m0,!n0(I) cos(m0 # φ1)

Note that φ2 is missing in H, thus we have

İ2 = − ∂H

∂φ2
= 0

φ̇2 =
∂H

∂I2
= ω2 +

∂

∂I2

∑
!

V!m0,!n0(I) cos(m0 # φ1)

and

İ1 = − ∂H

∂φ1
= −

∑
!

V!m0,!n0(I)m0 # sin(m0 # φ1)

φ̇1 =
∂H

∂I1
= ω1 − n0

m0
ω2 +

∂

∂I1

∑
!

V!m0,!n0(I) cos(m0 # φ1)

Note that the I1, φ1 system is autonomous because the φ2 dependence vanishes and I2 is a constant.
Therefore,

Heff (I1, φ1) = H0(I1, I
res
2 − n0

m0
I1) +

∑
!

V!m0,!n0(I) cos(m0 # φ1)



As a further approximation, we expand about Ires
1 :

Heff ≈ H0(Ires
1 , Ires

2 − n0

m0
Ires
1 ) + (ωres

1 − n0

m0
ωres

2 ) δI1+

1
2

(
∂ω1

∂J1
− n0

m0

∂ω1

∂J2
− n0

m0

∂ω2

∂J1
+

n2
0

m2
0

∂ω2

∂J2

)
δI2

1

+
∑

!

V!m0,!n0(I
res) cos(m0$ φ1)

≡ H0 +
1
2
G δI2

1 +
∑

!

V!m0,!n0(I
res) cos(m0$ φ1)

where we have used (ωres
1 − n0

m0
ωres

2 ) = 0. If the lowest ($ = 1) Fourier component is the most important
we can write

Heff = H0 +
1
2
G δI2

1 + Vm0,n0(I
res) cos(m0 φ1)

This is recognized as a pendulum Hamiltonian. The reduction of a resonance to a pendulum Hamiltonian
is an old trick in analysis of Hamiltonian systems with resonances. It is now a simple matter to find the
fixed points (stable and unstable) and estimate the resonance width. One just takes the above Hamiltonian
literally and finds the separatrices and stable islands. For example for the case

3ω1 ≈ 2ω2

,

F (θ, I) = (θ1 − 2
3

θ2) I1 + θ2I2

Then
φ1 = θ1 − 2

3
θ2; φ2 = θ2

J1 = I1; J2 = I2 − 2
3
I1
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On the surface of section, suppose that the green and red dashed tori are both
EBK quantized, predicting a degeneracy.   In fact, the states will be split, by
dynamical tunneling.  It may be shown that

〈ψEBK
2,5 |H - E|ψEBK

6,2 〉 ∼ 〈ψEBK
2,5 |V res

4:3 |ψEBK
6,2 〉

where V res
4:3 is the classical resonance interaction “responsible” for a 4 : 3

resonance zone lying between the two tori.

Uzer, Noid, Marcus; Ozorio de Almeida; Jaffe, Reinhardt; EJH
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Evidence for dynamical tunneling in 
molecules of moderate size and energy: 
fractionation in high resolution spectra 
at 0.01-0.05 cm   -1

Intramolecular vibrational energy redistribution in the acetylenic C–H
and hydroxyl stretches of propynol

Evan Hudspeth, David A. McWhorter, and Brooks H. Pate
Department of Chemistry, University of Virginia, Charlottesville, Virginia 22901

Received 12 December 1997; accepted 12 June 1998!
The high-resolution infrared spectra of the acetylenic C–H and O–H stretches of propynol have
been measured  using an  electric-resonance  optothermal  molecular  beam   spectrometer!.    Both
spectra display extensive fragmentation of the hydride-stretch oscillator strength characteristic of
the intramolecular vibrational energy redistribution (IVR) process. The IVR lifetime is strongly
mode-specific. The IVR lifetime of the acetylenic C–H stretch is approximately 400 ps, with a slight
increase in the lifetime with increasing values of the Ka quantum number. The lifetime of the O–H
stretch is 60 ps and is independent of the rotational quantum numbers. The experimental upper limit
for the anharmonic state densities are 30 and 40 states/cm2 1 for the acetylenic C–H and O–H
stretches, respectively. These values are in good agreement with the values obtained by a direct state
count ~19 and 32 states/cm2 1, respectively!. The measured density of states increases with an
approximate (2J+ 1)-dependence. These results indicate that all energetically accessible states are
involved in the IVR dynamics. However, neither the acetylenic C–H nor the O–H stretch shows a
decrease in lifetime as the total angular momentum (J) increases. This result shows that Coriolis
coupling of these two hydride stretches to the near-resonant bath states is much weaker than the
anharmonic coupling. For the O–H stretch, we are able to obtain the root-mean-squared ~rms!
matrix element for the Coriolis coupling prefactor, 0.0015 cm2 . The rms anharmonic coupling
matrix element is 0.03 cm2 . For the low J values measured in the O–H spectrum, the
Coriolis-induced IVR rate is much slower than the initial redistribution rate resulting from the
stronger anharmonic interactions leading to an IVR process with two distinct time scales. 1998
American Institute of Physics. @S0021-9606~98!01835-2#
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Experiments by  J. Nesbitt,  K. K. Lehmann, B. H. Pate, G. Scoles, 
J. MacDonald, and many others have shown unassignable fractionation
of spectra at the ca. 0.05 cm (-1) level in small polyatomic (5-10 atom) 
molecules at 1000 to 4000 cm (-1). This is a signature of IVR.

IVR is the mechanism responsible for fractionation of high resolution 
spectra (and thus revealing eigentates of strongly mixed, unassignable 
parentage).  (IVR == unassignable fractionation)

Claim: 
Some IVR is due to dynamical tunneling, and dynamical tunneling 
may even dominate the IVR.
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Coupling strenth trends from dynamical tunneling mechanism:

〈J1J2 · · · JN |Vtun|J ′
1J

′
2 · · · J ′

N〉 ∼ α e−γ |∆J |





Suggestednewperturbationtheory:
H =Hclassicallyallowed+Vtunneling

Traditional perturbationtheory:
H =H0+Vanharmoniccoupling

Vtunneling=VWKB- V



Brooks Pate:
Nondeflection of larger 
molecules in an
inhomogeneous field 



"IVR" can be tunneling.  Candidates:high resolution propyne, acetylene; 
anticrossing spectra, alkylbenzenes, etc.  The tunneling can lead to complete 
mixing of states in a narrow energy band and lead to spectral clumps with 
some (but not all) random matrix characteristics.

Nature's Ho: Quantum mechanics without the dynamical tunneling.  We 
are learning how to turn the dynamical tunneling on and off.

Narrow mediating resonance zones far outnumber global and large 
resonance zones; they dominate the tunneling and can be treated 
perturbatively but not by classical paths (i.e. they are essentially diffractive).

There may be a localization  transition (Logan-Wolynes) as a function of the 
falloff  of the direct tier tunnel coupling.  Molecules could live on either side 
of the transition.

• E. J. Heller. “Dynamical Tunneling and Molecular Spectra”, J. Phys. Chem., 99, 2625
(1995).

• E. J. Heller, book chapter “Spectroscopy and Dynamics in the Wings”, in “Molecular Dy-
namics and Spectroscopy by Stimulated Emission Pumping”, Hai-Lung Dai and R. Field, ed.,
(World Scientific 1995).

• E. J. Heller, “The Many Faces of Tunneling”, J. Phys. Chem. 103 10433 (1999).
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