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Abstracts

The polarization Green 's-function formalism in the superoperator notation of Goscinski and
Lukman is re-derived using a multiconfiguration self-consistent-field (MC-SCF) reference stale to
establish the superoperator metric. The potential advantages of employing this maTe general reference
stale in Green's-function theories and certain inberent weaknesses associated witb tbe traditional
Hartree-Fock or Rayleigb-Schrodinger perturbation tbeory reference stale cboices are briefly
discussed. The Herrniticity of the superoperators is analyzed within tbe framework of the MC-SCF
reference stale. Using a concept of order appropriate for tbis reference stale choice, explicit forrnulas

. and computational procedures for the implementation of Ibis Green's-function tbeory are presented
and specialized to include terms consistent tbrougb second order.

Le formalisme des fonctions de Green de polarisation dans la notation utilisant les superoperateurs
de Goscinski et Lukman a ele reetabli avec un etat de reference MC-SCF pour obtenir le metrique des
superoperateurs. Les avantages potentiels de ret etat de reference plus general ainsi que certains
points faibIes inherents associes aux etats de reference utilises traditionnellement dans les tbeories de
perturbation Hartree-Fock ou Rayleigh-ScbrOdinger sonI discutes brievement. L'berrniticite des
superoperateurs est analysee dans le cadre des etats de reterence MC-SCF. Utilisant une notion d'ordre
propre IIcel etat de reterence on presente des forrnules explicites et des procedes de calcul pour la
realisation de cetle tbeorie des fonctions de Green, qui sonI specialises pour inclure des terrnes
consistants jusqu'au second ordre.

Der Forrnalismus fur Green'scbe Funktionen von Polarisierungstyp in der Superoperator-
bezeichnung von Goscinski und Lukman wird mittels eines MC-scF-Referenzzustands bergeleitet.
Die moglicben Vorteile mit diesem allgemeineren 'Referenzzustand und gewisse mit. den in den
traditionellen Hartree-Fock- oder Rayleigb-ScbrOdinger-Storungstbeorien verwendeten Referenz-
zustanden verbundene eigene. Schwacben werden kurz diskutiert. Die Herrnitizitiit der Supero-
peratoren wird im Rabmen des MC-scF-Referenzzustands analysiert. Mittels eines fur diesen .
Referenzzustand geeigneten Ordnungsbegrifis werden explizite Forrneln und Rechnungsvenabren
fur die Implementierung dieser Theorie von Green'scben Funktionen vorgelegt und spe~alisiert um
Glieder bis zur zweiten Ordnung einzuscbliessen.

I. Introduction

In the last decade, Green 's-function approaches to the direct ca1culation of
eiectronic excitation energies and other spectraI properties have been employed
with considerable success to maDYatomie and molecular systems [1.-18]. Electron
attachment and detachment processes (Le., ionization processes) algo have been

. studiedextensively with Green's-function metbods [9-11, 19-27]. This paper
focuses on the development of a new Green's-function appioach in which the
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polarization Green 's-funetion (Le., two-eleetron Green 's-funetion) equations
deseribing exeitation proeesses are re-derived with respeet to a MC-SCFreferenee
stale. Two of us (A.B. and l.S.) reeently eompleted an analogous development for
the one-eleetron Green's funetion, whieh deseribes ionization proeesses [28].

The numerous 'Green 's-funetion studies reported in the .reeent literature
employ either equations-of-motion [1-10,19,20] or propagator [11-18,21-28]
formulations of the eleetronie exeitation (or ionization) problem. Equations-of-
motion methods, originally applied to problems in nuclear theory [29] and
subsequently developed for atomie and moleeular excitation and ionization
eaIculations by MeKoy and eo-workers [5,6] and others [1-4, 7-10, 19, 20],
reeover the results of Green 's-funetion the .es by easting the excitation or
ionization problem in terms of equations of motio the itation or ionization
operators of the system. The ran dom phase approximation and the time depen-
dent Hartree-Foek theory are the lowest-orderformulations of the equations of
motion [6]. Higher random-phase approximations employing extended excitation
(or io~ization) operator represents and eorrelated referenees states are required
to aehieve aeeurate results in most moleeular applieations [5-8, 19, 2~]. Solutions
to the equations of motion are usually established by means of an operator matrix
eigenvalue problem [5-8, 19] or an operator perturbation theory [9,10]. Simons
[10, 30] and Harris [31] have diseussed ambiguities in equations-of-motion
formulations that take as their starting point a funetion-Ievel equation. These
ambiguities ean be avoided'either by deriving the equations-of-motion formalism
with respeet to an operator-Ievel equation, as shown by Simons and Dalgaard
[10], or by working direetly with the well-defined propagator equations deseribing
exeitation proeesses. .

In the works of Linderberg [11], Ohm [11, 24, 27], Purvis [24], lj1jrgensen [14,
16-18,21], Oddershede [14, 17, 18], Cederbaum [25], and others [12, 13, 15,
22, 23, 26], the Green's-funetion equations aredeeoupled by pertlirbation
methods, geometrical approximations, or LOwdin's teehnique of inner projeetion
and partitioning on an operator manifold [32]. When applied to the polarization
Green's funetion, these proee<!ures give excitation energies as poles and transition
amplitudes as residues. .

Green's-funetion method for exeitations owe their attraetiveness to their
ability to provide aeeess' to exeited stale propertiesby expressing lbem as
differenees trom ground stale properties, whieh are easily approximated. FormaI
and eomputational simplicity arising from cancellation of eorrelation terms
common to both the ground stale and the excited stale of interest [15, 33],
together with a relative insensitivity of the operator-Ievel equations to reference
stale approximations [15,29], have also been advanced as reasons for preferring
the Green's-function approach to the more-traditional methods for eaIculating
excited-state properties, configuration interaetion, and perturbation theory. In
addition, propagator decoupling procedures have the advantage of giving tran-
sition amplitudes directly as residues of the Green's function. .

However, re cent wark by Oddershede and Jj1jrgensen [17] and others [5-8,
12-16] bas emphasized the importance of extended operator manifolds and
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correlated reference stale choices in obtaining accurate excited stale properties
from Green's-function methods. Theoretical arguments supporting these
requirements, originally advanced by Simon s [34] for the one-electron Green's
function, ale equally applicable to approximations involving the polarization
Green's function. Simons shows that if a complete operator manifold is employed
within the inner projection, the use of an approximate reference stale affects only
the residues; the exa~t nature of the pole structure, which for the polarization
Green's function is characterized by poles at (z) the exact excitation energies, is
still preserved. However, operator manifold truncation, an inevitable practical
necessity in the computational implementation of a Green's-function theory, does
lead' to a dependence of the pole structure on the quality of the reference-state
approximation. Balanced descriptions of the polarization Green's function, in
which both the operator manifold and the reference stale ale well approximated,
ale therefore rfecessary to ensure accuracy; an extended-operator manifold
cannot fully compensate for a poDe reference stale choice and vice versa [17,34].

. Simons and Dalgaard [10] have also pointed out that caution most be exercised in
defining and interpreting the operator metrics used in these Green's-function
procedures, which bas prompted lbem to introduce a new metric form, well
defined mathematically, that recovers the results of the traditional metric forms

. soch as employed by Goscinski and Lukman [35].
While most of the errors associated with Green's-function methods arise from

approximations introduced to make the problem computationally tractable (e.g.,
operator manifold truncation), the necessity of choosing an approximate
reference stale in terms of which the operator metric is to be defined represents a
fundamental weakness in the method [28]. Even those reference states for which
correlation bas been introduced by augmenting a Hartree-Fock (HF) stale with
Rayleigh~Schrodinger perturbation theory (RSPT) double-excitation configura-
tions (first order) or both single- and double-excitation configurations (second
order), cannot describe well the situation where the zeroth-order HF stale poorly
represents the system. For example, soch a situation occurs in the lowest singlet
states of carbenes, where moce than one major configuration most be included to
yield an adequate stale description, even at a zeroth-order level of approximation
[36-38]. Ground states of numerous other systems (e.g., Be, F2, O2) [39-41] ale
not well represented by single-configuration approximations. Also', a molecule
severely distorted flam its equilibrium geometry often requires the ftexibility of
additional configurations to characterize correctly its electronic structure (e.g., H2
at large internuclear separations) [42]. ..

, In the interest of extending the polarization Green's-function formalismto the
chemically interesting class of systems with highly correlated ground states, we
re-derive the polarization Green 's-function equations through second order using
a multiconfiguration self-consistent-field (MC-SCF)reference stale [43,44] within
the Goscinski-Lukmansuperoperator metric [35]. Of course, adequate descrip-
tion of a ground-state correlation is not the only advantage to be gained with the
use of a MC-SCFreference stale. By admitting this reference stale, which dis-

sociates correctly, unlike HF OT.RSPT reference states, detailed in,vestigation of
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excited-state potential surfaces becomes possible within the Green's-function
framework. The main points of difference between using RSPT and MC-SCF
reference states occur in (i) assessing orders of magnitude of the various terms that
arise in the matrix elements of the Green's function; configuration coefficients in
the MC-SCFcase are determined by optimization of the MC-SCFreference function
for. minimum energy as opposed to or<~ering in the electron interaction strength
with an RSPTfl.lnction, and (ii) in the nature of the non-Hermitian components
induced in the matrix elements of the Green's function.

The development presented in the folIowing sections will draw uran OUT
recently completed MC-SCFderivation for the one-electron Green's function [28].
In particular, the concept of order introduced in this earlier study will be carried
over without modification to the polarization Green's function case. OUTnota-
tions and choice of operator manifold to be used with the MC-SCFreferencestate
are introduced in Sec, II. We also give explicit expressions for the polarization
Green~sfunction in this section and we introduce a concept of order to assess the

. relative importance of each term. In Sec. III, this ordering concept is used to
produce a consistent second-order approximation to the polariz~tion Green's-
function equations. We then discuss other possible approximations, as wen as
.coniputational procedures to be used in implementing Dur results.

II. Formai Development

A. Notation

The spectral representation of the polarization Green's function in the
superoperator notation is [17, 35]

P(E) = (bt !(EI- RT1lbt), (la)

where bt is a tensor product set of complete sets of fermion creation {a;} and
annihilation {aj} operators

bt = {aax{aj} = {a;aj}, (l b)

and l and fI are the superoperator identity and Hamiltonian, respectively. These
superoperators are defined' with respect to an arbitrary operator Xi' of the
projection manifold h as [35]

Ix; = Xi, (2a)

and'

fIxi = [H, Xi]_. (2b)

The electronic Hamiltonian in Eq. (2b) is assumed to be in thesecond-quantized,
form [45] .

. t 1 t t
H =L hijaiaj +-2 L Vijk/aiaja/ak,

ij ijk/
(2c)
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where hij and V;jkl are one- and two-e]ectron integra]s in the spin-orbita] basis {<Pi}
ot the chosen MC-SCF reterence stale 'l';

f * ( 1 2 Zk )hij= <Pi(1) -2VI-tlrl-Rkl <pj(1)d1,

V;jk! = f f <P r(1)<p j (Z)(,rl ~ r21) <Pk(1)<Pl(Z) dl dZ

(Zd)

(Ze)

For the subsequent deve]opment, we aIso find it convenient to define a two-
electron integral difference

Vijkl = Vijkl - V;jlk. (Zt)

The operators ot a particIe-conserving projection manitold h appropriate tor use
with the polarization Green's tunction support the tollowing binary commutator
produet average with respect to the MC-SCFreference stale [34]: o

(xI/Xj) =('l'I[x:,Xj]-I'l') VXi,Xjeh. (3)
,

Using LOwdin's technique of inner projection [3Z] on the operator manifold h,
o o .. .. 1
here assumed to be complete, the superoperator resolvent (El - H)- may be
reexpressed in the form

(EJ- nrl = Ih)(hIEJ- Hlh)-I(hl, (4)

which, opon substitutionin the polarization Green's-tunction expression given in <

Eq. (la) yields

~(E) = (bt Ih)(hIEJ - Hlh)-\hlb t), (5)

This equation provides the basic starting point for the introduction of various
approximations Ieading to practical methods Jor computing P(E). The twa
essential approximations consist of selecting a point at which to truncate the
operator manifold h and picking a reference function 'l'.

B. Operator Space and Multiconfiguration Reference State .

Dur choice of projection manifold h is based opon generalization ot a
completeness theorem for ionization operator manifolds, recently given by
Manne [46] and elaborated opon by Dalgaard [47], to the case ot a particIe-
conserving operator manifold. The theorem essentially states that given an '
N -electron independent-particIe stale <1>0=n:l a:.lvac) (Le., an N -electron
Slater determinant) and a manifold of operators o o

N

h = U h2n = {h2,h4, . . . , h2N},
n=1

(6)<

0-

whose submanifolds, the h2m are comprised of particIe-conserving excitation
and de-excitation operators ot particIe-hole Tank n with respect to the orbital
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occupation in <1>0,Le.,

h2 ==[qi, q2] = [{a:a,,}, {a:am}],

h4 ==[q:, q4] = [{a:a"a:ap}, {a:ama;an}], a <{3, m <n,

h6 ==[q~, q6] = [{a:a"a:apa;a,,}, {a:ama;ana~ap}], a <{3 < '}',m < n <p,

h2N ==[q;N, q2N] = [{i~l a:ia"i}' {i~l a:iami}]'

al < a2 <. . .< aN, mI < m2 <. . . < mN, (7)

then the manifold h is complete when operat ing on any reference stale 'l',
provided. that the condition «I>ol'l')?CO is satisfied. In Eq. (7), weemploy, the
commonly used convention that Greek indices a,{3, '}',.. . , CIJlabel the elements of
the set of spin orbitaIs {~"Ia = 1, 2,. . . , N} occupied in <1>0while the Roman
indices m, n, p,.. .., z label elements of the unoccupied spin orbital set {~mlm ='
N -tl"N +2,. .,.}with reference to <I>~.The Roman indices a, b, c, .'.., l are used
to label imspecifled spin orbitals'belonging to either set. The complete spin orbital
set {~i} is thus given by{~,,} U {~m}' Thisconvention will be used in thesubsequent
formaI developmen1. It is important to note that Manne's theorem places no
restrictions on the exact nature of the orbitaIs {~,,} occupied in <1>0.

, The reference stale 'l' chosen in ibis particular development is a MC-SCF
N -electron stale [43, 44]

'l'(C, ~) = L CK<I>K(q,),
K=O

(8)

where the <l>K(~)are N -electron self-consistent-field conf!gurations constructed
trom the MC-SCFspin-orbital set {~i}' The MC-SCFwave function given in Eq: (8) is
defined to be an expansion-type wave function for which the orbital set {~i} and
the configuration mixing coefficients {CK} have been optimized variationally to
minimize the reference (ground-) stale energy to f1rst order [43, 44]; , ,

8E(C, ~) = O,

E(C, ~) = ('l'(C, ~)IHI'l'(C, ~».
(9)

. ,c

An equivalent statement to Eq. (9) is,'the generallzed B~illouin theorem,
expressed as [48] , " " .

l At

1

At ,t. t .

('l' H(aiaj)'l')=(H(aiaj»=O ':Yaia}Eb. (10)

, Equation (10) is actually employed in OUTdevelopment to compute 'the MC-SCF
wave function. We henceforth assume that the optimal MC-SCForbitaIs {~i}and
mixing coefficients{Cd for 'l' satisfying the generalized Brillouin theorem have
already been obtained. '

The configurations <l>Kin Eq. (8) for K 2: 1 are various n-particIe n-hole
excitations of <1>0(Le., <I>~= Li AiKxi 4>0,xi Eq;n 31 :Sn :SN) needed to pro-
vide an adequate description of the particular reference stale of interest. The
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operator manitold h is defined with respect to the configuration <1>0,hence the
overlap criterion tor the completeness ot h, «I>olqr)= Co;c O is automatically
satisfied. Thus, inner projection ot the Green's tunction on a manitold h defined
with respect to the <1>0component ot a MC-SCFreterence stale qr is a torrDally
correct procedure, provided that h is not truncated. <1>0is typically chosen to be
one ot the dominant configurations ot the reterence stale at the given molecular
geometry. This stipulation on <1>0markedly simplifies the assignment ot orders ot
magnitude to the various Green 's-function matrix elements.

If we limit OUTconsiderations to a truncated projection manifold h(4)
comprised only ot the h2 and h4 submanifolds, then, as we shalllater show, all
terms through second order are incIuded in the polarization Green's function.
This is also true tor RSPTreterence states projected on h(4),although the concept of
"order" in this case reters to two-electron integral products, Le., orders in the
electron inteiaction strength [17]. Since the MC-SCFreference function moce
cIosely approaches a true eigenstate ot the HamiItonian than a HF- or evena
RsPT-Ievel function, it is reasonable to expect that on h(4),use of a MC-SCFfunction
caD lead to a new second-order theory that will recover at least all terms through

. second "order" in the sense of an RSPTelectron interaction [28]. In what follows,
we develop a new concept of order arising naturally from the MC-SCFreterence
stale choice, and we provide further justification f()I-employing the' truncated
manitold h(4). ' . .

C. Basic Working Equations .

Within the MC-SCFsuperoperator product given in Eq. (3), elements of the h2
and ~ submanifolds displayed in Eq. (7) are not orthogonal to one another. To
facilitate further progress, we now orthogonaIize the h2 and ~ submanifolds of
h(4). Since superoperator overlap matrices are explicitly evaluated, it is not
necessary to reorthogonaIize the new ~ operators to one another. Using the
Schmidt orthogonalization procedure, the submanifolds h2 and ~ listed in Eq. (7)
are t:edefined as

h~= [qr, q~]5h2 = [{a~a..}, {a~an}] (11a)

and

hf~[qft, qf]5h4 -h2(h2Ih4)

= [{ a:ajLa:a" - ~ (1- Ppq)a:a..(a.:a:ajLa,,)

- L (1- pjL,,)a~a,,(a:a:ajLam)}'m

{ a1asa:;.a,- L (1- PSI)a~a,(a1a!asal3)
13 . .

- ~ (1 ~ pl\(T)a:;.an(a~a1asa,)}1
(llb)
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In writing Eq. (11b), we have employed a hillary index exchange operator Pij'
When operating on a term to the right, it converts i to j and j to i. The iwo-particIe
density averages (Le., (aiaJakal» in Eq. (llb) are taken with respect to the
MCC-SCF reference stale 'l'. The usual index restrictions p < q, J.L< P, and A < a,
s < t apply to the elements [{(q!);IL4"}'{(q!)"S<TI)]ot h!. In what toJJows, we drop
the superscript S and assume that the symbols h2 = [q~,q2]and h4= [qt q4]ceter
to the orthogonaIized submanifolds given in Eqs. (lla) and (llb). For the
orthogonalized 'manitold h(4)=h2 U~ the superoperator overlap equations
become

(h2/h2)= S2.2,

(h2Ih4)= S2.4= O2.4,

(~lh2) = S4,2= 04,2,

(12a)

(12b)

(12e)

and

(~I~) = S4,4, . (12d)

t \
(q2nlq2n') ](q2nlq2n')

n, n' El, 2. (12e) .

. t I t
)

'

[(q2n Q2n'

S2n.2n: = (Q2nIQ~n')

Using Eqs. (12a)-(12e), fhe polarization Green's-tunction express!9n given in Eq. \
(5) ean be partitioned on the orthogonal inner projection manitold h(4)to yield*

P(E) = (btlh2)P(E)(h2Ib \ (l3a)
with

P-\E) = (h2IP-l(E)/h2)

= (h2lEi - Hlh2) - (h2Iffl~)(~IEi - HI~)-1(h4IHlh2)

=A(E)-BM-\E)C. . (l3b)

..The matriees A, B, M, and C in Eq. (l3b) are given as

A(E) = (h2lEi - Hlh2) = ES2,2 - A',

A' = (h2/H/h2),
" . 3/'

B = (h2IHlh4),
, .

C = (h4IHlh2),

M(E) = (h4lEi -Hlh4) = ES4,4 -M',

(l3e)

J (l3d)

(l3e)

(13f)

(l3g)
I .

* It is possible to show that for Eqs. (Ba) and (13b) to hold, it is sufficient to have (h2Ih;) =Ofor
i,:",4, 6, 8, . , . . With the superoperator resolution of the identity expressed as j f.,Ih)(hlh)-I(hl, the
representation of the inverse of a superoperator A becomes (hIA-1Ih) =(hlh)(hIAlh)-I(hlh). This
representation taken together with the condition (h2Ih;) =O ensured by OUTuse' of a Schmidt-
orthogonalized projection manifold [see Eqs. (12bH12c)] immediately gives Eqs. (Ba) and (13b)
from Eq. (5).
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and

M' ~ (h4IHlh4). (13h)

The expressions displayed in Eqs. (13a)-(13h) constitute OUTbasic working
equations when defined with respect to a MC-SCFreference stale. Like the overlap
matnces in Eqs. (12a)-(12e), each of the constituent Green's-function matrices in
Eqs. (13c)-(13h) breaks down joto tour blocks within [q;n, q2nJ representation of
the h2n;e.g., .

A(E) =[(q;IEI - Hlq;)
(q21EI-Hlq;)

(q;IEI -Hlq2)](q21EI - Hlq2) . \
(14a)

Consequently, the polarization Green's-function matrix shown in Eq. (13b)
breaks down 'into tour blocks as well '

5 P-\E) = [(q;I~-\E)lq;)
(q2!p-l(E)lq;)

(q;I~-:(E)lq2) ]:(q2Ip- (E)lq2)
(14b)

D. Hermiticityol H
1. Hermiticitycondition.The superoperator:HamiltonianH is Hermitian

, if and only if ' " .

(XiIHjXj)-(XiIIlIX;)*=o : . VX;,~Eh.- . (15)

It is relatively easy to show that the left-hand sideof Eq. (15) may be re-expressed
as .

l
A

I l
A

I *- A t
(X; H Xi)-(XjH X;) -(H[X;,XjJ-> (16)

for operators Xi,Xi belonging to a particle-conserving manifold. Ii the reference
.., stale ~ with respect to which Eq. (15) is averaged is an exact eigenstate of H, then

Eq. (15) is exactly satisfied and fi is Hermitian on h. Thus, with an exact 'l', the
'. . propagator separation theorem is 'vaIid for the poles of P(E), ev~ri if a truncated

"'., projection manifoId is employed. However, a fiest-order change in the reference
-, ground stale relative to the exact ground stale (Le., 'l' = 'l' cnel +'45'l' cxact) caD

induce non-H~rmitian oomponents in the matrix elements of P(E), which in tum
may give rise to artificial imaginary components in its polestructure. Since the
matrix elements of P(E) are superoperator expectation vaIues of Il or El - fi.

, extraneous non-Hermiti~m contnbutions to P(E) for OUTchosen MC~SCFreference
A t '

, stale 'l' caDbe determined by computing (H[X;, XJ-> for those operators X; and
Xi over which the A, B, C, and M matrices of P(E) are defined.

2. A matnx hermiticity.' (H[Xj, XJ-> [Eq. (16)]must be computedforX;, Xi
belonging to each of the tour blocks of A shown in Eq. (14a). For the block with
X; = a;,.a.., Xj = a~~~, E q; evaluatio~ of Eq. (16) using the' generalized Bnllouin
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theorem [Eq. (lO)] gives
A t A t t

(H[(a2)am, (a2 )n/3]-) = (H[aaam, anal3]_)
A t A t

= Onm(H(aaa/3» - O/3a(H(anam»

=0. (l7a)

Similar application of Eq. (lO) to Eq. (16) for the block of A with Xi = a:am,
Xi = a~anEq2 yields

A t A t t
(H[(a2)ma, (a2)/3n]-) = (H[amaa, a/3an]_)

A t A t
= Oal3(H(aman»-Onm(H(a/3aa»

=:'O. (17b)

The operat~rs xl and Xi commute in the iwo remaining blocks of A, where
t t t t ,t, t..

Xi = amaa E Q2, A = a/3an E q2, and Xi = aaam E q., A = anal3 E Q2. Thus, the A
, matrix is Hermitian within the MC-SCFreference stale choice used to estabIish the
. generalized Brillouin theorem.

3. Relationshipbetween B and e. B ~nd e ~re "nonsquare" ~atrices, so
considerations of Hermiticity do not apply directly. However, the.. matrix
pro duet BM-Ie appearing in p-leE) cannot be Hermitian for Hermitian M-l
unless B and e are adjoints of each other. To address the problem of non-
Hermiticity in BM-Ie, we caD consider B and e as a couple and investigate
deviations from the perfect adjoint relationship

B=Ct.

In ibis case, Eq. (16) becomes a tool to investigate the value ot

.:1= B - el.

(18a)

(l8b)

where

L\..= L\(X X ) =B. .-C*, = (H[Xt X ] )'./ "/ './].1 " /- (18c)

for X E h2 and A E h4. Equationo(18c)' follows directly from the defining Eqs.
(13e)-(13f) for B and C. For the block of4. with Xi Eqt A Eq:, we have '

. . ~,
A t ... ,.'

L\ma.plA4":;:(H[(a2)am, (a4)PlLq,,]-").. ., .
A,tt.. ",,',A',tt

= (1- Ppq)Omq(H(aaapalLa,,»+ (l- PIL,,)o.-a(H(apaqalLam» ..

. o' ". (18d)

and for the block charaeterized by Xi E q2, Xi E q4, Eq. (16) yields
.. A t

L\/3n.Asut= (H[(a2 )n/3,(a4hsut]-)
At t A t t

" = (1- Pst~Otn(H(aAauasa/3» + (1- !'.Au)O/3u(H(q.na Aasat». (18e)

Equations (18d) and (l8e) are evaluated expIicitly in Appendix A. In the other
iwo bloeks of 4., where X E qt Xi Eq4 and Xi E q2, A Eq:, it is easy to verify that


