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A connection is made between the experimentally observed diffusion coefficient (D) of excess electrons in
molecular fluids and the rate at which the excess electrons “jump” from one solvent molecule to another.
A simple one-dimensional nearest-neighbor model is employed to develop a diffusion equation description
of the microscopic excess-electron density function. Solution of this diffusion equation yields, in the one-
component solution case, an expression for D in terms of the nearest-neighbor distance of the liquid, the
solvent anion’s diffusion coefficient, and the intermolecular electron hopping rate. The diffusion equation
has also been solved in general for a binary solution as well as in two especially interesting limiting cases:
when the rate of hopping from one kind of molecule (A) to the other (B) is much faster (slower) than the
A-to-A or B-to-B hopping rates. In each case, it is demonstrated how the solution composition dependence

of D can be used to extract the various electron hopping rates.

1. INTRODUCTION

In an earlier publication,! hereafter referred to as I,
we showed how the rate of migration of excess electrons
in one-component molecular liquids could be expressed
in terms of solvent structure information (pair distribu-
tion functions and solvent diffusion coefficients) as well
as electron tunneling and hopping rates. Consideration
in I was restricted to those solvents in which the excess
electron exists predominantly in localized states rather
than solvents which permit the electron to be primarily
in highly mobile delocalized quasifree states. For such
cases, we were able to obtaina closed-form expression
for <,ra>" the mean-square distance traveled by an elec-
tron within time £. The resultant equation is written in
terms of the diffusion coefficient of a solvent anion D,
and the solvent’s pair distribution function p(‘R, 0) as
follows:

(r2),=6D,t+ f " anR*o(R, 0)g(R, R, )dR . (1)
0

Here g(R, R, #) contains all of the detailed information
concerning electron tunneling and electron hopping dy-
namics, and is interpreted as the probability of finding
an excess electron in a molecular orbital on a molecule
at point R in the solution at time #, given that there was
an electron at the origin at =0. Equation (1) indicates
that there are two parallel channels for the excess elec-
tron’s migration. The first pathway involves the elec-
tron “riding” a solvent molecule; in the second, the
electron jumps from one solvent molecule to another.
Typical values for D, are 107 ¢m?/sec, whereas the ex-
perimentally observed diffusion coefficients of excess
electrons vary from 107 to 10 cm?/sec. Thus, it is
quite possible for either of the two pathways to be dom-
inant.

As was demonstrated in detail in I, the microscopic
probability density g(R, R, f) obeys an evolution equation
of the following form:

%g‘(R, R, t)=i f ds[ o(8,R) (S, R)g(S,R’t) -p(R’, S) i(R’, §) g(R, S, 1)}

—dedS’[p(S, ') p(8’,R) F(S,8',8',R)g(S,R’, 1) + p(8', 8) p(R’, 8’') F(8',S,R’,§") ¢(R, 8, 1)
- p(R’,8)p(8’,R) F(R', 8,8",R) g(8', 8, ) - p(S,R) p(R’, 8’) F(S,R,R’, §') g(S, 8, 1)] . (2)

The electron transfer integrals ;z-(R, R’) have been
given in I in terms of the molecular orbitals ¢(r,R) and
¢(r,R’) centered at R and R’ as

h(R,R’)={(¢(r,R)| Rk, | o(r,R")) , (3)

where h, is the electronic Hamiltonian including all N
electron~molecule potential energy terms u(r, X;)
1 N
he== 595+ ;u(r,x,) . (4)
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The outer bracket in Eq. (3) refers to a thermal average
over the translational, rotational, and vibrational de-
grees of freedom of the N solvent molecules. As dis-
cussed in detail in I, the tunneling contributions to the
electron migration are contained in the E(R,R') terms
which may be nonzero even at low temperatures.

For systems in which the excess electron is not local-
ized on a'given solvent molecule as a solvated anion
(e.g., anthracene anion) but instead is localized via the
formation of a small polaron,'®®+*¢) the orbital ¢(r,R)
represents a polaron orbital centered at R. The devel-
opment presented in I is sufficiently general to remain
valid for this polaron case because the (strong) interac-
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tion between the excess electron and the solvent mole-
cules was properly accounted for by carrying out a ca-
nonical transformation of the electron-solvent Hamil-
tonian. This transformation then permits one to speak
of the migration of a “dressed” electron (polaron) in
which the solvent molecules adjust their geometries as
the excess electron moves throughout the solution. The
essential point of relevance to the present paper is that
the orbitals ¢(r,R), the transfer integrals h(R,R’), and
the fluctuations in these integrals (see below) apply
equally well to cases in which the electron is bound to a
solvent molecule as an anion and to cases involving
small polaron formation. The reader is referred to I
for more details on the derivations of the working equa-
tions.

The function F(R,R’, S, 8’) appearing in Eq. (2) is the
equilibrium average (over solvent molecule degrees of
freedom) of fluctuations in the electron transfer inte-
grals #(R,R’)=(¢(r,R)| h, | ¢(r,R'))

F(R,R,S,8)= JO "(oh(R,R’, L= T)ON(S, &', 0Nt (5)
where the fluctuation in % is defined as
Sh(R, R’, t)={(¢[r, R®)]| -3 V+ l‘ﬁ_; ulr, X; )]
x |¢[r, R'(")]) -~ (R, R'). 6)

The time dependences R(:), R/(#), X,(#) appearing in Eq.
(6) reflect the time variation of the positions (R) and
vibrational-orientational coordinates (Q,, ;) (X;=R,,
Q,,8;) of the solvent molecules. These fluctuation
terms contain the electron hopping (via vibrational-ro-
tational mode assistance) contribution to the electron
migration. At low temperatures, fluctuations in the co-
ordinates of the solvent molecules will be small and the
h terms will dominate. However, at temperatures for
which significant deviations of the solvent molecules’
coordinates are probable, the fluctuation terms F can
become more important than the 7 contributions. As
Munn and Siebrand!‘® and Grover and Silbey!(®) have
shown, the temperature at which the hopping (F) contri-
butions begin to overcome the coherent (R) contributions
is (for exciton transport) of the order of the charac-
teristic vibrational temperature of the lattice (solvent
here) for those modes which are strongly coupled to the
exciton (electron here). Even for optical phonons of
frequency 1000 cm™, the coherent effects would be un-
important at temperatures!‘®’ above 100°K. For the
remainder of the present work, we shall assume that
the temperature is sufficiently so high that the hopping
mechanism (via the F terms) will provide the dominant
contribution to the excess electron’s (or dressed elec-
tron’s) migration. Hence, we shall, from now on, ne-
glect the contributions from the tunneling integrals n.

The results obtained in I which have been briefly out-
lined here can be extended in a straightforward fashion
to the case of a two-component solution. For simplic-
ity, the analysis of the present paper will be developed
for a one-component system after which the two-com-
ponent case will be presented.
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Because the liquid solution is assumed to be spatially
homogeneous (and, for the case of two-component solu-
tions, entirely randomly mixed), the distribution function
p{R,R’), the averaged electron transfer integral (R, R’),
and the fluctuation function F(R,R’, S, 8’) are functions
only of the distances between the (two through four) rel-
evant solvent molecules; e.g.,

o(R,R’)=p(|R-R']) . (7

By taking advantage of this fact and making several phys-
ically based but crude approximations to the three quan-
tities mentioned above, we will demonstrate in Sec. II
how Eq. (2) can be reduced to a diffusionlike equation
for the case discussed earlier in which F>%, This
modification of Eq. (2) then permits us to identify the
diffusion coefficient D of the excess electron and to give
an explicit expression for D in terms of the fluctuation
integrals. This identification provides us with a poten-
tially useful relationship between experimentally mea-
sured electron diffusion coefficients and the interactions
which exist between an excess electron and the solvent
molecules (as contained in F). In Sec. II we also pre-
sent analogous results for the diffusion of excess elec-
trons in two-component solutions. Section III contains
an analysis of the binary-mixture results under various
relevant limiting situations. Section IV contains our
concluding remarks.

1. THE DIFFUSION EQUATION

We now restrict Eq. (2) to the very special case of a
one-dimensional? system in which the solvent molecules
are evenly spaced by a distance a, and we assume that
the electron transfer integrals (¢(r,R)| 4, | ¢(r,R’)) are
nonzero only if |[R-R’[=a (i.e., if the molecules at R
and R’ are nearest neighbors). Moreover, only one
molecular orbital is assumed to be thermally accessible
to the excess electron at the temperatures of interest
here. These assumptions allow us to write the unique
nonzero electron transfer and fluctuation integrals as
follows:

BT )=, g+ 0y 10070 (8)
FU,J,K,L)=81,1,7,k,241Y1% 001, 0,k,2-1 72

+074,00ku,273 » (9)

where 8, p,c,p Simply means 8,5 8pc0cp and ;l-, Yis Va»
and y, are defined by Eqs. (8) and (9), e.g.,

yo=F,I+1, I+1,I+2)=F(I,1-1,1-1,I-2) , (10)

and

ye=F{U,I+1,K,K+1)=F(,I+1,K,K-1),

=F(,I-1,K, K+1)=F(,I-1, K, K~1). (11)

Within the nearest-neighbor one-dimensional approxi-
mation, Eq. (2) reduces to the following equation involv-
ing the discrete indices I,J which label molecular posi-
tions:

J. Chem. Phys., Vol. 68, No. 4, 15 February 1978

Downloaded 23 May 2003 to 155.101.19.15. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. McHale and J. Simons: Diffusion of excess electrons 1697

{t—g(z,J) =ih[g(I+ 1,7)+ g(I = 1,J) = gll,J + 1) = g{I,J = 1)]
- (4-ylg(I,J)+y2[g(I+ 2,0)+g(T =2, +g(I,J +2)+g(l,J - 2)]

~ 2y (1 =8, ) [ g+ 1, + D+ g{I=1, - 1)+ g(I+ 1,5 = 1)+ g(I - 1,J + 1)]

=28, g+ L, I+ D)+ gl =1, T= D]+, [ eI = 1,1+ 1) + g1+ 1,1 - 1)]}) . (12)

We now assume that the coherent (tunneling) contribution to g, which is contained in %, is much smaller than the
contributions made by the fluctuation terms contained in y,, v,, and y,. Also, because F([,I+1,I+1,I+2) and
F(1,I+1,K,K+1) involve fluctuations in the geometrical configurations of three or four molecules, whereas F(I,I+1,
I+1,1) involves only two neighbor molecules, we assume, as Grover and Silbey'‘®’ have done, that the latter terms
will dominate and we therefore neglect y, and y; compared to v,.

To recast Eq. (12) in differential form, we introduce the simplest finite-difference approximations® to the spatial
derivatives of g(R,R’,#). In particular, for a first derivative in the direction defined by the unit vector 7:

dg(R,R’, t)_ i gR+ef, R, 1) —g(R-€f, R, 1) _ 1
=lim ot
dR €=9 2¢ 2a

where the positions R, R’ correspond in the one-dimen-
sional model employed here to I,J. Similarly, for the
second derivative of g(R, R/, )

2 ?
d g%zn , 1) ETZE[g(“ 2,J,0+g(I-2,d,f)

—2g(I’J9 t)] ’ (143-)

or

= g+ 1,0, 048U - 1,0,0-2(L,7,0] . (14b)

Each of the terms which appear on the right-hand side

of Eq. (12) can, by employing the finite-difference ap-

proximations given in Eqs. (13) and (14), be expressed
as spatial derivatives of g(R,R’,#). For example, the

combination [ g{I+1,J+ 1, )+ g(I-1,J - 1,£)]25;, can be
approximated as follows:

[glf+1,1+ 1)+ g1-1,1-1)]

o d?g(R,R, ¢

TR ) +2g(1,1,8) ; (15)

analogously,
g+ 1,N+gI=1,0) =g, d+1) = g(1,J - 1)

~ a2 [ d*g(R,R',#) _ d%(R,R/, t):,
dR® dR™ ’

(18)

where the time variable has been suppressed for conve-
nience.!

After making finite difference approximations to all
of the terms occurring in Eq. (12), one arrives at the
following partial differential equation which contains
time and spatial derivatives of g(R,R’, #):

Ti &(R,R, 1) = — 4gy, [1 - (R, R")]+ 2y,a*6(R — R’)

\ )
x —5’5,- 2R,R, D . )

In Eq. (17), the symbol 8(R = R’) is to be interpreted®
as zero if R#R’, and unity if R=R’. The symbol g has

lglr+1,d,80-glI-1,7,0], (13)

r

been used to represent g(R,R’, ), and the “diagonal”
element g(R, R, #) has been explicitly written out in Eq.
(17) wherever it occurs. Recall that we have assumed
that the coherent (tunneling) contribution to g, which is
contained in %, is much smaller than the contributions
made by the fluctuation terms (see our earlier discus-
sion), and that y; > v,, y;. The desired equation which
governs the time and spatial evolution of the excess
electron’s probability density is then obtained from Eq.
(17) by setting R=R’. This step results in

d, d?
—ﬁ (R,R,#)=2a%y, —=rg(R,R,1) . (18)

The equation governing the off-diagonal elements of g
is from Eq. (17);

—%g(R’R';t)=-4’Y1g(RJR’, 1) s (19)

which shows that these off-diagonal elements decay in a
time® of the order of (4y,)"!. The equation governing the
diagonal elements is of the diffusion type (dg/dt= DV %g)

with a diffusion coefficient D given by

D=2a2%y,,
=2a?F(I, I+1,I+1,1]),
=2q4%F. (20)

The excess electron diffusion coefficient is thus approx-
imated’ in terms of the solvent anion’s diffusion coeffi-
cient D, and the result of Eq. (20) as D=D,+ 24°F.
Clearly the solvent molecule nearest-neighbor distance
(a) and the fluctuations in the electron transfer integral
(F) play essential roles in determining D. Recently
Metiu, Kitahara, Silbey, and Ross® have employed sim-
ilar finite difference techniques to obtain a diffusion
equation describing the migration of adsorbed atoms and
molecules on surfaces.

For a binary mixture with components labeled by A
and B, the generalization of Eq. (18) reads as follows

(with the assumption that y, < y,):
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d 5 df 5 d?
at gan=2X,Fana —d—R_z gaa+XpF,p 2a 4R? £BB
(21a)

d d? d*®
7 &88B T ZXBFBBaZ__ 28t XAFBAZ‘Z2 T EAA
dt dR dR (21b)

where g,, and gyp designate the excess electron proba-
bility density on the A and B type molecules, respective-
ly. The mole fractions X, and X entered Egs. (21) via
the assumption that the solvent molecules are randomly
distributed which, for the one-dimensional nearest-
neighbor model.implies that the pair distribution func-
tions of nearest neighbors obey

Paallsd) = Xa[67, 101+ 81, 11] (22a)

Pasll, )= Xal87,1,4+ 85 11] (22b)

pasll, ) =Xp[0, 1+ 6s,1-1] (22¢)
and

Peallsd)=Xp[6; 1+ 6 11] - (22d)

The fluctuation terms F,,, Fgg, Fap, and Fy, are equal
to F(I,7+1,I+1,]) with 7,7+ 1 being AA, BB, AB, and
BA, respectively.?

Solutions to Egs. (21) for g,, and gz can be accom-
plished by Fourier transforming the spatial dependence
and then using standard techniques!® for solving coupled
first-order linear (in time) differential equations. The
result of carrying out such a treatment can be expressed
as

gAA(R, R; t) = (7”‘+t4)-3/2 eXp(" R2/4x¢t) a,

+(m.t4) %2 exp(~ R?/4r t) a. , (23a)
g8 =3[C+XpFp52a% - X,Fy,2a%]
*x[C =~ XgFgp2a® + X, F s42a%]
X[CX52a®F g Fpa] (w2, 24)"3/% exp(— R% /42 1)
~ (mr.14)3/% exp(- R2/40.1)], (23b)

where the following definitions have been introduced for
notational convenience:

,=3(2X,F a0 + 2XpFgpa®: O) , (24a)
,= (= XpFpp2a® + X,Fpp2a%+C)20)" , (24b)
a.=(C+XgFgp2a? = X, F,,2a%)(2C)" , (24c)

and
C=[(2a%XsFrp - 2a2X5F55)2+ 16a4FABFBAXAXB]1/2 ( |
24d

In the special case where X F ,=XgFpg, We find g, to
be of the form shown in Eq. (23a) with

a,=3=0a., (25)
and
gos = 5 [(m_14)"®/% exp(~ R?/4).1)
—{m\,14)/ % exp(~ R2 /40 1)] . (26)

The effective diffusion coefficient of an excess elec-
tron D can, for this mixture case, be defined by

J. McHale and J. Simons: Diffusion of excess electrons

6Dt= (r%, , (27

which, in analogy to what was shown in I, can be ex-
pressed as

<7'2>¢ =(6D,P,t+ 6Dy Pl)+ f 4”R4DAA(R! 0)gasdR
0

+ f 47R*ps (R, O)gnpdR . (28)
]

In writing Eq. (28) it was assumed that the excess elec-
tron was initially localized on an A-type molecule. Here
P, and Py are the Boltzmann probabilities for finding an
excess electron on A- and B-type solvent molecules,

and D, and Dy are the respective diffusion coefficients
of these solvent anions in the mixture. Again assuming
that the binary mixture is random, the pair distributions
psa(R,0) and py, (R, 0) can be expressed in terms of the
probability p(R, 0) of finding any solvent molecule at R,
given that there is an A-type solvent at the origin as

Paa(R,0)=X,p(R,0) , (29a)
PualR,0)=X5p(R,0) . (29b)

It is further assumed that p(R, 0} approaches unity for
values of R larger than a few nearest-neighbor dis-
tances. This implies that the dominant contributions to
the integrals of Eq. (28), which for long time arise from
the large-R properties of g,, and ggp, can be computed
by setting p(R, 0) equal to unity in these integrals. Hav-
ing made the above two assumptions, Eq. (28) can be
rewritten as follows

(r%),=6(DpPs+DgPp)t+BX, (N, + ad)t
(30)

where the factor appearing in Eq. (23b) has been defined
as 3 for notational ease:

+Xgp[6nt=-6x.t],

B=3(C+Xp2a%Fps — X22a°F )
X(C—=Xg2a2Fgpg +Xa2a°%F,,)
(31)

Comparing Eq. (30) with Eq. (27), we then conclude that
the desired electron diffusion coefficient is given as

X(X5C2a%F spFya)t .

D=D,P,+DpPg+X,[ax+a X ]+ XA, ~2]. (32)

The principal results which have been obtained thus
far are Eqs. (19) and (20) for the one-component case
and Eq. (24) and (32) for the binary mixture. These
equations demonstrate how the long-time migration
characteristics of excess electrons, as measured in the
electron diffusion coefficient, can be used to probe the
electron hopping rates (F,., Fgg, Fap, and Fg,) if in-
formation is available about the solvent anion diffusion
constants D, (or D,, Dg) and the solvent’s nearest neigh-
bor distance' (a).

Having expressed D in terms of mole fractions, elec-
tron hopping integrals (F,,, Fggp, Fap, and Fp,) and the
nearest-neighbor distance information (g), let us now
analyze the binary mixture result for special types of
liquid mixtures. This step can be carried out by con-
sidering the dependence of D upon the magnitudes of the
four electron hopping rate coefficients F,,, Fgp, Fas,
and Fg,.
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11l. ANALYSIS OF D FOR MIXTURES
A. Cases for which \/XAXB FaaFea <<{XaFan—XeFeas)

If the probability (F,g) of an excess electron hopping
from the initial A-molecule site to a neighboring B site
is negligible, it is rather straightforward to reduce Egs.
(24) and (31) to

A, =2a%F X, s (33a)

A_=2a%FypXg , (33Db)

@, =1, (33c)

a.=0, (33d)

=0, (33¢)
from which it follows that

D=D,+X%2a%F,, . (34)

This result shows that the excess electron can migrate
through the solution either by “riding” and (A-type) sol-
vent molecule or by hopping from one A-type molecule
to another. Clearly the factor of X% arises from the di-
lution of the system with B-type molecules. Such a sit-
uation would arise, for example, if the binding energy
for an excess electron to an A-type molecule were con-
siderably greater than that for a B-type molecule. Such
would be the case in alcohol-alkane mixtures having a
sufficiently high alcohol concentration to render probable
the formation of deep electron traps involving the O-H
groups of two or more alcohol molecules. In this case,
a plot of D vs X% should yield a straight line whose slope
is 2a% F,,.

In the event that the rate of hopping between A- and B-
type molecules is small but not entirely negligible, i.e.,
if VX, XpFapFpa<<(XpFas—XpFpp), then by expanding
the square root appearing in Eq. (24d), one obtains

D=D,P,+DaPp+2a%{X8F 4, ~X,(1 =X, )F s Fyg,

X[Xa(Fas+Fpp) - Fgpl'}  (35)
It is clear that the part of D which depends upon solution
composition (X,) varies from zero to 2a%F,, as X,
ranges from zero to unity. The function X3(1-X,)
XFapFpa[Xa(Faa+ Fpp) = Fpu]™ appearing in Eq. (35)
goes through one minimum and one maximum as X, var-
ies. Therefore, D can possess a maximum and mini-
mum if F,pFp, is not a great deal smaller than F,,. If
F,pFp, is negligible compared to F,,, then the above
term will be dominated by the X4F,, contribution, and
D will not have a maximum cr minimum except at X,
=0, 1.

Note that if either F,5 or Fy, is very small, then the
above result may arise. For example, if one is dealing
with a mixture in which the A-type molecules are scav-
engers, then after a short induction time!? the electrons
will hop to the A molecules, and, now that F,; is small,
the electrons will “never” return to the B molecules.

In such a case the diffusion of the electrons will be gov-
erned by the F,, and D, contributions.

1699

B. Cases in which /X, XgFagFga > (Xa Fan—XgFes)

If the relative concentrations of A- and B-type mole-
cules are designed to make the rate of A-to-A hopping
nearly the same as the rate of B~to-B hopping, then
X Fap—XpgFpp=0. If the electron hopping probability
is much larger between different type molecules (F 5,
Fga>» Fpa, Fgp), then again X, F,, - X3 Fgp can be ig-
nored in comparison with VX, XpF,sFps. In either case
it follows that

C=4a* JX,XpFpFpa 5 (362)
A, =2X,a%Fa,23C, (36Db)
@,=a.=3, (36c)
1 ——
B= ox, VXaX5 »
and hence
D=D,Py+DgPs+X.2a%F,,+2a% JF, g Fp o XaXs .  (37)

As a function of composition!® (X,) this form for D has a
maximum at X, =3 JFapFpalvFanFsa —Faa)}, which re-
duces to X, =4, if JF,pFpa> Faa- The value of D at
the above maximum is given by

D=D,P,+ Dy Pp+3a’F s Fp ,(FapFpa~Fa,)t, (38)

which, if JF,pFp,> Faa, reduces to
D=D,P,+DgPy+3a®FspFpa ,

As can be seen from Eq. (37), a plot of D vs X, should
be quadratic with a second-order coefficient equal to
2a2(¢m— FAA)'

The physical meaning of the result given in Eq. (37) is
clear. If the efficiency of hopping from A- to B-type
molecules is higher than the A-to-A or B-to-B hopping
rate ((F,pFgp.>> Faa, Fgp), then the migration of an ex-
cess electron is determined by the A-to-B hopping rate.
The electrons start on the A-types molecules and quickly
hop to neighboring B molecules, after which they quickly
return to an A rather than hopping to a neighboring B.
This rate will pass through a maximum when one half
of the molecules are A-type because it depends on a bi-
molecular encounter (nearest neighbor arrangement) of
one A- and one B-type molecule whose probability is
proportional to X,(1~X,). As the mole fraction of A-
type molecules becomes so large that X,(1=X,) F s Fg,
is no longer larger than X4F,,, then the A-to-A hopping
rate will become the dominant effect. This situation for
which yF,5Fp,> F,,, Fgs can be realized, for example,
in solutions in which A and B constitute a reversible re-
dox couple.

IV. CONCLUSION

In this paper we have demonstrated how one can re-
late experimentally measured diffusion coefficients of
excess electrons in one- and two-component molecular
solutions to the rate at which the excess electrons jump
from one molecule to another. The result obtained de-
pends upon the assumption that the temperature is suffi-
ciently high for coherent effects to be neglected in com-
parison with fluctuation-induced hopping rates. By ap-
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plying a simple one-dimensional nearest-neighbor model
to our more general result of Ref. (1), we were able to
obtain a closed-form expression for the electron diffu-
sion coefficient; these primary results are expressed

in Egs. (20) and (32) for the one- and two-component
solution, respectively.

For a binary solution, it was demonstrated how one
could, through the solution composition dependence of
the electron diffusion coefficient, extract information
about the rates at which excess electrons jump among
the two kinds of solvent molecules. Cases for which the
hopping between like molecules is most probable as well
as situations which are dominated by jumping from one
type of molecule to a different type were analyzed in
some detail.
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