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A theoretical framework is developed for analyzing the migration of excess electrons in one-component
molecular solids and liquids. The mean-square distance traveled by an electron as a function of time {r %),
is shown to depend both upon the diffusion of the solvent molecules and the rate of hopping and tunneling
of the electron from one molecule to another. By introducing several physically motivated approximations,
the quantities appearing in the final expression for (r?2), are expressed in terms of solvent structure
information (distribution function) and the electron—solvent interaction potential. Planned extensions of

this initial work are also discussed.

I. INTRODUCTION

The behavior of excess electrons in a wide variety of
atomic and molecular liquids and solids has received a
great deal of experimental and theoretical attention. !
Two of the solution’s physical characteristics which are
frequently probed are the optical absorption spectra? and
electron transport (mobility and diffusion) rates.® Al-
though theoretical models* have been developed to treat
the above properties for special cases (e.g., very polar
solvents, nonpolar solvents, noble gas solvents, etc.),
no one has yet achieved a unifying framework in terms
of which each special class of solvent can be treated by
making appropriate physical approximations. It is the
purpose of this paper to put forth such a unifying theo-
retical framework for treating the mass transport of ex-
cess electrons in molecular solvents, In future publica-
tions, extensions will be made to the treatment of mixed
solvents and to the optical spectra of the excess elec-
trons. In the present work attention is limited to very
dilute solutions (for which electron—electron interaction
can be ignored) involving only one kind of solvent mole-
cule. In Secs. II and III the combined electron-solvent
Hamiltonian which is employed in this work is introduced
and written in a form which makes the analysis to follow
as straightforward as possible. Section IV contains the
primary development of this paper in which the migra-
tion rate of the excess electron is related to solvent
structure and electron-solvent interaction information.
Section V provides an overview of the results and an in-
dication of the directions in which this research project
is progressing.

Il. THE COMBINED ELECTRONIC AND MOLECULAR
HAMILTONIAN

For describing a collection of N identical molecules,
whose center-of-mass positions are {R;} and whose ori-
entations and internal geometries are {@;} and {Q,}, re-
spectively, the following Hamiltonian is appropriate:

N 2 N
Hy=i:(2-§—4i:+U(Q4)+%Z V(X;,X,)) . 1)

i=1 J#i

Here {X;} represents collectively {R;, ¥,Q,}; P, is the
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total (translational, rotational, vibrational) momentum
of the ith molecule; U(Q,) is the internal potential energy
function (vibrational, torsional); and V(X,,X,) is the in-
termolecular potential energy. The Hamiltonian describ-
ing the motion of a single excess electron in the presence
of these N molecules is

N
Hy=- 3924 ) ulr, X)), 2)
§i=1

where r represents the position of the electron and u(r,
X,) is the interaction potential between the electron and
the 7th molecule. It should be pointed out that by em-
ploying an energy-independent form for u one is indeed
making an approximation. This approximation involves
not explicitly treating all of the electrons belonging to
the N solvent molecules in order to deal with a one-elec-
tron Schrodinger equation, as well as not using a non-
local energy-dependent electron—-molecule effective po-
tential, Such a proper potential is well known® as the op-
tical potential or self-energy which is widely used in
electronic structure® and electron scattering” investiga-
tions. This self-energy has a component, known as the
static exchange potential, which is composed simply of
the Coulomb and exchange terms in the Hartree-Fock
electron—-molecule interaction. Another contribution to
the self-energy arises from the long-range interactions
(charge—dipole, charged-induced dipole, etc.). In the
present work, we assume that x(r,X,) contains proper
short-range Coulomb, exchange, and nuclear attraction
contributions as well as good approximations to the long-
range electron—molecule interaction. However, all en-
ergy-dependent terms in « are ignored. The principal
justification for making this approximation is the rea-
sonably high success rate” of electron~molecule colli-
sion studies which employ potentials including only sta-
tic exchange and polarization effects.

In treating the combined electron-molecule Hamiltoni-
an H=Hy+H,, it is useful to expand the electron-co-
ordinate dependence of H in terms of a (presumably com-
plete) basis. For reasons which should become obvious
shortly, this basis is chosen to consist of an orthonor-
mal set of orbitals {¢,(r,X,)} localized on the individual
molecules plus a set of continuum orbitals ¢,(r) which
are orthogonalized to the {¢,(r,X,)}. The localized or-
bitals could, for example, be Wannier orbitals® formed
from a set (hence the index &) of unfilled molecular or-
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bitals on each of the N solvent molecules. The contin-
uum orbitals might simply be plane waves which have
been made orthogonal to the localized orbitals, or they
could be Wannier-like combinations of such orthogonal-
ized plane waves.® In terms of this basis, the electronic
Hamiltonian H, is

N
H,= fw*(r)<- %Vf+;u(r,x,~)>d)(r)dr , (3)

where the (second-quantized)!®
¥*(r) is expressed as

field creation operator

5= 22, X )ay,+ [dkozla . (4)

Jra

The g;, and a; are Fermion creation operators corre-
sponding to creating an (excess) electron in the orbitals
¢,(r,X;) and ¢,(r), respectively. For notational con-
venience the sets {a},,aj} and {9, (r,X;), ¢, (r)} will be
denoted by {a;} and {¢,(r)}, respectively.

1l. THE CANONICAL TRANSFORMATION

In describing the evolution of an electron which is ini-
tially created in the presence of N solvent molecules
whose spatial locations, orientations, and momenta are
distributed according to an equilibrium probability den-
sity, it is useful to introduce the concept of a dressed
electron,!! A dressed electron consists of an electron
which has been created in an environment of solvent mol-
ecules whose coordinates {X‘-} have already been adjusted
to “feel” the presence of the nascent excess electron.

To further develop this concept, let X;(m) designate the

values of the coordinates of molecule { which yield the
minimum potential energy (U+ V +u) for the N-molecule
system in the presence of a single excess electron which
is spatially distributed according'? to the charge density
l¢o.(r)1%. Further, let {X?} denote the minimum-poten-
tial-energy coordinates for the N solvent molecules in
the absence of the excess electron. Then the canonical
transformation of the Fermion operators

exp(S)a, exp(- S)= 4%, , (5)
with
N
S=Y aa, 2 [X,0) - X9 vy, ®)
n i=1

can be shown to yield

¥
A;=a;exp<z(xi(m)—X?)-in) )
m=0m exp( Z(X(m ) ) (7

where
Xim)=X,+X,(m) - X} (8)

are the coordinates of molecule j after the “dressing
process.” Clearly the effect of A7, is to both create an
electron in orbital ¢,,(r) and modify the coordinates and
geometries of all solvent molecules to their new
“dressed” values X}(m). The amount by which these co-
ordinates deviate from the minimum potential energy co-
ordinates X,(m) is identical to the deviation X; — X? whick
existed prior to the creation of the excess electron.

The same transformation, when applied to the remaining terms in H, yields

H=exp(S)H exp(~ S)

Z[(A"A +1- n)Z( '(17))+ ZV(X'

N
,’-(z>>))+A;ApZ (] = 5924+ 2 ule, X1(p))| ¢>n>x'mA;Aﬂ] , (9)
Mmen i=1

where the orbital indices p, m, and » run over molecule j, @ and continuum k orbitals, and #», is the total-number-

of-excess-electrons operator (=Y, 4; A,).

The expression given in Eq.

(9) can be simplified to its final form by

using the fact that no more than one excess electron is present (thus, #,=0, or 1):

CEOMVYREE n)Z(zM - UQYpN+ } Zv(x (), X}(p))

For notational ease, — 3VZ+3 ¥, u(r, X} (m)) will be re-
ferred to as 1,(X}(m)). The terms U(Q,(p)) and V(X}(p),
}(p)) in A, contain reference to the localization of the

excess electron through A;A,. This means, for exam-
ple, that the internal potential energy of the molecules
and the intermolecular forces correspond to those of N
solvent molecules with one electron in ¢,(r,X;). This
introduces the solvent anion’s vibrational frequencies
and the anion-neutral potential energy into Hy. If Hy op-
erates as a function containing no excess electron, then
the coordinates in H, are appropriate to N solvent mole-
cules just as they were in Eq. (1) (i.e., Hy=H, if #,=0).

In the above expression for the transformed Hamil-

))| ¢n>X’(m)A;lAnEHN +ﬁe .
(10)

Z<¢m|—gvz+2u(r X

men

—

tonian A, both the molecular component H, and the elec-
tronic component A, have been expressed as matrix ele-
ments which are functions of the modified molecular co-
ordinates X{(m). It is precisely this convenient form for
H which facilitates the development of the next section,
which deals with the migration of the excess electron,

IV. THE ELECTRON MIGRATION

To follow the average motion of a single excess elec-
tron, which is initially in the orbital’® ¢,(r, 0) centered
at the laboratory coordinate origin, it is convenient to
compute! the average electron density #(r, ¢) at space-
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time point r,¢. This quantity is given by

7(r, 1) =Tt [peqao expGHIR' (r)y(r) exp(- iH)ag] , (11)

where the trace operation refers to averaging over the
initial coordinates X; and momenta P; of the N solvent
molecular according to the equilibrium distribution func-
tion p,,

Tr(p,F)= Z"dedP(Ol exp(- HX, P)/RTIFX)|0)  (12)
with '
Z= f dXdP exp[- HX, P)/kT] . (13)

In Eq. (12) and (13), 10) represents the ground electron-
ic state of the N solvent molecules in the absence of the
excess electron, which is a function of the coordinates
{X,}, times the vacuum state for the excess electron
(i.e., the state with no electron present).!® It is as-
sumed that the excited states of the solvent are not ther-
mally accessible at the temperature of interest; thus
only the ground electronic state [0) occurs in the above
equilibrium average.

If, on the left side of the trace operation appearing in
Eq. (11), the identity exp(- S}exp(S) is inserted with S
given in Eq, (6), the above expression for #(r, t) can be
written in terms of dressed operators as follows:

nir,t)=2"1 f dXdP(0| exp[- Hy(X)/kT)A, explifit)

- (14)

The fact that only H,(X) appears in the equilibrium aver-
age is a consequence of the fact that (0| is a zero-ex-
cess-electron state for which S}0)=0 and H,|10)=0, so
that

x§*(r)p(r) expl(- iHt)A;| O .

(15)

The transformed field operators §*(r) appearing in Eq.
(14) are expressed as

7re)= D ox (e, XI))A: .

The primary motivation behind the introduction of
dressed electron operators and matrix elements has to
do with the fact that the time evolution of the nascent
electron occurs on (at least) two different time scales.
On a very short (= 1078-10"'% gec) time scale, the excess
electron either migrates from its creation site to a near-
by deep potential energy well or the solvent molecules
quickly rearrange about the new electron to form such
a deep well, ® This initial process does not result in a
macroscopic displacement of the electron; in the short
time involved in this process, the electron moves a dis-
tance of the order of (at most) the length of several sol-
vent molecules. Once this initial fast process is com-
pleted, the dressed electron has been formed. Subse-
quent migration of this dressed species through the sol-
vent occurs on a slower time scale and can result in a
macroscopic displacement of the electron, !’ It is im-
portant to distinguish between processes which result in
macroscopic, in contrast to molecular, displacements
because it is only the former which make any contribu-

(0] exp(S) exp(— H/kT) exp(- )= (0| exp(- H,/RT).

(18)

tions to experimental observations which probe the ap-
pearance of excess electron density as a function of time
and distance from the source of the newly created elec-
trons. In developing a formal expression which relates
n(r, ¢) to the properties of the solvent (U, V, T) and the
electron—solvent interaction energy (u), it is useful to
exclude from consideration the short-time processes
which do not affect #(r, f) for large (macroscopic) r and
long time. By expressing n(r, t) in terms of dressed-
electron operators, as in Eq. (14), a first step in con-
centrating on the long-time behavior of #(r, f) has been
taken. This step facilitates the introduction of approxi-
mations to the time evolution operator [exp(~ iH¢)] ap-
pearing in Eq. (14) which are appropriate to the long-
time dynamics of the system,

If the excess electron were to undergo a diffusional
motion, then the second moment of #(r, t)
(r%,= f nlr, thr 2dr 17
should reduce to 6D¢, where D is the effective diffusion
coefficient for the given solvent system. Of course, the
conditions (if any) under which such diffusional motion is
realized must be investigated; this is one of the long-
term objectives of the present work. To further explore

this question, the above expression for #(r, ) can be used
to write (*2) as follows:

(r?y,= ZdedPZ‘l(¢,,,| 72| ¢,) (0] exp[- HN()'I)/IeTM0

myn

x expiAt)A; A, expl- iHAY| 0) . (18)

The moment integrals {(¢,.| 7% ¢,), can, using the fact
that the {¢ | are localized Wannier-like orbitals, be ex-
pressed as

(Dmle, X0 (m, D) 72| 0,02, X, (m, 1)) = (6,] 9 )R, D) (19)
+ (G| €= Ro(@)F] 6,0 +2(¢ | (= R (m))| 6,) - R (D),

where R, (t) is the center of expansion of the localized
orbital ¢,(r, X/ (¢)), whose coordinates at time ¢ are

X! (t). From this point on, it is assumed that even the
continuum orbitals ¢,(r) have been chosen to be localized
with centers at R, {¢). Because the {¢,} are Wannier-
like, the second and third terms in Eq. (19) are limited
in magnitude by the size ({¢,| (r - R,)?[¢,)) of these Wan-
nier orbitals, On the other hand, the first term {(¢,|¢,)
X[R.,(t)]? which is equal to 5,,[R.(t)]? can, if the orbital
¢ is centered a macroscopic distance from the origin
at time £, be of macroscopic dimension, Therefore, in
describing the movement of the excess electron over an
experimentally measurable (macroscopic)distance, only
the first term need be kept. It has been assumed that
the size of the orbitals is no larger than several mole-
cules, i.e., that the localized orbitals do not extend
over more than 10-20 A, This assumption restricts the
development made here to those molecular solvents in
which the excess electrons exist primarily in nonex-
tended states, '®

In the resulting expression for the moment integral,

(Dl 72 0 ¢ = 6, RLDT? (20)
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the time-dependent position of the orbital ¢,,(r, X’ ()
can be written in terms of the initial (dressed) position
R, and the displacement 6R.(:)=R,,(+)- R.. Upon in-
serting this expression for R, () into Eq. (18) and using
the fact that the spatial average of 2R, . 6R,,(t) is zero
for an isotropic system, the following result obtains:

=2 [aXaPZ (R} + [SRLWIKO| expl- Hy(X)/kT]

x Aq exp(GH1)A;, A, exp(~ iHt)A) 0) . (1)

Now, the first serious physical approximation is intro-
duced. It is assumed that the time evolution of the posi-
tion of the centers of the Wannier-like orbitals can be
described by their average motion and that this average
motion is diffusional [(6R,(¢))?=6D,t], with the diffusion
coefficient characteristic of that of a solvent anion, '°
This does not mean that it is assumed that the excess
electron can undergo only diffusional motion. As is
pointed out by Huang and Kevan, 2° the temperature de-
pendence of the migration rate (mobility or diffusion) of
excess electrons in liquids is complicated. At tempera-
tures higher than the Debye temperature, optical phonon
modes which couple strongly with the excess electron
are populated and thus take part in phonon assisted (in-
coherent) hopping. The associated diffusion coefficients
correspond to mobilities which vary from 475 cm?/V .sec
for argon to 0,1 cm?/V.sec for n-hexane, At low tem-
peratures, it might be expected on the basis of Hol-
stein’s work (Ref. 4) on one-dimensional ordered sys-
tems, that the electron motion should become coherent
((»®~1?), However, the coherent motion depends
strongly on the degree of order in the system. There-
fore, for liquids which are quite disordered below the
Debye temperature, coherence may not appear; instead,
one may observe diffusional motion which is not very
temperature dependent (as Huang and Kevan see). For
liquids which attain a high degree of order below the
Debye temperature and for which the acoustical phonons
do not strongly affect the excess electron, one most like-
ly observes coherent migration. Funabashi and Maruya-
ma have also observed® electron mobilities in 3-methyl-
pentatne which are temperature independent for low T
(4. 2-35 °K) and temperature activated for higher tem-
peratures. These observations are consistent with the
two possible mechanisms (K, and K,) described here.
There does not really exist a wealth of experimental
data in which a sufficiently wide temperature range is
studied to enable both the K, thigh T) and K, (low T) mi-
gration of the electron to be probed. Most measure-
ments of electron mobility and diffusion rate are carried
out within the 100-400 °K range, which does not permit
the low-temperature (K;) component of the electron mo-
tion to be determined. It is hoped the number of experi-
ments in the spirit of those by Kevan and by Funabashi
discussed above will continue to increase so that

data on K; and K, can be obtained for a wide range
of solvents.

With this assumption and using the fact that 3, A; A,
x exp(~ iAt)A;1 0(X)) = exp(- ifit)A4] 0(X)) to express the
second factor in Eq. (21) as 6Dy, the above expression
for (r?), reduces to

J. McHale and J. Simons: Excess electrons in condensed media

rD=6Dyt+ 2y [ aXaP(®RLX0| expl- H, (X)/kT]

X AgexpGHt)A}, A, exp(- iH)A}| 0) . (22)

Again, the reasoning behind the statement that [R] (¢)])?
can be replaced by 6D,f plus the time-independent initial
position (R,,)? is simply based in the assumption that the
behavior of the time-dependent displacements 6R/(f) can
be adequately described by a diffusion result, This
gives rise, as is always the case for two parallel path-
ways, to two separate contributions to (#2,. One term
has to do with movement (diffusion) of the molecules and
holes; the second has to do with movement of the excess
electron within a fixed solvent structure. Thus, the
physical content of Eq. (22) is clear: the excess elec-
tron can diffuse through the solvent by “riding” a mole-
cule or a hole [by being in ¢, (r, X, (#))]; in addition, the
excess electron can move from molecule to molecule by
means of the dynamical processes described by the sec-
ond term in Eq. (22). To gain some feel for the magni-
tudes of these two terms, recall that electron mobilities,
which are related to “effective diffusion coefficients” by
D= pukT/e, range? from 10" to 10° cm? v-'.sec™?,
whereas molecular anion mobilities are rarely larger
than 10°° cm? V™'.gec™’, Thus, for many systems, both
terms in Eq. (22) can be significant, It is toward the
second contribution to the electron’s migration that at-
tention is now turned,

In the second physically motivated approximation, the
initial (¢=0) positions of the centers {R.} of the localized
orbitals, which occur in Eq. (22), are replaced by aver-
age solvent—structure information. In particular the
following replacement is made in Eq. (22):

> [aKdP®,PF(R,) = [dRo,(R,0)R? [dXdPF(R)

+ [dRp,(R,0R* [aXdPF®R) ,

(23)

where F(R,,) represents the remainder of the second
term of Eq. (22) and p,(R, 0)[p,(R, 0)] gives the number
of solvent molecule (hole) centers (i.e., R’’s) per unit
volume at point R, given that there is a molecule or hole
at the origin'® (where the excess electron initiated).

This approximation, in which the “actual” initial posi-
tions R,, are replaced by the average solvent structural
information [through p,,,(R,0)], permits (»2) to be re-
cast as

r®=6Dyt+ D f dRp (R, 0)R?Z"! f dXdP{0|

I=h,s
x exp[- Hy(X)/kT]A} exp(il}t)AilAnl exp(—iHt)A}| 0) ,

(24)

where Ay, creates an electron at R in either a molecular
orbital [¢, (r,X})] or a Wannier continuum orbital
[¢x(r)], depending on I. In the product A; Ag,, a sum
over the orbital-number index « [e.g., in o.(r,R;)] is
implied. Thus, this product is really J,Ag ,Aga-
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To make further progress in obtaining a more tractable form for (»2), the Hamiltonian His decomposed into a
zeroth order part consisting of H, plus the equilibrium average of the diagonal part of H,,

A=l + P=Hy+ 2 f dXdP exp[~ HyX)/RT] D (& ] hKI0m)| S i omyAin Am=Hy+ D b | B Kim))] G 5 ALy A

(25)

and a “perturbation” ¥ consisting of the off-diagonal component of H, plus the deviation of the diagonal components

away from the equilibrium average

N
7= 2 (o] = 192+ 2 ulr, X (m))| D) 1 AmAn+ O 16D ] 1K (m))] ) = (b | B KJ )] 0,00 VAL A,
m#n i=1 m

(26)

The off-diagonal terms appearing in V will be referred to as electron transfer integrals and operators (A,‘nA,,) be-
cause they involve the transfer of the dressed excess electron from orbital ¢, to orbital ¢,. The time-dependent
operator appearing in Eq. (24) is then approximated by a (truncated) cumulant® expansion as follows:

Z'ldedP<0| exp[- Hy(X)/kT] exp(iHt)Ag , Ag , exp(~ ifit)| 0)

= {exp(;K,(t)/l!) A;’”AR,] E{exp[Kl(t)+§K2(t)]A;'IARI} ,

where
K0=i [ arvm), (28)
0
and
t ¢
Kg(t)=-f0 d‘rlfo AT, TEV* (1) V(1)) (29)

In these definitions of the cumulant operators K, and K,,
T is the time-ordering operator, (), represents an
average over the solvent molecules’ positions and mo-
menta

(Fyy=21 f dXdP exp[- H,X)/kTIFX, P), (30)

and the commutator operators (denoted by the x super-
script) are

V*(1) = [expGE2T) V(X (7)) exp(~ iHOT), |
and
§VE(r)= V(1) = (V* (7)) . (32)

The time dependence of V(X](7)) arises from the time
evolution of the coordinates {X;} appearing in V under the
influence of Ay, i.e., V(X|(1))=expiH,7)V(X})

xexp(- if,7)., The additional exp(x iA%) factors appear-
ing in Eq. (31) then add the average effects of the excess
electron to the time dependence of 7(X}).

(31)

The cumulant operator X,, which contains the equi-
librium average effects of the electron transfer terms,
can be expressed more explicitly in terms of the dressed
electron operators as follows:

t N
K (=i fo dr Z Uom| - 492 + ;u(r, X)) bdx o
xexp[i(ES - EOT][AL A, |; (33)

the terms arising from the diagonal components of V
vanish in K,(¢). In Eq. (33), the energy E° is equal to

(27

(P! R m)) ¢ g ;om)) s and represents the average
energy of an excess electron residing in orbital ¢,. Be-
cause the equilibrium average (), is defined with

Z ! exp[~ Hy(X)/kT] as its probability density and be-
cause

<¢m| he(x;(‘r))d)n)x,{(?)
= exp(iflﬂ)((b,,,l he (X (m))] D)% m exp(- iHyT),

it follows from the time invariance of equilibrium aver-
ages that ((¢,| 2, (K{(T)] ¢,)x; )y is independent of 7.
Therefore, K,(t) can be expressed in its most explicit
form as

Kolt)= 20 (bl BRG] 6, ) ) B0 A7 4y, ], (34)

where

B, () =tim{exp[i(ES - E?)+5)t— 1}/(ES - E®+5). (35)
8-0

It is clear that K,(t) contains terms which allow the ex-
cess electron to be transferred from site to site with the
transfer probability being determined both by the equi-
librium averages of the transfer integrals {(¢,,|%,

x (X{(m))! ¢)x; m» » and by the zeroth order energy dit-
ference E - E between the two sites. These quantities
will be determined by the depth of the electron-mole-
cule and electron-hole potential wells (E2) and the over-
lap of one localized orbital with neighboring localized
orbitals,

The second cumulant operator K,(¢) involves changes
in V*(7) about its equilibrium value. At low tempera-
tures the fluctuations in the coordinates X}(7), which
give rise to the fluctuations in V*(7), are sufficiently
small to permit K,(t) [and the higher K, (), n= 3] to be
neglected in comparison with X,(f). As the temperature
reaches a level at which thermal excitations of the modes
(vibrational, torsional, etc.) which affect 57 *(r) take
place, then K,(#) is not negligible in comparison with
K,(t). As Grover and Silbey' have shown for exciton
migration within a one-dimensional nearest-neighbor
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model, K, gives rise to coherent ((»2) ~ %) motion of the xexpli(EY - ED 1 +i(E)— ENDT, )AL A, AL A, |},
electron whereas K, allows the electron to diffuse ({+2)
~t). Attemperatures for whichboth K, and K, contribute, (36)

a mixture of coherent and diffusional motion is expected.
where

To express K,(f) in an explicit fashion, which is anal-
olous to Eq. (34) for K,(t), Egs. (25), (26), (30), and P (T) = () | 2, (X[ (7)) DPudxjin > (37)
(31) can be employed in Eq. (29) to give

¢ T R .
Kz(t): - 2/ dTI f dTZ Z{< [hmn(TI) - hmn][hpq(TZ) - hPa]>N
vtk ZIE () Ju (38)

and

Again, because of the time invariance of equilibrium averages, { (i, (T,) = m)tyq(Ts) = 2y,))y is really only a func-
tion of the time interval 7, - 7,. Therefore, by replacing the integration 7 by x= 7, - 7,, K,(¢) can be reduced to

Ky(t)=-2 E /td'rl expli(ES, - EJ+ E)— EO)7,] fﬁ dx expl= i(ES = EOXK [ () = TenllBipg (0) = Topy 1) wIAL A, 1AL A, ] . (39)
mn ~“Q Q
pq

Further simplification of K,(t) can be achieved once a specific model or approximation has been made for the time
dependence of the equilibrium averaged terms appearing in Eq, (39). Although a satisfactory solution to this prob-
lem is not yet available, this topic is discussed briefly in the following section, which deals with planned applica-
tions and extensions of the theoretical framework developed here as well as suggestions of physically reasonable
models to be employed when implementing the theory.

At this stage in the development, the average of the square of the distance moved by the excess electron has been
expressed as follows'®:

(r2y=6Dyt+ Z de,o, (R, 0)R*(vac| Ao{exp[K, + 3K, AR A, 1Aj| vac) , (40)

Ishys
With K; and K, given as in Eqs. (34) and (39). The primary justification for terminating the cumulant expansion at
K, is simply the presumption that the equilibrium average dynamics will be the dominant contributor to (r?), with
(small) fluctuations® about the average being the next most important factor. Clearly this line of reasoning leads
to the (probably correct) conclusion that the truncated cumulant expansion breaks down near critical points or phase
transitions. Assuming that adequate structural data (p, and p,) and transport data (Dy) are available for the solvent,
only two problems remain. First, the expressions for K; and K, must be made more tractable and, secondly, a
mechanism for expressing exp|K, + 3K,| in a computationally useful form must be found. It is to these two subjects
that attention is now focused.

In both K; and K,, the integrals 4,,(7) appear; in particular, K, contains (&, )y and K, involves {A,,(x)h, )y
=~ (B In¢hpdn- The equilibrium average {&,,)y can be expressed as

Ui =2 AXAP ex0[~ Hy/RTK G n(x, Xnm))| = 58+ ulz, Klom)) + e, Ksm) + 2 e, Xi(m))| o(x, Ky(m))) ,  (41)

i=1
#m,n

which can be written in terms of the two- and three-body distribution functions® (f(Ry, Rp), ARy, Rq, Rs)) of the sol-
vent as follows:

Ui = [ F Ry R X | = $9% 5 e, Kilom))+ e, Xyon)| 6,)dRpdR + N f £ (R, Roy RaX |, Km0 )R ARR,
42

Similarly, the average {h,,(x)h,, )y can be written in terms of the two- through six-body distribution functions of the
solvent. For example, the “diagonal” term is )

o (KW Yy = ff(Rm, R )| — 392+ u(r, X[, (m)) + ulr, Xom))| ¢p X | = 392+ ulr, Xpp(m)) + ulr, X (m))| b x; (s }dRmAR,
+N [ Ry, Ry R |, K1) | 00X | (5, K (1)) b )xg 0 + (| = 3724 e, K om))+ ul, Ky m)) | 64)
X ulr, X§0m))| bnYxse +{Dm | w(®, K1(m)) | $0 X bm| = 392+ ulr, Xplm)) + ulr, X (1)) | $0)x; (0 AR pARAAR 1
+N? [ f(Rp, Ry s, ReK [, X1 (m))| 9 X9 [t Xefm))| dn)x () AR, IRy dRpR, 43)
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Analogous expressions can easily be written for the “off-
diagonal” terms. If ¢, and/or ¢, is a hole Wannier or-
bital, these expressions remain valid if the distribution
functions (f) are generalized to pertain to the distribu-
tion of both molecules and holes and if u(r, X/,(m)) and/
or u(r, X;(m)) are defined as zero for holes.

Although these results appear to be rather compli-
cated, they do represent an important contribution
toward the stated objective of expressing K, and K; in
terms of solvent structure information (the distribution
functions) and electron-solvent interactions (the u poten-
tial). Because only pair distribution function informa-
tion is known for most liquids, implementation of the ex-
pressions given in Egs. (42) and (43) would require that
the three- and higher-body distribution functions be ap-
proximated in terms of the two-body function. This
could be accomplished, for example, through a Kirkwood
superposition approximation.? Because this step intro-
duces a set of further approximations within the general
theoretical framework developed in this initial paper,
discussion of such topics will be deferred to subsequent
publications; Eqgs. (42) and (43) will be preserved as is,
for now.

The expression obtained for exp(K; + :K;)Ag, Ag, by ex-
panding the exponential and truncating at some small
(say, 10) power is simply not of use in evaluating the
contribution of this term to (rz). Because K; and K,
contain single and double commutators ([A4;, A, ] and
[4)A,][4, A,]), respectively, a typical term (K, + 3K,)'/

dg(l, d, t)

1] arising in the expansion of the above exponential con-
tains, at most, 27 such commutators. Suppose that, as
is most probably the case for molecular solids and liq-
uids, the electron transfer integrals 4,,, which combine
with [4, A, ] in K, and K,, are significant only for mole-
cules m and n which are first or second nearest neigh-
bors. Then the effect of (K, +3K,)'/1! on Ag, Ag, would,
at most, be to move the excess electron from R; to a
position which is of the order of 27 molecular dimen-
sions away from R;. Thus, unless ! is chosen to be
large enough (say, 10°) so that 2! times the “range” of
R, is of a macroscopic (experimentally measurable) di-
mension, the truncated power series expansion of exp(K;
+3K,) can not give rise to a movement of the electron
over a macroscopic distance. Clearly, to carry the ex-
ponential series to such a high power is technically im-
possible,

An alternative approach to the problem of expressing
exp(K, + 3K,) A, Ag, in a more useful form is to find an
equation which this quantity obeys and to solve this equa-
tion as accurately as is possible, To further explore
this possibility, it is useful to define'* a quantity g(R,,

R J'):

g(RIs RJ) = {exp[Kl + %KZ]AEIARJ} . (44)

By taking the time derivative of g and using Eq. (33) and
(36) to express dK,/dt and dK,/dt, it is straightforward
to demonstrate that g obeys the following differential
equation:

LD D {expli(ES — E)lfins g, T, 1) = expli(ES ~ E)ilheymg, m, 0}

- f t dr 9 {expli(ES - ES)t+ i(ES ~ EQrKbhpm(t ~ 7)6hn)ng( D, d, 1)

Q m,p

+ expli(E) — EQ)t+i(EY = ED) T ohpy(t — 70k ing(, p, 1) — expl[i(EG — EDt+ i(EL — E])7]

x<6hl'(t - T)éhml)Ng(m’ P, t) - exP[l(Eg - E}])t+ l(E?T - E?n)T:KahPl(t_ T)Gth>Ng(p’ m, t)} ’

where the coordinates R, and R, have been denoted by I and 4 for notational ease,

(45)
The indices m and p label the N

solvent molecules’ and holes’ orbitals {¢,(r)} and operators {4},} as discussed earlier, and 8/,,(t ~ 7) = hipult — 7)
—{htwwy. The initial condition on g7, J, )} is {vac| 4y g(I, J, 0)Ajl vac) = 6,54, Which merely states that the electron is

at the origin at =0,

If it were possible to replace the functions g(p, J, t) and g(p, m, #) (=exp[K; + 3K,]A; A,), which depend upon the dis-
crete indices m and p, by the function g(R;, R,, #} of the continuous variables R; and R,, then Eq. (45) would become
a closed equation for the desired function g(Z, J). This replacement can be accomplished by making an approximation

analogous to that introduced in Eq. (23). In particular, the sums over m and p appearing in Eq. (45) are approxi-
mated as follows:

:L': FPm.ml(t - T)g(p: Jy t) E]{;ﬁ deKdRLpKI(K, I)pLK (L, K)F(L; Ky K! I’ t— T)g(L’ J, t) ’ (46)
where
F(L, K, K, I, t ~ )= expli(E},, — ERy )i+ i(ER, — ER) K0k, (E ~ )0ha )y 47

and pg 1 (Rg, R) is the average density of either (depending on K) holes or solvent molecules at Ry given that there

is a hole or molecule (depending on L) at R;. The integral equation for g(R,, R, f) which results from carrying out
this approximation is
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ditg(l, g0=i ), de«{p(K, Dh(K, I, ig(K, J, t) - plJ, K)R(J, K, g, K, t)}
K=h,8

- Z deKdRLft{p(K, L)p(L, DF(K, L, L, I, t - 7)g(K, J, 1)+ p(L, K)p(J, LYF(L, K, d, L, t — 1)g{, K,¢)
0

K,L=n,S

-pW, K)p{L, DFJ, K, L, I, t - 7)g(L, K, t} - p(K, Dp{J, LYF(K, I, J, L, t - T)g{K, L, t)}d7 ,

where
R(K, I, t) = exp[i(ER, ~ Eq,)tVin,z,

The indices I, J, K, L have been used to represent R,
RJr RK: and RL’ and p(Ky L)EPKL(RK, RL) and F(Rh RJ,
Ry, R;, {-7) have been defined earlier. If information
were available about the structure of the solvent (through
the pg; and distribution functions ), Eq. (48) could be
used to determine g(R;, Ry, {) which gives (»2) by Eq.
(40). Thus, the results expressed in Eq. (40) for {»?),
Egs. (42) and (43) for thermal averages and fluctuations
of h,,(r), and Eq. (48) for g(R;, R;, t) constitute a theo-
retical framework for analyzing the motion of excess
electrons in condensed media. This result is the prin-
cipal achievement of the research presented in this
manuscript.

Grover and Silbey have solved Eq. (48) under one-di-
mensional nearest-neighbor approximation and under the
assumption that K; > K, at low T and K,> K, at high T.
Using their result simply as the crudest approximation
to the solution of our Eq. {(48), we obtain

(r%)=6Dyt+ a?[(2F + 47%/3F)¢
+ (4n*/9F%)(exp(- 3Ft) - 1], (49)

where F and % are the values of F(I, J, K, L) and %(Z, J)
evaluated at the nearest-neighbor geometry with inter-
molecular distance equal to a. For short times, it is
clear that (»?) reduces to 6Dyt + (2Ft+ 2R*F)d, i.e., to
a mixture of coherent and diffusional behavior. For long
times, (%) reduces to (2F+4$h%/F)ta®+6Dyt, to purely
diffusional motion. Of course, such a simplified one-
dimensional mode!l in no way addresses the question of
the possible breakdown of coherent motion caused solely
by breakdown in the order of the solvent. It does, how-
ever provide a potentially useful first step toward gener-
ating useful equations which relate experimentally de-
termined (#?), values to the properties of the solvent

[DN in Eq. (49)] and electron—solvent interactions such
as those contained in the average (%) and fluctuation (F)
interaction terms of Eq, (49). Low temperature mea-
surements of {#?) yield information on %, whereas high-
er temperature results allow F to be probed.

Of course, Eq. (48) must be solved for g(R;, R, t) us-
ing more realistic models than those discussed above
before Eq. (40) can be used either to predict (%) for a
given system or to extract quantitative information about
the electron—solvent interaction (Ef’,, and k,,,) from the
experimentally observed temperature dependence of
(r?),. Such a solution of Eq. (48) requires that some
model or approximation be introduced for the temporal
and spatial dependence of /g g, and (Shg,p,(t ~ 1)

X Ohgypry)n- For example, it is probably quite reason-

(48)

able to approximate the spatial behavior of the electron
transfer integrals {¢,| 1, (X{(m))l ¢,) in terms of an ex-
ponentially decreasing function of the distance between
the centers of the two orbitals,

<¢m ‘ he(x:(m)) ‘ ¢n> E<¢>m ’ he(x:(m)) | ¢n>|Rm'R"|=o

x expl[~ (R, (m) ~ Ry(m))+ 6?1/ L7] ,

(50)

where o is the nearest-neighbor distance in the solvent
and L is characteristic of the “falloff” of this integral as
the distance between the orbitals increases. The inves-
tigation of this and other models for the terms occurring
in Eq. (48) will be treated in a subsequent publication,
as will the techniques to be used in achieving a solution
of the above integral equation for g(I, J, ). To bring the
present paper to a close now that the stated objective
has been reached, attention is turned toward a summary

and analysis both of that which has been accomplished
and that which remains for the future.

V. SUMMARY

The fundamental result of this paper is contained in
Eq. (40), in which the mean square distance {»?®), moved
by the excess electron is expressed as a sum of two
contributions. The first component arises from the
electron “riding” a solvent molecule which then diffuses
as an anion through the solution. The second contribu-
tion contains the effects of both tunneling and hopping of
the electron from one site to another. By performing a
cumulant approximation to the time evolution operator
appearing in this part of (r? Y and introducing approxi-
mations related to the distribution of molecules and
holes in the solvent, it was possible to express the dy-
namics of the electron migration in terms of solvent
structure information (distribution functions) and prop-
erties of the electron—solvent interaction (the potential
well depths EJ, and the electron transfer integrals
(¢ml B,) ¢3). The cumulant approximation allows the
equilibrium average of the electron-solvent perturba-
tion to be identified as the dominant influence at low tem-
peratures for which flucutations in molecular geometries
are small. At higher temperatures, the effects of ge-
ometrical fluctuations on the electron-solvent interac-
tion (through {54,,(7)6k,,)y) are given by the second term
in the cumulant expansion.

The theoretical framework obtained in this paper is
meant to provide a starting point for the further develop-
ment of reasonable physical models for the behavior of
excess electrons in condensed media (molecular solids
and liquids). The basic result of Eq. (40) gives a closed
theory only in the following sense: if information were
available on the solvent’s molecule and hole distribution
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functions, and if reasonable models are introduced for
the spatial and temporal behavior of the integral ker-
nels (% and F), then Eq. (48) could be solved for g(Z, J, ¢).
Knowing g(I, J, f} then makes it possible to employ ex-
perimental data on (%), at various temperatures (and
perhaps for a series of solvents) and Eq. (40) to extract
information about well depths (E2), electron transfer
rates (I7L,,,,,), and the effects of fluctuations on the trans-
fer rates ((6/1,,(t)06h,y). It should be clear from the
content of this paper that much work remains to be done
before a situation in which the present theory is used to
analyze experimental data is realized. At this point it
would be instructive to review those specific areas in
which further development of the theory is needed as
well as the directions which at present seem to be most
promising.

The most important unsolved problem which arises
in attempting to implement this theory is concerned with
the solution of Eq. (48) for g(R;, Ry, ¢); Grover and Sil-
bey“ solved an equation of this form, which arose in
their investigation of exciton migration in molecular
solids, by invoking a one-dimensional nearest-neighbor
treatment. Such a solution is of substantial merit in that
it gives insight into the limiting coherent (low T) and dif-
fusional (high T) behavior of the system. However, in
a program whose ultimate goal is to provide a quantita-
tively accurate understanding of the migration of excess
electrons in molecular solution, progress must be made
beyond the nearest-neighbor model. In particular, phys
ically reasonable models must be found for the spatial
dependence of the electron transfer integrals {¢,! &,
X (X{(m))l ¢,5. One possibility for such a model was dis-
cussed in the preceding section. Clearly, any success-
ful model should express these integrals (and the E2) in
terms of the “electron affinity” of the orbitals {¢,}, the
size (spatial extent) of these orbitals, and the electron—
molecule interaction potential u(r, X;(s)). For specific
solvent systems of interest, these quantities can then be
probed by using Eq. (40) to extract information from ex-
perimental data on (»%),.

The solution of Eq. (48) also requires that a reason-
able approximation be made for the time dependence of
the fluctuations F(I,J, K, L, t ~ 7). It is probably most
reasonable to employ, as Grover and Silbey explored“
for the exciton migration problem, a model for the fre-
quency dispersion of those vibrational, rotational, and
torsional modes which couple most strongly to the elec-
tron transfer probability. Either Lorentzian or Gaussian
frequency distributions yield exponentially decreasing
time dependences® for the above fluctuation terms. The
characteristic decay time of the resulting expression
for F(I,J, K, L, { — 7) is determined by the decay time of
the fluctuations in the dominant vibrational, rotational,
and torsional modes. Because such a decay time is
much faster than the time scale over which electron mi-
gration occurs, it is quite likely that a reasonably simple
model for the time dependence of F(I,J, K, L, t — 1) will
be adequate for describing the contributions to (»2),
made by fluctuations. The development of good models
for the spatial and time dependence of F(I,J, K, L, t— 1)
and %, are essential next steps in the implementation of
the present theory. Munn and Siebrand in Ref. 4 pro-
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vide a good deal of physical insight into these spatial and
temporal quantities. They also give approximate values
for the time scales and spatial ranges involved for mo-
lecular crystals. As was mentioned earlier, it is also
important to devise a reliable scheme for approximating
the three- and higher-body distributionfunctions appearing
in %, and F(I,J, K, L, t — 7) in terms of the two-body dis-
tribution. These higher distribution functions are sim-
ply unavailable for most systems.

The extension of the basic result of Eq. (40) to the
case of a dilute solution of excess electrons in a mixed
solvent is currently underway in this laboratory. This
development will also provide a starting point for ob-
taining a reasonable-framework in terms of which to ex-
amine the effects of electron scavengers, as well as the
cases in which the electron undergoes chemical reac-
tions with the solvent. Work is also underway on the
specialization of Eq. (40) to the case of pure and mixed
molecular solids for which translational symmetry can
be used to simplify the spatial dependence both of the
solvent’s distribution functions and of the k,,, and F(I, J,
K, L, t- 7). The incorporation of electron~electron re-
pulsion effects is also an important step to take in order
to generate a theory which is not limited to dilute solu-
tions of electrons. Likewise, the treatment of the mo-
tion of the electron in the presence of an applied external
electric field is important for studying mobility.

In addition to the research directed at probing the mi-
gration of excess electrons by monitoring {r%), re-
search is in progress whose goal is a quantitative but
physically clear understanding of the spectral behavior
of excess electrons in pure and mixed solvents. This
work involves the calculation of the correlation function
(Ol @y F(t)Fag| 0)) s, where F is the electric dipole operator

F()=exp(iHt) [#'(x)c.ro(r)drexp(=iH) , (1)
and € is the electric vector of the incident photon. The
Fourier transform of this correlation function gives the
frequency spectrum of the electron-solvent system, By
expressing the field operator #*(r) in terms of the mole-
cule and hole orbitals {¢>,,,} and operators, and perform-
ing a cumulant approximation to the time evolution op-
erator, it will be possible to express the above correla-
tion function in terms of the solvent structure informa-
tion and the electron—solvent interaction potential. The
dynamics of the motion of the solvent molecules will af-
fect the frequency dependence of the excess electron’s
optical absorption spectrum.

Asis clear from the above discussion, muchimportant
and challenging research remains tobe done before this
initial contribution canbe brought to the stage where the
theoryisapplied, ina straightforward manner, tothe prob-
lems of excess electrons in molecular solids and liquids. It
is hoped that the research presented here will stimulate new
and innovative contributions to this exciting area of science.
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