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The occupation mimbers and natural orbitalsof ~er~ m~del~~i;i~~tr~~:h;'ól~c~le;are pr~

and analy:ed, w~ich .are dire~ly calcula~ed by emp!o~ing athe~ry deY~(BFf~l~ili;r;bY ,e,~;,~ft~~~a~~~o~s. "l
, ComputatlOnal detalls are dlscussed bnefly, and the errors whichanse m,,'our caJculatlOns:are estImated ~.,-,:"

. through a comparison with the deIisity matrix' of !l run Configut~tioii"'i6teiac:tion;-wave"function forthe _."::;~,'
pyridinemolecule. .. '~:".i":.:.,,,:: :::\, '

In a previous pubii~~tiriri:[1]'ri~~ofUS,Sh();edthatthe~~~!;9rsl~r~g}lpead,e~~S' ,
matrix could be directly calculatedjr(aclosed fonnWhi9p."i~f.;valid,tNQl,lgh' ,.
order in the electron interactions. 111Equati()ns(32)~34rÓr~f~r~ce.'tlJ/i~e'densl
,matrix is 'expressed in terms of quan.rities.wh1chafeVjdefuie4'fh'.Equaii()Ils(3n~(3,5:
of Reference[2] and which inv()lve.ÓJ1Iy'them()l~cul'?)'~rtf~~E6'ck(Iu<J()r.~!faJ
energies {Ci}and t~0~lectr9PiJ1}e~~~~~;~i/I~I.>j,:;:, c> " '""e~,en~

the resultsof applymg gur theorytÓseyerallIlodeI(;91)] .\p:~,~rm
" interestand importance.Thecaltubitions"reportect:.Jler" . .. (f~l;ii['iu~"
cause ,theYl1lake useof the ,Paiiser;-;Parr":'P()pleHp?p):~aRRfg~iJ'llatló~s:;E3,41;in
com,puting' orbitalenergies arid. i~0~lectroI1iritegrali'~J.l&iYeyej;~~i~hlE"ihe:f~atl1e2
werk of the ppp modeL the density'matrices ootained(iD:oUt::,,~orHiI1clude3aIe,§tipn
correlation effect'sand therefore go beyond the, simpieHF'i'fesuIt ' '" , .. ,

The most convenientand ,pseful'mearls'of.describmgijthe\rst-;orer ec uced " ,),

densityma trix y is in terms <lfthe natural orbitalS [5, (i] {'1n!ap.aj,~q'?llpationnumbers./~i.;~
{Ai}.'Ify is the representation'ofyin an'oahónormar.atoniig!br6iialbasiS~et,t:theI1 .c' ,'c

theeigenvectors of y.aie representati?~'bfthe i,ti11"this'b~l~"i~;,,;y'f.i'{':i? ," ',i"

(1) , "i,' , .c, <"", <y~/~T,,1~'1i.'.}:(.,..~??t;:~'.t~l";i!/"'X;":": "< c

..In,the numerical results presented in Section3,we. tabl,lla!~;!Jie;ocC:1l.PfltigIlnutPbers
{Ai} and natural-orbitalexpansion 'cge~cie~is {'li} '.K§f~e~e~al:9rgaI1i?:.molecules.

, For purposes of comparison, theexpansion'cgeffi9ients ofboththe'highesto9C:1.lpied



324

moleeular orbital (HOMO)an~fthe" m " eeUpl .m'~ie~ulaI'orbita! (LUMO)are
algo tabulated. In Seetion 2,'we':pr~seiirabi:ief deseription, of the' eomputatiónal
proeedures used in this researcll."",l+c"" "',"", "i, ,

>,: "'",",;",":"',,"'" '<,/c','" ,'"" ", "',

" 2.,Computational Procedures,
,"',' " "<:""7'::'""b':'r~,>t:;'~f;{f? ;~,'ft~~":;;",":K',i;::];~~':f "

The first part or Dur working computer program eonslsts of a matrix HFroutine '

whieh earfies outthe scp'iterative ealCuhitionof the'orbital energies {ej} and ex-
pansion eoefficients,{Ci/l}. The expres'slon'for 'the elementsof the Fock matrix in

the atomie orbitalbasis is given ~~tli!n,!~e ppp~pp~oxinHitions as*

,(2) F/l~~,~,I1:~,-l~/J<1Y/l<1
, '.., 1 i," ,"" ""

(3) ~/ll! =:Cf/l+'2P/lfA;'<1~)P<1<1 - ~<1) Y/l<1
'", , ' ,",' , "

The valenee-state ionization potentials U~',resonanee integrals P/lV,and one-eenter
eleetron repulsion itltegra!s:.r~~f<>,r)h~:'Yca:rious,atomsare tak en from the wark of
Tichyand Zahradnik [7] andaie"shown in Table I. Z<1is the number of n-eleetrons, '" . " ,." 'o'., '." ", " " ' ' "

contributed by atom (j.Tlietwo':'eentereI~tron iepulsion integrals r/lVare,ca1culated
usingtheMataga-Nishimoto 8 ',,'" c.'" ,',' , '

" ' .. ' ,.' "" ' :'<:,,~:.,;;, ' :,;-,'

(4)', ' ,,~!f~/l\ rv~)~l] - 1 ,',
, "",' ".,'1,"'" -I, ";,' .,' ,- .

where th6 rare iD e e,er ,,' , ",', erni.1cleardistance R/lvis in angstroms.
Thecharg~-bond order'IDatJ:bf!>;t~c~"fó,mputed,~feaehitenition ofthe SCFproeedure

," '..,.,-.,;",:r.":",.;:,"".'n"";':':)""\t""'~;;"""':"'",0:~,' " ...

(5)..,

of F

(6)

{ Cj/l }are used
the moleeular

[7}.

C
-N=
-NHl

'=0" '

-OH
-NH-

* See Equations (2.17) !ind (2.18) ofPople,[4J.



For optimum efficien~y, (ulI use is marle of the symmetries of (ijlkl) and r!lV' and
Jhe "transformed""integrals are stored in a one-dimension~l array,Taisarray

, two-electron integrals and ibe HFol'bital energies are then used aS mput to the next
subroutine in whiChy iscomputed. ",,::~; , ",

Prior to the calculation 6(the first-orClerreduced density matrix in the molecular
orbital basis {)lu} the ,quantities Bi,~~p; B;,nam,E:n, and E:p, are formed using
tions (31)-(35) ofRe[eren~J2J./rhe elements "lijare then :computed in'a straight~

, forward applicatiÓn""OfEquatiónS(32)~(34) qf Reference [1], after which a trans-
formation of y to the atoini ' ' 'basis is carried out:

, "', " ,"",,>';' " """i"" '" ,"",'""""""""" '

(8)
",,' ""i'Li" i' , " :';, :.;,,;' ""',,, '\' "

It sh~uld be polIltedo a, lspa "oIthrC~fculatio:~~does not inv~l~e liny iter~tive
process ;only a,~ingl~?~trip#J~i12~~is~:n~~d~d,:Th,e,,;nat.l1:i~l:<?rbital~ex"ansion "coeffi-"
cients {'li} in the a!9m~c}'ór9.,it~"bas~,and ,the occupationnumbers {AJ are then
obtained by using*a st:anaird:Jacob(routine;to'find the eigenvaluesand normalized
eigenvectors~~.. '" , ", , , " ,

(9)
", ", v" ",, , ",', ", '" ' ,.,' '~. ".' " '"" ",,'

None of the calculations reported"heret()ok 'Inore than one minute of Univac 1108
"computer time,TliiS"c6nCiudes"'~oui:"d'escription of the"proceCluie used to calculate"

the first-order densitv matri~J' :(',;i". ",' , ", ,', " ' , '

, , '

~ ~cópation~urt1bers
, '~..",,"'::'" ,t:" ;'. "" '.", '" " ' , ", '

hl Ta.bltis , , ,.., ,', . '.., , ., :,' PI:> ymg,t eaJj'6ve':compriiation~procedurtto

several corijugatedj~§Jec~tiS::;~I~~;iif,e~e~t~d.:;Thertum bering or' the. at omic basis
orbitals,which is':llsed~iit;:w..pJing;'tQe'riatllrlll:orbit:alexpansioncoefficients, is indi-
cated.in the moleculai-araYrIlg',;i1cqoJp.pany'ingeach table, In the HP approximation,
eachroolecularorbitalisJilso,"a'n:aiiIi8.r:orbitaLThus, for the.purpose' of comparison,
the "expansion'"cO~ffici&~!§q~ó(i~~HOMp:":'~hichcis't he high est na turalor bital. with
A =' 2,00 ,in thelI( appr§xiriiat:!9P,/ang":bf'the LUMo,which is the lowest. natural
orbita! havingX~',Q,q>,'~are'alsom§ied: In)nost cases,the molecular band lengths
and angles wen';'takenj();Be'ih~>ii~me as 'in the benzene molecule: Rcc = 1.40 A,
angle= 120°,TlIe mólecules'for '\yhich weused experimentalIy measured band lengths
and angles takenfrom)helit&aiilf€,are purine, cytosine, uraci~ histamine, 2-hydroxy-
pyramidine, and!l.lymia~,Il1~fi~~'ba~es !he (slight)'variations ofth,e,PPP parameters
with geometry were nofiake'Iiinto consideration.' We feel that this approach is fully
justifiedbecause!our. goal)sl1ot to present the results pf a detailed study of any one
ma!ecuJe~-"blltf~!h.ef!;,ia=,,!I.nt~!~!fe"!litutility6four .~ethod, in,ailargenum ber. Ofi

-P':;",':'Y;"/~1'}!.,;~:~'J'."":,':;li1r'J;i;,'::?f::j;"".!.~,ji.d,,:", " :;"'. ',' ""':'c"

~,~lts'preSented hen; itshould be notedthat the
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TABLEII. Occupation numbers and natunlI orbitaIs of'pyridine.

'~;~~'j
"6~?)'"

';,;'2'.,~>,JJ ,

~.403 '.388 -,
.2'38 -.306.;'

.494 , .506

-.357 -.245

-.504 .496

.390

. "O, "..',' "".

fTABLE III. Occ{lpatioti'--'1Umbers"andnaturalorbitalsofi'Yridazine;:

oc c; no. .

l. 963'

i. 926

.521:.

.564

-.254

-.259 .

.342

LUMO .520

.52~ -.104
,.,

-.564 .399

-.295 .590.

.147

, -.295-.254 .590

.259,

-.342

-.407 .516- .407
(,

-.556 -.270

-.520 .469 .-.469 -.091.091

occ. no.

69

1.934 .601

,l. 931 -.009

.on .558

'Ó63 .003

.On -.324'

,HOMO -.001

'LUMO .533



.391 .378 .391

-.544

-.225

.448

.324 .323

.384 .451 .384 .384

.272 .603 .247 -.272

-.506 -.493 .014 .506 .493

-.3ZO -.318 .543 , -.320 -.318

-.499 .500 -.000 -.499 .500



.238 .94!

-.133,

328

.317

TABLE VII. Occupation numbers and natural orbitaIs oC 2-hydroxy-pyramidine.

.443 -.190 -.288

-.004 '" 563 -.432

no.

1. 996 I -.021 -.019

1. 953 .624 .623

1.914 -.369

.0'84 -.330

.053 -.603

HOMO .367,

LUMO 1 .325

1. 997

1. 969

1. 942 .005

1.937 -.379. .22f

.070 .012 -.007 -.451 .534

.064 1 .672 -.335 -.266 -.217

.035 I. 3ll -.107 -.318 .464

HOMO

/-.299

.493 -.367' .221

LUMO -.005 .003 .435 -.553



.

0756

sf ~H
l .-:A.,.""",
'~3

natural orbital coeHicients

.389

T ABLEIX. 'occupation numbers and natura! orbitais oC thymine.

5 4 3H3C

rJ': e:P' ,
..,

' --H",

6 h
7« 8~~2

H
." natural orbital coeHicients

.159

-.147

241

.056

.621

.642

-.050

.300

.495

-.623

.159 .000 .106 -.005 .561

-.147 .D26 .200 -.01.8 .767

-.440 .043 .235 .332 .509 .467 -.038

.664 -.088 .106 .253 .341 .384 ".153

.060 -.131 .641
'

.544 -.149 -.496 .033

-. 02 157 -.610 . .444 .401 -.476 -.128

-.585 -.175 -.044 .195 -.167' .134 -: 142.

.128 .108 -.315 .540 -.601 .375 .181

.230 -.291 .550 508 -.145 -.523 .040

-..010 .153 -.564 .338 .510 -.507 -.152

.295 -.038 .576 .110 -.005 -.004
I

033 -.007 .755 .200 -..016 .036

-.325 -.331 065 .547 .524 .380

.491 .722 147 .253 .308 .206

-.018 .058 .029 . -.166 ,-A/!9 .571

-.050 .057 ..125 -.350 .443 -.469

-.113 -.262 .211 .210

1.955

/-.3981.951 .432

1.906 I -.025

.m

.064

.044
-

HOMO

LUMO



T ABLEXI. Occupation numbers and haturalorbitals or histamine.

nat\lra1 orbita1 coefficients

1. 9.96 -.305 .~35

1.956 .668 .280

1..912 .389 .593

.077 -.444 .673

.061

HOMÓ';

LU MO -.437 .681-.102

-.300

-.302 .491

occ. no.

1. 997 .230 .001: c.009

1. 992: -.018 .001 -.007 -.039 .058

1. 962 ..493 .490 .492 .406 .283

1. 954 -.373 -.443 .071 ,. 458 .569

1.928 .046 .465 -.598 -.259 .414

.084 -..002 -.114 .472 -.457 -.205

-.064 -.337 .391

481



natural orbital coefficientsocc. no.

1.997 . OOa,

l. 990 .304

l. 984 -.381

;395

.OU .049 -. OU .214 .921 .308

.431 .505 .370 .092 -.187

-.076 .307 531 .321 -.051

; 5S7 .031 -.077" 'i; 031

. 231 . 314 -.408 - .546

.410 -.211 -.352 .552

-.360 .086 - .327 ":422

-.017 -.462 .385 -.240

occ. no'.-
l. 965 .454 .400

1.925 .606 .256 c.291

1.921 -.016 .491 509

.082 -.565 .354 .245

.069. -.504

.038 -.326, .389



".
expansionCgefficients'ofb()th.theIlQMo'~'ridtl1eaJ1t:o agree only qualitatively with
Ifr../zaDa lf~;~~'it;,~i~esp~ctivelyFNbeingc the num~er()felectrons in themolecule:
This implies' thatthere ar.e substantm] differences between the HP orbitaIs and the
natural orbitals,whicl11ea~.usto conclude that there are substantial electron corre-
lation effects{ii'yJ;Iills'q9'seryatioI1:is, of course; not \lnexpeCted in such n-electron
molecules.' One'alsQ immediately notices that 'alniost aU of the natural orbitals of
these..molecules'::a.i:e'liigWy':'delocalized)n natur~. The only exceptions are those
natural orbitals""hich havedominant contriblltions from a "lone pai( 2p.orbital
on OH, NH;', or;~NH~!Therefore, any scheme which attempts to employ natural
orbitalsas a basis for developing a valence band model of chemical bonding in
conjugated systems willpr()pably not be very successfuL Ofc:ourse, the use of natural
orbitals to' sp'eecHhe convetgence [5] ofconfiguration interaction (CI)wave-function
expansionsis stillaYlillid and very sensibleapproach in studies of n-electron mole-
cules. . "-'," ..., ", .

To gain someJeel for theprecision withwhich occupati()n numbers are calcuhlted
in aur theory,'()~.e9an 'comparethe sum"of the {Aj}to the. number of electrons N:

. For theexact y;.an~ foran~. N-representable*y, one bas

(1~~;, .,', .~~., . ';;"'~i~;'(~~."t'!i'Y";.f.~;;t:32;<ff'~t?;rf;>..~ ~..., , . " '

1Ji}l~,th~ .i'",~re~<Z;;;!i~,~~~;~~d:[j ;'giv~~luS a~r?d~ e~timat~ or the eHprs~~~ch
anse m our ca1cula,t1ona()f()C;CupatlOnnumbers. For example, aur results for pyndme
giv~ LP,r'~'6.QQgi::~I:i!~~,f~!:~iactlyequalto the number of electrons, while aur trace
foi;;'uracil'(9;021);~:m'::eF~~~J?Y.;9:0~J'i~~i9!1!s"IlO!,aDinsignificant m.llllberin. com:
pa'rison iVith;tl1.e::.smal~t..<:iaeupatioI1Iiumbers ,i:ofthis l1l0lectIle.Such'ananaIYsis'
does not lIleanthattheei'rciri;jn the comfmted, {Aj}are necessarily the same as the

. differencebetween tr yandN.~It only givesussom.ereagan to believethat the errors
are probablyrio(largeilhanJhis:difference.;~';;;,!F',;'; "

A much moterealistic and meaningfu1 evalllation of th~ accuracy of aur method
for calculatinggensifyma!~ices canbe attained through a comparison with the results

"of,<lfl1,L<:I:~~I,cAl~tig~,()~p~~ic!iJ~~:which1ll",erepoitedjnTable XIII. The deviations
,ofourocc1ipa.tiqai,rijlII1~~rsf~9iIfthose ortheci\\(a,v~ function are, at mo~t, 0.01, or
less thari'.l~ %óetlil{'smalle~focc1ipatiorinumber:In' addition,' Our.natural orbital
expansion'coeffiCientst.,reprQducetheCI l'esu1ts towithin a rew percentin almost
every instance. Therefcirewefeel that tlle resultsof this comparison provide reasonably
sound evidencet1iat;the'l1l~tiiod which we developed in Reference{l] can be used to
ca1culate, in.a directandprecise':rrianner, the first:order red1iCeddensity matrices,
ofa)Vide range'o(atóm}(~and molecular systems.~ We are currently employing ibis

,,' ""'.";;~;"'7:;'~;,"'::':F~".'c;""/:,,,: ,; '. '

, * For an excellent,discussion oCd~nsity'matrices and the N-representability problem see Coleman
[9].. :.,":' C"",, ",' ,

t The Cactthat atoms which are equivalent by symIIietry do not always have the same (except for sign)
natural orbital expansion coefficients is a result oCnumerical error in the calculation of the {II;}.

; Although we havepresented acomparison' of ourresultsmth'those of a.'a calculation for only
.one molecule, we have preliminary data on the diatomic jon O H::: which are quite encouraging and which
lend further support to the comparison discussed above. The results of our work on OH- will be published

shortly in a paper dealirtg with a, detailed study. of the vertical electron affinity oC OH.




