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the reasonableness of the two magnetic relaxation
mechanisms discussed. It is especially important to
examine the plausibility of important scalar contribu-
tions because of the implications of this mechanism for
the use of NMR line broadening to elucidate the nature
of both outer-sphere metal-solvent and metal-ion
interactions. Two factors that make the scalar
mechanism more competitive in 7O studies than it is in
proton NMR are generally greater values of the scalar
coupling constant, A, and the fact that v is seven times
greater for protons than for O nuclei. The disparity in
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v values is quite significant, since the ratio of dipolar to
scalar broadening goes as 72
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We derive the first- and second-order density matrices of symmetry-projected single-determinant wave-
functions, in the case of finite groups. We also give the first-order density matrices for functions projected
in the axial-rotation group. A method is presented for extracting from a density matrix its totally symmetric
component, and the eigenfunctions of this component are shown to be the same after projection as before.

I. INTRODUCTION

It has been found that the effects of applying a
spin projection operator to a determinental wavefunc-
tion involving different orbitals for different spins can
be conveniently summarized by considering the first-
and second-order reduced density matrices.? In this
paper we will be concerned with the density matrices
of wavefunctions obtained by applying to a single-
determinant projection operators of point groups or the
axial-rotation group.

In Sec. II we consider the effects of point-group
symmetry projection and obtain expressions for the
elements of the first- and second-order density matrices
of the projected function. An example is considered in
Sec. TII. In Secs. IV and V we treat the axial-rotation
group and an example of this group.

It is also of interest to obtain the totally symmetric
components of density matrices since only these com-
ponents contribute to the expectation values of sym-
metric operators. We consider this problem in Sec.
V1. In Sec. VII, we consider the effect of projection
on the eigenfunctions of the totally symmetric com-
ponent of the first-order density matrix. We find that
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these eigenfunctions can be taken to be the same after
projection as before.

II. DERIVATION OF THE DENSITY MATRICES
FOR POINT-GROUP PROJECTION

We start with a function ® which we wish to adapt
to the symmetry of a particular group:

®(1---N) =Cs(1) - - o (N), (1)

where @ is the N-particle antisymmetrizer, ¢;««-¢n
are orthonormal spin—orbitals without any particular
symmetry properties, and the arguments 1---N refer
to the space and spin coordinates of particles 1 through
N, respectively. The normalized, symmetry-adapted
wavefunction can be obtained by projection as

T, =, 120,®, (2)
where

m=/m@wmm. (3)

The projection operator 0, can be expressed as?

0,= 2 C,(R)R, (4a)
R

where the sum is over all operations in the group. The

3 E. Wigner, Group Theory and its Applications to the Quantum
Mechanics of Atomic Spectra (Academic Press Inc., New York,
1964).

Downloaded 23 Mar 2004 to 155.101.19.17. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



FIRST- AND SECOND-ORDER DENSITY MATRICES

index » refers to that irreducible representation which
characterizes ¥,. The coefficients C,(R) are defined in
terms of the characters x,(R), the dimension #, of
irreducible representation », and the order of the
group g:

Co(R) = (m/g)x*(R). (4b)

Since we are dealing with a many-particle system, the
group operators R will be of the form

R(1---N)=R(1)R(2)---R(WV), (5)

where R(k) operates only on the coordinates of the
kth particle. For convenience, we adopt a special
notation for the effect of a symmetry operation on a
spin-orbital:

R(%)¢i(k) =% (k). (6)

Then ¥, is seen to be

(L N) = T CRIBHD) - onh (V). (1)

We first evaluate the normalization constant w,,
making use of the facts that O, is self-adjoint and
idempotent,* and that @ is self-adjoint and has

ar= ; (—1)P, (8)

the sum of all V! signed permutations of N particles.
Then

w= 2 C(R) X (—1)»
R P

X/¢1*(1)'°'¢N*(N)¢P1R(1)"'¢PNR(N)dT, (9)

where P is the index produced from 7 by P~L. The in-
tegral in (9) is a product of one-electron integrals of the
form

/ S (3) $piR (i) drim / 64 (i) R(i)gws(i)drs. (10)

The expression for w, therefore takes the form

Wy = ; C.(R) ; (—1)?Ry,p1*+ * Ry py-

= ) Cy(R) detR. (11)
E

Notice that the determinants, det R, are to involve only
the spin—orbitals appearing in ®. They are determinants
of N XN matrices. Thus if we know the matrix elements
of the group operations in the spin—orbital basis, we
can calculate w,. We will assume that these matrix
elements are known.

We now proceed to the calculation of the first-order
density matrix. Given a symmetric, one-particle
operator €I, we can write its expectation value (),
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with respect to ¥, in two ways:
!
@)= f QW dr = / QD v (1[1)dr. (12)

The first expression is the usual definition of the ex-
pectation value, and the second is the density matrix
equivalent. The prime on the integral means that
Q(1) first operates on the unprimed coordinates only,
then the primed coordinates are set equal to the un-
primed, and integration is carried out. Our method will
be to calculate (), using the first expression, and then
to identify v, as that which will correctly reproduce the
second expression.
Therefore, we must calculate

<Q>,,=w,—1 / q)*OyQO,,q)dT. (13)

First we examine the operator 0,20,:

0,20,= >, C,(R)R i Qi) o,

=1

E_N:R(i)ﬁ(i)R—l(i)RO,. (14)

=1

=2 G(R)
R

Substituting (14) into (13) and noting that R and 0,
commute with @, we obtain

(@)= T C.(R) [ asr (1))

X 22 R()QGE)R(E)AGROM(1) -+ ¢ (N) dr

=1

=, g_‘gC,(R)C,(S) S 3 (—=1r

=l P

X /4’1*(1) o (N)R(DQ(HR(0) g PpiS

X (1)« -gpn®(N)dr.

Since the symmetry operators are unitary,

(15)

/ ¢* (DR QR(3) dpsP5dr;

- / && (1) Q1) dpS (i) drs. (16)

If we now let T=RS, so that R=TS"!, we have
N =
@)= 2 CTSHCAS) 20 T(ilj)
i ) 1

5=

Xf ¢ *(1)Q(1)5(1)dr,  (17)

where T'(¢ | ) is the ¢, § cofactor of T
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We now assume the existence of an orthonormal set
of spin-orbitals ¢+« *dw, dys1-* dar, such that ¢« » -
are the spin—orbitals occurring in ® and that for any R
in the group, Re¢; can be expressed as

M
Réi= ). Rudy,

1=1,2, -« M. (18)
k=1
We can then write
/¢,~ST'1*(1)9(1)¢,'S(1)(Z7-1
M
= 2 (ST xSy [ e dn
k,l=1
M
= Z (TS_])ikSIijl} (19)
k=1
and thus
N
(@) =w,™ § CATSNELS) 20 TGl
) 2y )=
M
X 20 (TS5 S
k,l=1

= 2 [w 2 G(TSHC(S)

k, =1 8,7

X i T(i|7)(TS™) aSyI%e.  (20)

%,5=1

Therefore, we may identify v, as

M
n(1]1)= k; YOrd(D*(1),  (21)
where
YOu=w,1 > C,(TS™)C,(S)
S, T
X 3 TGINTS DS, (22

In a similar fashion, we find the second-order density
matrix to be given as

(12 172"

M
= D T.b,(1)de(2)6*(1)*(2) (23)
D,q,r,t=1
with
N N
T pe=awit D C(TSNC(S) 2 2 T(j| kY
7.8 <=1 k<=1
XSkaql(TS_l)ir(TS—I)jl: (24)

where T'(4j | kl) is the if; &l cofactor of T.*

4 P.-0. Lowdin, Rev. Mod. Phys. 39, 259 (1967).
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Equations (21), (22), (23), and (24) are the final
expressions for the desired first- and second-order den-
sity matrices in the case of finite groups. Notice that
we only need know the matrices of the group operations
in the spin-orbital basis, and the appropriate character
table (the group multiplication table must also be
known, but can be determined if necessary from the
orbital-basis representation). Once we have this
information, calculation of v, and I, is straightfor-
ward.

III. EXAMPLE FOR FINITE POINT GROUPS

As an example we consider a wavefunction for the
water molecule

P=Q[¢:1*(1)$:5(2) + - -$s*(7) 95 (8) $:(9) $:#(10) ],
where the orbitals are

b= (24 24)"12 (1S4 158), A=/1SAlsBdT,

$:=180, $:=2S50, ¢1=2p..0,

s =2"12(2p:,0+2p,0),
Ge=2"12(2p,,0—2py.0).

In what follows we will neglect the overlap between
&1, ¢2 and ¢, in order to preserve the simplicity of the
example. The molecule is assumed to have C,, sym-
metry and to lie in the yz plane. Subscripts A and B
refer to the two hydrogen atoms and O to the oxygen
atom. Orbitals ¢; through ¢, are thus symmetry
adapted, but ¢; and ¢ are not. The last orbital is
added to give a complete set in the sense of Eq. (18).

In this basis, the matrices of the symmetry operators
decompose into pairs of 6X6 matrices, a set of matrices
involving « spin, and an identical set involving 8 spin.
These matrices are as follows: E is the 6X6 unit
matrix. Each of C,, é,=4.., and 8,’=4d,, has diagonal
elements 1,1 through 4,4 equal to 1. In addition,
(Co)ss=(Colas=—1, (02)56=(v2)65=1, and (.)s5,6=
(¢4')s5=—1. Other elements are zero.

We will illustrate the formulas developed in the
previous section by obtaining the density matrices for
the A, component of ®. Using Eq. (11), we find that

wa, =3[ detE+detCo—dets,—dets,”]
=i[1+140+0]=3.

Remember that in Eq. (11) the determinants are over
the spin—orbitals appearing in ®; so only the pairs of
5X35 submatrices of our operator matrices are to be
used to calculate wa,. We also find it helpful to con-
struct a table of the various terms appearing in the
expressions for 4, and I', (Table I).
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Using this information and Eq. (22) we obtain

4
a1 V) = D ¢:(1) (1) [aa*+56*]
i=1

+365(1)¢5*(1') Lao™+56%]
+3¢6(1) 96" (1) Laa*+56*].
Similarly, by using Eq. (24), we find that
Ta,(12]1°2)
4

=} 2o {liaja 4] iaj8 [*+| i8jex *+] 1678 *}

J=

-
—

™M=

+1 3 {| iaSa 4] ia58 [*+] i85a |*+| i858 [}

=1

i

™M=

+3% 2. {| iaba 4| ia6B [*+] iB6e [+ 1868 |*]

1

+1{] 5a58 [*+| 565a [*+| 6a68 [*+| 686c |*}
—3[®Bes*(1) s (2) L®'ps*(1) 667 (2) I*
— 3 ®es*(1) 8¢ (2) [LB'ds*(1) 65 (2) T,

I

where

®=2"12(1—Py), ®'=2"1(1—-Pry),

and
| iajB [2=[®Bp:i*(1)(2) L ®'ds=(1")9(2") T*.

Equivalent results are of course obtainable more
directly. The advantage of the present method in-
creases with the number of nonsymmetry-adapted
orbitals, and is much more apparent for non-Abelian
groups.

IV. THE AXIAL-ROTATION GROUP

To extend the above treatment for the first-order
density matrix to the axial-rotation group, we need
only change the formula for the projection operator.
The proper projection operator is®

1

21
On= — do exp(—ima) Ra.
T 7o

(25)

In this expression R. is an operator which rotates
through angle a. If we define

Onm(iklj | o)

= (27)~? exp(—ima) fwd¢(R¢)ik(Ra—¢)lj7 (26)

0
then we obtain for the coefficients
27 N
Youman [ da 30 Ro(i]1)0n(iklj] @), (20)
0 1, 7=1
where R,(i | j) is the ¢, j cofactor of R,. The normaliza-

¢ M. Hamermesh, Group Theory and its A pplications to Physical
Probgems (Addison-Wesley Publ. Co., Inc., Reading, Mass.,
1964).
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TasLE I. Combinations of group operations used
to calculate density matrices.
T S TS xa.(S) xa(TS™)
L I E 1 1
Cy Cy 1 1
oy Ty -1 -1
Tyr oy -1 —1
C, E Cy 1 1
Cs E 1 1
oy Tyt -1 -1
Ty oy —1 —1
oy E oy 1 -1
C, oy 1 -1
ay E —1 1
oy C. -1 1
ay E oo 1 —1
C, oy 1 -1
Gy C. —1 1
Tyt E -1 1
tion integral is given by
1 per
W= o i da exp(—ima) detR,. (27a)

The evaluation of the second-order density matrix is
somewhat more difficult and will not be presented here.

V. EXAMPLE FOR AXIAL-ROTATION GROUP

As an example in this case we will calculate the
first-order density matrix of the L,=1 component of an
atomic function (we will not consider the L? behavior).
We take

=@ 1s%(1) 158(2) 252(3) 255(4) 2p,%(5) 1.

Since 2P,=2"12(2P,+2P_;) and the S orbitals are
symmetric, the effect of a rotation about the Z axis by
angle £ can be written as

Re® =G 15%(1) 158(2) 25%(3) 25°(4)

X {2712 (e®2p a6 %2p_41) }(5) ].
From this and Eq. (27),

vi(1 | 1) =[1s(1)1s*(1") +25(1) 25*(1') J(aa*+-B88%)
+3[es(1) 5™ (1) +¢u(1)9s*(1')
+3(1)$s*(1') +64(1) ¢s*(1') Jarer™,
¢3=27"12(2p1+2p1) =20,

where

and
$u=2"2(2p 11— 2p_4) =i2p,,
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but this can be written as
7i(1] 1) =[1s(1) 1s*(1") +25(1) 25*(1') J(aa*4-58%)
+2p41(1) 2p1*(1") ae™.

This result is of course expected because the L,=1
component of ® is given by

W, =@ 15%(1) 158(2) 25%(3) 255(4) 2p4:%(5) ],

and the first-order density matrix above follows directly.
For a more complicated function, however, the density-
matrix method can be simpler than the direct method.

VI. THE TOTALLY SYMMETRIC COMPONENTS
OF v, AND I'',§

The totally symmetric component I',’ of I', can be
obtained as

=g > RI,R!
R

=g1 2 R(IZ)R(I'2)HT,(12]172)  (28)
R
and
=g ERI R(HR(1)7,(111). (29)
We will consider +,° first:
701 l 1’)
M
= 2 2 (DO
Q ,i=1
X M,
- X ; k%_, YPRQuQ 1 Jbe(1) 6% (1)
= 2 (m) (D)1, (30)
where
M
(v =g }; k).;:l YOuiQuQ ity (31)
but

M

2 Qi el

k,l=1

M N
= D@t 2 CATS™MCS) 20 T(p | (TS
k,l=1 S, T p,g=L
X SkeQ 1 Qik

N
—w, 1 2L C(TS™Y)C(S) 20 T(plg
8,7 1

X(TS7Q)pi(QS) i (32)

Letting R=QS, and using the orthogonality properties

6 R. McWeeny and W. Kutzelnigg, Intern. J. Quantum Chem.
2, 186 (1968).
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of the C,(R), we obtain
(B su=g"w 2, C(TSHC,(S)

R,8,T

X ,};:1 T(k| ) Ra(TR),,

=g‘1w,‘1 RZ; C,,(T) ng::I T(k I l) Ru(TR—l)k,’.
(33

In a similar way we obtain the matrix elements of the
symmetric component of the second-order density
matrix

(Fvo) ﬂmq=g_lwv_1 Z Cy(T)
RrR,T

N

X 2

1<y=1,k<l=1

T(’L] l kl)Rf;R,j(TR—"l)kp(TR_I) ig- (34:)
Equations (33) and (34) are the_final expressions for
the coefficients in the”expansion.of ¥,° and I,?, re-
spectively. Again a knowledge of the matrices of the
group operations and the appropriate character table
is all that is needed to perform the calculations. Be-
cause Eqs. (33) and (34) are slightly simpler than
Eqs. (22) and (24), the totally symmetric components
should prove more convenient for performing numerical
calculations involving symmetric operators.

VII. TOTALLY SYMMETRIC COMPONENTS OF
FIRST-ORDER DENSITY MATRICES
BEFORE AND AFTER PROJECTION

It has been noticed in spin-projection calculations
that the natural orbitals of the charge density matrix
are not changed by projection.! In what follows, we will
examine the corresponding problem in the point-group
case.

Let the totally symmetric component of the first-
order density matrix before projection be denoted by
0. With +,° from Eq. (33), we have for an element of
the commutator of ¢° and «,°

M
v, o%Jii= g {02 (%) x5~ (0% i (%" 13}

N
=g, g_; C, (T Z=1 T(m|n)

X{Rin(TR 0" mj— (0°R) in(TR ™) ms}.  (35)

Because both ¢° and +,° are by definition totally
symmetric, they will commute with all symmetry
operations and so will their commutator. We can
transform to a symmetry adapted basis {#%;} related
to the original spin—orbital basis {¢:} by a unitary
transformation

Ja fa

éi= 2. 2 2 U aaii 1

a Gml fwl

(36)
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The set aai can be thought of as constutituing a single
index labeling 7 or as a set of indicies. The irreducible
representation is identified by « and further labeled by
a if J,, the number of times the ath irreducible repre-
sentation occurs in the reduction of the {¢;} represen-
tation, is greater than 1. The functions transforming
among themselves within a given irreducible repre-
sentation are indexed by 7.

In this symmetry-adapted basis, symmetric oper-
ators will have zero matrix elements between functions
belonging to different irreducible representations.
Further, the block associated with a given irreducible
representation (@ and @) must be a multiple of the
1a X Mg UNit matrix

(% | | n%;) =0i¢(aa), (37)

where ©° can be ?, v,°, or their commutator and £(ae)
depends on the operator, ¢ and «, but not on 7 or j.
The matrices of the symmetry operations themselves
will be zero outside each #,X#n, block labeled by a
and la.

Using Eqgs. (35) and (36), and the fact that g°
commutes with all symmetry operations, we obtain

N
7.5, pﬂji,-=g~lwrlRZTcy<T> 2 T(m|n)

m,n=1
X 2

Z Ui (asg) <"Iaaq l k [ 77“%)

a,8,q,7 B,

XU aar) nUm 665y (s | °°TR™ | 1P51)
XU gb0),i— U's,(aq) 0%q | R® | 0% YU (aar) U, 805)
X (nfss | TRV 90 )U @y 3. (38)

Therefore, we may identify the matrix element in the
symmetry-adapted basis as

(1%q l [0 o] l W) =g oy Rz; C/(T) z;[ T(m , n)

X Z {.<77an I R l 1% ) (WP | TR l 2Poe)

_ <”Iaaq l RPO ’ 7Iaar><77ﬂbe ’ TR l 7]ﬂbl>} U_l(aar),nUm,(ﬂbs)-

(39)
From Eq. (37) we have

<’7aaq [ RPO l 7laar>= Z <77aaq [ R 1 ﬂeeu><77£eu [ 0 [ 77“&7')

€.¢,u

= (1% l R l %) (N%r | o’ l 1%r),

where (9%, | 0° | 1%) is in fact independent of 7.

(40)
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Because [7,%, p%] is anti-Hermitian, it can be di-
agonalized by a unitary transformation. The set
{n%:} has not yet been completely specified, so we now
use our freedom to choose it so that [4,%, p°] is diagonal.
Equation (39) then becomes

<77aaq [ [’YVOJ p():, I ﬂ‘gm) =6aﬂ6ab5qtg‘lwy-l I;’ Cy(T)

X i T(m|n) Z (n%q | R | %) (1% | TR | 1%q)

m,n=1 7,8

X { <7Iaas ] PD ] ’7aa3>'_ <"7aar l o° 1 77“a1'>} U _l(aar).nU m,(aas)+
(41)
Because (7% | 0° [ n%») does not depend on 7,

(ﬂaaq l v POJ [ Py =0

and from this we deduce that the eigenfunctions of the
totally symmetric component of the first-order density
matrix will not be changed by projection.

(42)

VIII. DISCUSSION OF RESULTS

In this paper we have shown how to calculate the
first- and second-order density matrices of symmetry-
projected wavefunctions. Our technique does not
require the explicit calculation of the projected wave-
function. The method should prove very useful when
applied to point-group projection in polyatomic
molecules and L, projection in diatomics.

We have also shown how to project from a given
density matrix the totally symmetric component. This
component is all that is needed in the calculation of
expectation values of symmetric operators. Finally,
we have shown that the NSO’s of the totally symmetric
component of the first-order density matrix are un-
changed by projections.

These results are of potential use in two ways:

(1) As a practical method of obtaining expectation
values of symmetric operators for the component of a
particular symmetry, projected from a nonsymmetry-
adapted single-determinant wavefunction.

(2) As the first step in obtaining a variationally
useful energy expression for an extended Hartree—
Fock calculation in which nonsymmetry-adapted
orbitals are used to obtain a lower energy without
sacrificing the symmetry properties of the total wave-
function.
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