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Why we do theoretical chemistry and study
dipole-bound anions, dianions, Rydberg
bonds, anion dynamics, etc.

1. Theory provides the equations that connect the
macroscopic world in which we measure to the
microscopic world of molecular properties.

2. Theory allows us (more and more,
experimental chemists too) to simulate
laboratory experiments, not to replace the
experiments, but to help interpret findings.

3. Theory allows us to dream about new species,
new bonds, and new phenomena that may not
occur in nature or have yet been observed in
the laboratory.

For my introduction to the field, see
Simons.hec.utah.edu/



What Orbital Would Hold an “Extra”
Electron in HCN or Uracil?
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Uracil(µ=4.6 D, EA=506 cm-1)

HCN (µ=3D ,EA=10 cm-1)

These are Dipole-Bound Anions

H C N N

N

O

O
H

H H

H



Molecules With Large Dipole Moments Can Electron Bind
Even if They Have No Low-Lying Empty Valence Orbitals

Orbitals are very diffuse; electrons weakly
bound.

Non-Born-Oppenheimer coupling can be strong.

Electron correlation can be important (because
dipole orbital is highly polarizable).

Usually only one bound state is seen (by
detachment), but if µ is large enough others exist

The Larger the Dipole Moment, the
Larger the Binding Energy
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Doubly Charged Anions

Spatially separated anion centers have stability

governed by EA of each center and by distance L.
-O2C-(CH2)n-CO2

-

Take home lesson: (Unscreened) Coulomb repulsion
between sites and binding strength of each site
determine EA.



Coulomb Repulsion Gives Rise to Barriers that

Alter Photodetachment Spectra

Grnd. state of S2O8
-

Ex. states of S2O8
-

Coulomb barriers

The -O3S-O-O-SO3
- Dianion’s Energy as a

Function of the Distance of the Ejected

Electron.



Long-lived Metastable Anions Can Arise from

the Coulomb Barrier

It is possible for the Coulomb repulsion to raise the electron

binding energy of a site above zero while the Coulomb barrier

experienced by the ejected electron traps the electron for long

times. X-B Wang and L-S Wang, Nature 400, 245 (1999) .



When two charges are localized on the same centers,

resonance delocaliztion can give stability.
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Geometrically metastable, but with “thick” barriers.



Energy Release (∆E) Can be Large, but
Dissociation Barriers (E†) May be High Enough

to Stabilize (kcal/mol)

Species ∆E E†

F4Mg2-

→ F3Mg- + F-

 

-31 24

F8Te2- -43 10

Cl8Te2- -69 10

F8Se2- -75 > 10

F6Zr2- -13 43
Cl6Zr2- -25 27
Br6Zr2- -29 22
F6La3- -108 8
Cl6La3- -92 8
F6Y

3- -116 9
F6Sc3- -130 7

M. K. Scheller, R. N. Compton, and L. S. Cederbaum, Science,
270 1160-1166  (1995).
J. Kalcher and A.F. Sax, Chem. Rev. 94, 2291-2318 (1994)
A.I. Boldyrev and J.Simons., J. Chem. Phys. 97, 2826 (1992)
M. Gutowski, A. I. Boldyrev, J. V. Ortiz, and J. Simons; J. Am.
Chem. Soc., 116, 9262-9268 (1994).



Double-Rydberg Anions

Detachment of H-

Solvated by NH3

Detachment of
NH4

-

NH4
-  photodetachment spectrum of Kit Bowen’s group.

Structure suggested to be tetrahedral NH4
+ with two highly

correlated Rydberg electrons.

H

H H
H

NH4
- (3a1

2)  ==> NH4 (3a1
1)  + e- ; ∆E = 0.42 eV

NH4 (3a1
1)  ==> NH4+  + e- ; IP = 4 eV

Hence, Rydberg species have low electronegativity
χ=1/2(IP + EA)
J. Simons and M. Gutowski, Chem. Rev. 91, 669 (1991).



Bonds can be formed using Rydberg
orbitals
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Bonding Orbital in (NH4)2
+

Bonding and Antibonding Orbitals in (NH4)2
-

Notice how polarizable or fluffy the orbitals are.



Bond Strengths in (NH4)2, (NH4)2

+

and (NH4)2
-

 (NH4)2
 → 2 NH

4
  ; ∆E = 11 kcal/mol;

(NH4)2
+ → NH4 + NH4

+; ∆E = 21 kcal/mol;

(NH4)2
- → NH4 + NH4

-; ∆E = 5 kcal/mol

Mixed Rydberg-Valence Bonds Can Also Form

NNa

H
H

H
H

Na(NH4)

(NH4)Na → Na + NH
4
; ∆E = 13 kcal/mol;

(NH4)Na+ → NH4 + Na+; ∆E = 23 kcal/mol

A. I.Boldyrev and J. S., J. Phys. Chem. 96, 8840 (1992).
A.I. Boldyrev and J. Simons, "On the Possibility of Mixed Rydberg-Valence
Bonds,"J. Phys. Chem., 103, 3575 (1999).
"Valence Rydberg Bonding in Bimolecular R-Ca+.NH

3
-R' Complexes,"

A.E. Ketvirtis and J. Simons, JACS, 122, 369 (2000).
“Characterization of the Rydberg Bonding in (NH4)2

-  and Comparison With
Alkali Bonding”, Robyn Barrios, Piotr Skurski, and Jack Simons, J. Phys.
Chem. (in press)



Summary of what you have seen

Dipole bound anions: many have been studied; larger
µ means larger EA; often only one bound state unless
µ is huge.

Doubly charged anions: Coulomb repulsion makes
EA smaller but can also stabilize with respect to e
ejection. For some dianions, delocalization increases
stability.

Double-Rydberg anions: have low electronegativity;
weak bonds can form from Rydberg orbitals.

Doing theoretical chemistry is FUN and can
contribute to chemistry’s synthetic mission.

A. One Electron Bound to a Polar Molecule



1. The Point and Fixed Finite Dipole Models

Over fifty years ago, Fermi and Teller [i] and Wightman [ii] carried out analyses
of the Schrödinger equation

(-h 2/2me ∇2 - µe cosθ/r2) ψ = E ψ

describing the motion of a single electron of mass me in the presence of a purely
attractive charge-dipole potential. This is commonly called the point dipole (PD) model
because it contains no compensating repulsive potential at small r. The above authors
showed that if the magnitude of the dipole moment µ exceeded 1.625 Debyes (or 0.6393
ea0, where a0 is the Bohr radius 0.529 Å and e is the charge of the electron), the potential
is strong enough to support bound states of σ symmetry (i.e., having exp(iλφ) azimuthal
angle dependence with λ = 0) . On the other hand, if µ < 1.625 D, no σ bound states can
exist. Even higher critical dipole moments were found to be required to bind π and
higher-λ states (e.g., 9.6375 D for π states and 24.218 D for δ states).

Later, Crawford [iii] and Dalgarno [iv] and Byers-Brown and Roberts [v] among
others considered both the point dipole and the fixed finite dipole (FFD) model for one
electron moving in the presence of a pure dipole potential. The former model was
discussed above; the latter considers two charges q  and  - q separated by a distance R to
define a dipole moment of magnitude µ = qR as shown in Fig. 1.

Figure 1. Parameters of the Fixed Finite Dipole Model

The Schrödinger equation for an electron moving under attraction to the center (A) of
charge q and repulsion from center B of charge –q

(-h2 /2me ∇2 + e q [-1/rA + 1/rB]) ψ = E ψ
can be rewritten in confocal eliptical coordinates

ρ = (rA + rB)/R ,

ν = (rA –rB)/R

R

rA rB

q -q



and the azimuthal angle φ. Doing so is appropriate because of the φ-independence of the
potential and yields

{∂/∂ρ[ρ2-1]∂/∂ρ + ∂/∂ν{1-ν2]∂/∂ν +[1/(ρ2-1)

+ 1/(1-ν2)] ∂2/∂φ2  -(ερ2 -εν2 +βν)}ψ = E ψ.

Here ε = - meR
2E/2 h2 , and β = 2meRqe/ h2 are variables that contain the energy E and the

dipole moment Rq, respectively. The dependence of ψ on ρ and ν can be separated using
ψ = u(ρ) n(ν) exp(iλφ). Doing so produces separate equations for the u and n functions:

∂/∂ρ[ρ2-1]∂u/∂ρ -ερ2u - uλ2/(ρ2-1) + Bu = 0

∂/∂ν{1-ν2]∂n/∂ν +(εν2 - βν)n + nλ2/(1-ν2) –Bn = 0,

where B is the separation constant arising when the two-dimensional differential equation
is reduced to two one-dimensional equations.

It is important to notice that the variable ε depends on both the energy E and the
dipole’s “length” variable R. In contrast, the variable β is independent of E and depends
only on the dipole’s magnitude µ = q R (i.e., only on the product of q and R). Byers-
Brown and Roberts noted that these dependences of ε and β allow one to conclude that
requiring solutions u and n to exist having vanishingly small positive ε would place
demands on the magnitude of β and thus only on the magnitude of µ, not of R and q
separately. In other words, for the FFD model, the conditions for critical electron binding
were shown to depend not on R and q separately, but only on their product q R = µ.

Moreover, as discussed in the review by Turner [vi], several groups found that the
value of µ for which the FFD model barely binds an electron in a σ state is exactly the
same 1.625 D as for the PD model. The critical moments for binding π and δ states in the
FFD model are also the same as in the PD model. The main difference between the
predictions of the two models lies in the binding energies they predict for µ > 1.625 D.
For µ greater than the critical values, the PD model gives infinite binding energy whereas
the FFD model gives finite binding

Furthermore, it was shown that, even if one adds to the PD or FFD potential any
short-range (decaying more rapidly than 1/r2) repulsive potential, exactly the same
minimum values of µ are needed to critically bind an electron, but the binding predicted
in the PD case is no longer infinite.

What do these results have to do with binding electrons to real molecules that
contain other electrons and that might be rotating or vibrating? The answer is that,
although the PD and FFD models suggest the existence of a critical dipole moment above
which electron binding will occur, the quantitative predictions of these models do not fit
real molecules very well. As noted above, the PD model predicts that once µ exceeds
1.625 D, an electron will bind in a σ state and the binding energy of this electron will be
infinite! Clearly this prediction is incorrect since an infinite binding is unphysical and
because one expects the binding energy to depend on the magnitude of the dipole.



For µ > 1.625 D, the FFD model predicts finite binding, but the binding energies
it suggests tend to be considerably larger than for real molecules having the same dipole
moment. Moreover, an experimental chemist wants to know how large µ must be before
significant electron binding (i.e., large enough to render the anion stable enough to be
examined and to be within the range of experimental resolution) will occur, but neither
model can do this very accurately.

For example, Turner shows [vi] that for µ = 1.696 D, the FFD model predicts a
binding energy of 10-18 eV. However, to achieve a binding energy of 1 cm-1 (about as
small as could be experimentally probed) with a charge q =1, this model suggests [vii]
one needs µ > 2 D. It is the latter value that is of more experimental relevance.

Another example of the limitation of the models is provided by KH- at its
equilibrium bond length (2.38 Å) where its dipole moment is 9.465 D. It turns out that
LiH- stretched to R = 3.2 Å has the same dipole moment, µ = 9.465 D.  Because these
species have the same µ values, the FFD model would suggest they have binding energies
whose ratio is the square of the inverse ratio of their bond lengths: E2/E1 = (R1/R2)

2. This
relationship follows because the ε parameter of this model is proportional to ER2, and it is
ε that is uniquely determined by µ. The ratio of these two anions’ binding energies is 0.35
eV/0.90 eV = 0.39, but the ratio of bond lengths squared is (2.38/3.2)2 = 0.55. So, again,
we see that the quantitative predictions of the FFD model are not very good.

What is wrong with these models that limits their applicability to realistic
molecular systems? Jordan and Luken [viii] examined a generalization of the fixed finite
dipole model in which one center has charge Z+q and the other center has charge –q, and
the former center is surrounded by an electron distribution containing Z electrons. This
electron distribution’s influence on the “extra” electron was approximated in terms of
Coulomb and exchange potentials

Vcore = Σp=1,Z (Jp – Kp).

These potentials, in turn, were expressed in terms of orbitals {φj j = 1, Z} obtained by
solving the Hartree-Fock (HF) equations for the Z electrons in the presence of the two
centers of charge Z+q and –q.  Results showed that this modified FFD model could
produce electron binding energies more accurately than could the original model. This
therefore suggests that the primary deficiencies of the simple PD and FFD models are:
a. that they ignore Coulomb and exchange repulsion produced by inner-shell electrons;
b. that they ignore orthogonality of the “extra” electron’s orbital to those of the other

electrons in the molecule (this causes the extra electron’s orbital to not have the
proper nodal structure);

c. that they ignore the indistinguishability of the electrons and thus the antisymmetry of
the many-electron wave function within which the “extra” electron resides.

So, does this mean that the critical dipole moment suggested by the PD and FFD
models is wrong? Not really! It is true that any non-rotating molecule with µ > 1.625 D
and any number of inner-shell electrons (i.e., any short-range repulsion) will bind an
electron. However, the binding energy may be so small as to be experimentally irrelevant
and certainly will depend on the nature of the inner-shell repulsions. In contrast, the
modified FFD model discussed immediately above gives more useful approximations to



the binding energies of real molecules. More recently, the kind of ideas introduced by
Jordan and Luken have been extended and a new model [ix] developed in which dipole,
quadrupole, and polarization attractions as well as valence repulsions are included.

2. Summary

The “bottom line” in terms of our understanding of binding an excess electron to
polar molecules is that:
a. Dipole moments considerably in excess of the predictions of the PD and FFD models
(1.625 D) are needed before binding exceeds a few
cm-1. Experience shows that at least 2.5 D is necessary.
b. The FFD model overestimates binding energies, but, when Coulomb and exchange
potentials of inner shell electrons are included, the model is reasonable but not reliably
accurate.
c. Dispersion interaction of the excess electron with the remaining electrons is usually
important to include if one wants accurate results.
d. Relaxation of the neutral’s orbitals caused by attaching an excess electron is usually
small. As a result, a Koopmans’ theorem treatment of the excess electron using specially
designed basis sets [x] followed by inclusion of the dispersion interactions [Error!
Bookmark not defined.,xi] between the excess electron and the others is often adequate.
e. When electron binding energies exceed the spacings between rotational levels of the
molecule, it is safe [xii] to neglect non-Born-Oppenheimer (non-BO) couplings that can
induce electron ejection. Likewise, when the binding energy exceeds vibrational level
spacings, it is usually safe to neglect vibrational non-BO couplings that can lead to
electron loss.
f. Even species that form valence-bound anions may also form dipole-bound states if their
dipole moments are large enough.
g. The range of molecules that have been determined to form dipole-bound states is large
and growing. In addition to those mentioned above, such states are formed in clusters
such as (H2O)n

- and (HF)n
- [Error! Bookmark not defined., Error! Bookmark not

defined., Error! Bookmark not defined., xiii] and in nucleic acid bases such as uracil
[Error! Bookmark not defined.]  and thymine [Error! Bookmark not defined.].

B. Binding an Electron to Quadrupolar Molecules

The interaction of an electron with a point quadrupole moment of magnitude Q is
governed by the potential

V(r,θ, φ) = - Qe (3 cos2(θ) -1)/(3r3).

The Schrödinger equation governing the motion of an electron in this potential is



[-h2/2mer
-2

 ∂/∂r (r2∂/∂r) + L2 /2mer
2 ] ψ(r,θ, φ)

- Qe (3 cos2(θ) -1)/(3r3) ψ = E ψ.

The angular part of the quadrupole potential, which is proportional to the L = 2 spherical
harmonic, is a quantity that ranges from -1/3 to +2/3. So, at all points in r, θ, φ space, the
potential - Qe (3 cos2(θ) -1)/(3r3) is less negative than the isotropic potential

V0 (r) = -Qe/r3.

Therefore, for any wave function ψ (r,θ, φ), the expectation value of the spherical
Hamiltonian

H0  = T + V0

will lie below the expectation value of the original Hamiltonian H = T + V:

<H0> < <H>.

The main question is whether bound states of H exist and, if so, for what values of Q.
 Landau and Lifschitz [xiv] demonstrated that, because of the attractive r-3 form of
the potential and independent of the magnitude of Q, H0 has bound states of infinitely
negative energy in which the electron is bound infinitessimally close to the origin. They
speak of the electron “falling” into the origin of the potential. So, unlike the dipole case
for which µ has to exceed 1.625 D for bound states to exist, the quadrupole potential can
support bound states for any Q > 0.

However, neither V nor V0  is a realistic representation of the electron-molecule
interaction as r approaches zero; any real molecule has inner-shell electrons whose
repulsions will more than offset the attractive V (or V0) at small r. Hence, it is of more
relevance to consider whether H or H0  can support bound states but with V or V0  “cut
off” at small r values by a repulsive potential chosen to represent the core and other
valence electrons. In this work, we consider the simplest realistic cut off, an infinite
“wall” at r = rc. Specifically, we consider the L = 0 case of H0 with the quadrupole V0

applying for r > rc and with V0 = ∞ for r < rc. Introducing ψ = Φ/r into the Schrödinger
equation gives the following equation for Φ:

-h2/2me ∂2Φ /∂r2 -Qe/r3 Φ = E Φ.

The function Φ is normalized so that

and Φ vanishes at r = rc.  Let us now try to determine whether this equation can have
bound states.

Φ2dr = 1
rc

∞

∫



Because the Hamiltonian H0 is bounded from below (since we cut V0 off at rc), we
know that the lowest exact eigenvalue of H0 will
a. lie below the expectation value of the above Hamiltonian H0 taken for any trial
function Φtrial and
b. lie above the minimum in the potential –Qe/rc

3. We now choose the following trial
function [xv]

Φtrial = C(r-rc)
2 (r-3rc)

2  for rc <r < 3rc

and Φtrial = 0 elsewhere, where C is the normalization constant. It can be shown that the
expectation value of H0 for this Φtrial is equal to:

<Φtrial |H
0}Φtrial> = {h2/2me (656/105) 1/rc

2

-Qe I/rc
3}(315/256),

where I is the following positive integral:

Because the positive kinetic energy scales as rc
-2 and the negative potential energy as rc

-3,
it is clear that the total energy can be negative if Q is large enough or rc is small enough.

This analysis shows that a quadrupole potential of any strength (Q) can bind an
electron if the repulsion due to inner shell electrons is weak enough. Conversely, a
molecule of any “size” (i.e., having any number of inner-shell electrons) can bind if its
quadrupole moment is sufficiently large. Thus, unlike the dipole case, there is no “critical
value” for the quadrupole moment.

C. TWO ELECTRONS ATTACHED TO A MOLECULE

Not surprisingly, to bind two electrons to a single molecule in the absence of
stabilizing solvation effects, one must either
a. have an electron binding site of unusual intrinsic strength or
b. have two distinct binding sites that are far enough apart.
In either case, the primary obstacle to forming dianions is the mutual Coulomb repulsion
between the two excess electrons. For example, two electrons localized 10 Å from one
another experience a Coulomb repulsion of 1.4 eV, which can exceed the intrinsic
electron binding energy of most sites. Nevertheless, dianions do exist in the absence of
solvation, but they often present special challenges to experimental and theoretical study.

I =
(x − 1)4

(x + 2)3 dx =
(y − 3)4

y3 dy = −56 + 5 4 l n 3= 3.325
1

3

∫
−1

1

∫



In this Section, we discuss several classes of dianions that have been subjected to
considerable study in recent years.

1. What the PD and FFD Models Suggest

When the fixed finite dipole (FFD) model is reconsidered for binding two
electrons, one faces the following Schrödinger equation [xvi]:

{-h2/2me (∇1
2 + ∇2

2) –q e2/|r1| +q e2/|r1-R| –q e2/|r2|

+q e2/|r2-R| + e2/|r1 – r2| }ψ = E ψ,

where q is the charge on the two centers and R is their separation. Introducing scaled
electron radial coordinates: r1 = ρ1/q and r2 = ρ2/q as well as the scaled internuclear
distance R = ρ/q, transforms the above equation into:

q2{-h2/2me (∇1
2 + ∇2

2) –e2/|ρ1| + e2/|ρ1-ρ| – e2/|ρ2|

+ e2/|ρ2-ρ| +q-1 e2/|ρ1 – ρ2| }ψ = E ψ,

where the radial derivatives in ∇2 now refer to ρj derivatives. The Hamiltonian H on the
left side of the above equation can be written as:

H/q2 = h(1) + h(2) + q-1 e2/|ρ1 – ρ2|,

where h(1) and h(2) are the FFD Hamiltonians for the two separate electrons:

h(1) = -h2/2me ∇1
2– e2/|ρ1| + e2/|ρ1- ρ| ,

h(2) = -h2/2me ∇2
2– e2/|ρ2| + e2/|ρ2 – ρ2|.

In the limit, q → ∞, R → 0, with qR = ρ finite, H/q2 becomes h(1) + h(2), so the solutions
to

(H/q2) ψ = ε ψ

become, in this limit, antisymmetrized products (i.e., Slater determinants) of solutions of
the one-electron FFD equation

h φj  = εj φj,

multiplied by α or β spin functions. The lowest-energy such solution would be of the
form:



ψ  = |φ1α(r1) φ1β(r2)|,

with the vertical lines denoting the Slater determinant. The total energy of this ground-
state solution of the two-electron FFD model in the large-q limit is given as the sum of
the two energies of the one-electron FFD problem:

E/q2 = 2 ε1.

This shows that as the FFD model approaches the PD limit of large q and small R with
fixed qR (n.b., qR is the dipole moment µ), the conditions needed for two electrons to
barely bind to form the lowest-energy state are that ε1 be slightly negative. This is exactly
the same condition needed for the one-electron PD model to critically bind. Hence, the
critical dipole for binding two electrons to the PD is exactly the same as for binding one
electron.
In contrast to these findings for the PD model, numerical calculations [xvi,xvii] suggest
that for the FFD model there is no unique critical µ = q R value to achieve binding the
second electron. Instead, for each q value, there is a critical µ value, and there exists a

rather strong dependence of µcritical on q as shown in the figure below:

Figure 6. Plot of critical dipole moments for various q values for the FFD model.

Although it is difficult to glean from Fig. 6, the large-q limit for µcritical  is indeed
1.625 D, as noted earlier. It turns out that there is another asymptote that arises in the
FFD model; the minimum value of q for which a bound dianion exists. In this limit, one
has µcritical → ∞ as q → 0.91. This means that the center with charge +0.91 can bind two
electrons but only if the other center of charge –0.91 is infinitely far away (and, thus
µ = qR is infinite). For comparison, when q = 1.0, two electrons can be bound to the +q
center (to form H-) if the –q center is 19.19 Å distant (for which µ = 92.17 D.



These examples introduce a concept that is important to appreciate when
considering the stability of dianions- the role of Coulomb repulsion. It turns out that the
critical distance Rc (and hence the critical dipole) for q values in the range 0.91 <q < 2
can be predicted by:
a. first computing the electron binding energy for the second electron attached to the +q
center (this we call the intrinsic binding energy), and then
b. reducing this binding energy by the Coulomb repulsion energy e2/R produced by the
other center, where R is the distance to the –q center, and finally
c. determining for what value of R the intrinsic binding energy will be totally offset by
the Coulomb repulsion (this value of R is Rc). As we will see later and as discussed in
greater detail in the Chapter by Lai-Sheng Wang, competition between intrinsic binding
and Coulomb repulsion plays a major role in determining the net stability of multiply
charged anions. Recall that the Coulomb repulsion concept also was useful in
understanding the binding energies obtained in the zwitterion anions discussed earlier.
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