Chapter 4. Some Important Tools of Theory

For all but the most elementary problems, many of which serve as fundamental
approximations to the real behavior of molecules (e.g., the Hydrogenic atom, the
harmonic oscillator, the rigid rotor, particles in boxes), the Schrodinger equation can
not be solved exactly. It is therefore extremely useful to have tools that allow one to
approach these insoluble problems by solving other Schrodinger equations that can be
trusted to reasonably describe the solutions of the impossible problem. The approaches

discussed in this Chapter are the most important tools of this type.

4.1. Perturbation Theory

In most practical applications of quantum mechanics to molecular problems, one
is faced with the harsh reality that the Schrodinger equation pertinent to the problem at
hand cannot be solved exactly. To illustrate how desperate this situation is, I note that
neither of the following two Schrodinger equations has ever been solved exactly

(meaning analytically):
1. The Schrédinger equation for the two electrons moving about the He nucleus:
[- h2/2me V)2 - B2/2m V)2 — 2€%/t, — 2€°/r, + €°/r,,] Y = E,
2. The Schrodinger equation for the two electrons moving in an H, molecule even if the

locations of the two nuclei (labeled A and B) are held clamped as in the Born-

Oppenheimer approximation:

[- h22me V)2 - B2/2me V22 — €'/r, , — €7/1y 4 — €1, 5 — €71, + €771, ,] Y = E .

These two problems are examples of what is called the “three-body problem” meaning
solving for the behavior of three bodies moving relative to one another. Motions of the

sun, earth, and moon (even neglecting all the other planets and their moons) constitute
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another three-body problem. None of these problems, even the classical Newton’s
equation for the sun, earth, and moon, have ever been solved exactly. So, what does one
do when faced with trying to study real molecules using quantum mechanics?

There are two very powerful tools that one can use to “sneak up” on the solutions
to the desired equations by first solving an easier model problem and then using the
solutions to this problem to approximate the solutions to the real Schrodinger problem of
interest. For example, to solve for the energies and wave functions of a boron atom, one
could use hydrogenic 1s orbitals (but with Z = 5) and hydrogenic 2s and 2p orbitals
(with Z = 3 to account for the screening of the full nuclear charge by the two 1s
electrons) as a starting point. To solve for the vibrational energies of a diatomic
molecule whose energy vs. bond length E(R) is known, one could use the Morse
oscillator wave functions and energies as starting points. But, once one has decided on a
reasonable model to use, how does one connect this model to the real system of interest?
Perturbation theory and the variational method are the two tools that are most commonly

used for this purpose, and it is these two tools that are covered in this Chapter.

The perturbation theory approach provides a set of analytical expressions for
generating a sequence of approximations to the true energy E and true wave function
. This set of equations is generated, for the most commonly employed perturbation
method, Rayleigh-Schrodinger perturbation theory (RSPT), as follows. First, one
decomposes the true Hamiltonian H into a so-called zeroth-order part H’ (this is the
Hamiltonian of the model problem used to represent the real system) and the difference

(H-H"), which is called the perturbation and usually denoted V:

H=H"+V.
It is common to associate with the perturbation V a strength parameter A, which could,
for example, be associated with the strength of the electric field when the perturbation

results from the interaction of the molecule of interest with an electric field. In such

cases, it is usual to write the decomposition of H as
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H=H'+AV

A fundamental assumption of perturbation theory is that the wave functions and energies
for the full Hamiltonian H can be expanded in a Taylor series involving various powers
of the perturbation parameter A. Hence, one writes the energy E and the wave function

as zeroth-, first-, second, etc, order pieces which form the unknowns in this method:

E=E’+E' +E>+ E* + ...

Y=+ +P*+P+ ..

with E" and 9" being proportional to A". Next, one substitutes these expansions of E, H
and vy into Hy = Ey. This produces one equation whose right and left hand sides both
contain terms of various “powers” in the perturbation A. For example, terms of the form
E'y® and V y* and E’ y° are all of third power (also called third order). Next, one
equates the terms on the left and right sides that are of the same order. This produces a
set of equations, each containing all the terms of a given order. The zeroth, first, and

second-order such equations are given below:
H'y’'=E’y’,
Hy'+Vy’=E’y'+E'y°
Hy’+ Vy'=E' ¢’ +E'¢'+ E*y’.
It is straightforward to see that the n" order expression in this sequence of equations can

be written as

Hy"+ V"' =E"¢"+ E' "'+ By + E'y™+ ... + E"y".
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The zeroth-order equation simply instructs us to solve the model Schrodinger equation
to obtain the zeroth-order wave function y° and its zeroth-order energy E°. Since H’is a
Hermitian operator, it has a complete set of such eigenfunctions, which we label {y°,}
and {E°,}. One of these states will be the one we are interested in studying (e.g., we
might be interested in the effect of an external electric field on the 2s state of the
hydrogen atom), but, as will become clear soon, we actually have to find the full set of
{y°} and {E’} (e.g., we need to also find the 1s, 2p, 3s, 3p, 3d, etc. states of the
hydrogen atom when studying the electric field’s effect on the 2s state).

In the first-order equation, the unknowns are ' and E' (recall that V is assumed to be
known because it is the difference between the Hamiltonian one wants to solve and the
model Hamiltonian H°). To solve the first-order and higher-order equations, one expands
each of the corrections to the wave function  of interest in terms of the complete set of
wave functions of the zeroth-order problem {1’}. As noted earlier, this means that one
must solve H’y°,= E°,¢°; not just for the zeroth-order state one is interested in (denoted
1y above) but for all of the other zeroth-order states {1°,}. For example, expanding 1" in

this manner gives:

Y =Y Cyl
J

Now, the unknowns in the first-order equation become E' and the C expansion
coefficients. To solve H* '+ V y°=E’y' + E'¢’, one proceeds as follows:

1. First, one multiplies this equation on the left by the complex conjugate of the zeroth-
order function for the state of interest 1’ and integrates over the variables on which the

wave functions depend. This gives

<Y’Hh'> + <’ IVIY’> = B’ <y’lp'>+ E' <y’ly’>.
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The first and third terms cancel one another because H’y° = E’v°, and the fourth term
reduces to E' because " is assumed to be normalized. This allows the above equation to

be written as

E'=<y’I V Iy’

which is the RSPT expression for E'. It says the first-order correction to the energy E’ of
the unperturbed state can be evaluated by computing the average value of the
perturbation with respect to the unperturbed wave function °.

2. Returning to the first-order equation and multiplying on the left by the complex

conjugate of one of the other zeroth-order functions 1 gives

<PV IHW'> + <) IVIY’>= B’ <y)lp'>+ E' <y hp’>.

Using H'y) = E{ ), the first term reduces to E|) <y hp'>, and the fourth term vanishes
because 1] is orthogonal to Y because these two functions are different eigenfunctions

of H’. This reduces the equation to

E)<yihp'>+ <y IVip’>= E’ <y hp'>

The unknown in this expression is <i{hp'>, which is the expansion coefficient C} for
the expansion of ' in terms of the zeroth-order functions {1 }. In RSPT, one assumes
that the only contribution of y°to the full wave function y occurs in zeroth-order; this is
referred to as assuming intermediate normalization of 1. In other words, <y’hp> = 1
because <y’hp’> = 1 and <y’hp">=0forn=1,2,3, ... So, the coefficients <yp)hp'>
appearing in the above equation are all one needs to describe 1",

3. If the state of interest )’ is non-degenerate in zeroth-order (i.e., none of the other E

is equal to E°), this equation can be solved for the needed expansion coefficients
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<1/Jj vV iy >

<IP1|':U EO_ EO
7

which allow the first-order wave function to be written as

w Ew0<ljj |V|’L/)J

where the index J is restricted such that 1,’ not equal the state ¢ you are interested in.
4. However, if one or more of the zeroth-order energies E is equal to E’, an additional
step needs to be taken before the above expression for ' can be used. If one were to try
to solve E)<yhp'>+ <y)IVhy’>=E° <yhp'> without taking this extra step, the

<y hp'> values for those states with E{ = E’could not be determined because the first
and third terms would cancel and the equation would read <IVip’> = 0. The way

RSPT deals with this paradox is realize that, within a set of N degenerate states, any N
orthogonal combinations of these states will also be degenerate. So RSPT assumes that
one has already chosen the degenerate sets of zeroth-order states to make </ IVIyy> =
0 for K = J. This extra step is carried out in practice by forming the matrix representation
of V in the original set of degenerate zeroth-order states and then finding the unitary

transformation among these states that diagonalizes this matrix. These transformed states
are then what one uses as 1, and y°in the RSPT expressions. This means that the
paradoxical result <y IVIy®> = 0 is indeed obeyed by this choice of states, so one does
not need to determine the coefficients <y hp'> for 1) belonging to the degenerate
zeroth-order states (i.e., these coefficients can be assumed to be zero). The bottom line is

that the expression

W' = E 0<1/J IV“PJ
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remains valid, but the summation index J is now restricted to exclude any members of
the zeroth-order states that are degenerate with 1°.
To obtain the expression for the second-order correction to the energy of the state
of interest, one returns to
HO,LP2+ V ,q)l: E0w2+ El lpl + EZwO
Multiplying on the left by the complex conjugate of 1’ and integrating yields

<’ Hhp>> + <y°IVIp'>= B’ <y’lp*>+ E' <y’lp'>+ B> <y’ly’>.

The intermediate normalization condition causes the fourth term to vanish, and the first
and third terms cancel one another. Recalling the fact that 1’ is normalized, the above
equation reduces to

<’IVhp'> = B2

Substituting the expression obtained earlier for ' allows E”to be written as

, kY IV Iy SP
E=) E°—E°
J J

where, as before, the sum over J is limited to states that are not degenerate with wo in

zeroth-order.

These are the fundamental working equations of Rayleigh-Schrodinger perturbation
theory. They instruct us to compute the average value of the perturbation taken over a
probability distribution equal to \° 1’ to obtain the first-order correction to the energy
E'. They also tell us how to compute the first-order correction to the wave function and

the second-order energy in terms of integrals <’ |V Iy > coupling ¢’ to other zeroth-

order states and denominators involving energy differences E° - EY.
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An analogous approach is used to solve the second- and higher-order equations.

For example, the equation for the n" order energy and wave functions reads:

Holpn‘l' V lpn—l — EOwn+ El 1pn»l + E2,lpn-2+ E3 wn—B + ..+ En wO
The n" order energy is obtained by multiplying this equation on the left by {°* and
integrating over the relevant coordinates (and using the fact that y°is normalized and the
intermediate normalization condition <y’hp™> = 0 for all m > 0):

<PIVip™'> = E".

This allows one to recursively solve for higher and higher energy corrections once the
various lower-order wave functions y"" are obtained. To obtain the expansion
coefficients for the " expanded in terms of the zeroth-order states {1} }, one multiplies
the above n" order equation on the left by v (one of the zeroth-order states not equal to

the state y° of interest) and obtains

E) <y )™+ <y IVIy™'>=E <y hp">+ E' <yp)hp™'>

+ B <yl >+ B <y)lp™> + ... + E" <yfy’>.

The last term on the right-hand side vanishes because ) and v are

orthogonal. The terms containing the n" order expansion coefficients <)hp"> can be
brought to the left-hand side to produce the following equation for these unknowns:

E)<yip™> - B <yp)lp™> = - <y IVIyp™'>+ E' <ypfp™'>

+ B <yl >+ B <y)lp™> + ...+ E" <yfy’>.
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As long as the zeroth-order energy E| is not degenerate with E” (or, that the zeroth-
order states have been chosen as discussed earlier to cause there to no contribution to "
from such degenerate states), the above equation can be solved for the expansion
coefficients <y} hp™>, which then define y".

The RSPT equations can be solved recursively to obtain even high-order energy and
wave function corrections:

1.y"and E’and V are used to determine E' and ' as outlined above,

2. E*is determined from <y’IVhp™"> = E" with n = 2, and the expansion coefficients of
Y* {<y)hp*>} are determined from the above equation with n = 2,

3. E’(and higher E") are then determined from <y’IVhy™"> = E" and the expansion
coefficients of ¢ {<y;hp>>} are determined from the above equation with n = 2,

4. This process can then be continued to higher and higher order.

Although modern quantum mechanics uses high-order perturbation theory in
some cases, much of what the student needs to know is contained in the first- and
second- order results to which I will therefore restrict our further attention. I recommend
that students have in memory (their own brain, not a computer) the equations for E', E?,
and ' so they can make use of them even in qualitative applications of perturbation
theory as we will discuss later in this Chapter. But, first, let’s consider an example

problem that illustrates how perturbation theory is used in a more quantitative manner.
4.1.1 An Example Problem

As we discussed earlier, an electron moving in a quasi-linear conjugated bond
framework can be modeled as a particle in a box. An externally applied electric field of

strength € interacts with the electron in a fashion that can described by adding the

L
perturbation V = ee(x - 5) to the zeroth-order Hamiltonian. Here, x is the position of

the electron in the box, e is the electron's charge, and L is the length of the box. The
perturbation potential varies in a linear fashion across the box, so it acts to pull the

electron to one side of the box.
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First, we will compute the first-order correction to the energy of the n=1 state
and the first-order wave function for the n=1 state. In the wave function calculation, we
will only compute the contribution to 3 made by 1’ (this is just an approximation to
keep things simple in this example). Let me now do all the steps needed to solve this
part of the problem. Try to make sure you can do the algebra, but also make sure you
understand how we are using the first-order perturbation equations.

The zeroth-order wave functions and energies are given by

Yo (%)ZSin (%), and

0 _ nr*n?
" 2ml?
and the perturbation is
(x5
V=eelx-5) .

The first-order correction to the energy for the state having n = 1 and denote 1’ is

E' = (y’IVIy')= <w° |€8(x—§) "/’0>
({2

(2 e (2] e

0 0

T
The first integral can be evaluated using the following identity with a =7":
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L 2 . L2
fSinz(ax)xdx: XI i xSin(2ax) ) Cos(22ax) ‘L L
0 4a 8a

X
The second integral can be evaluated using the following identity with 6 =7

and dO = Zdx -
L

L T
i Sinz(ﬂ)dxz L [ sin*6a0
0 L T 0

ol a

., | 0 |m
[ Sin*6d6= -7 Sin(26) + 5 0"
0

Making all of these appropriate substitutions we obtain:

El_(%)ﬁ_ééz_o
LMN4 2x2

This result, that the first-order correction to the energy vanishes, could have been
foreseen. In the expression for E' = <1/}° % I1/}°> , the product y**" is an even function

under reflection of x through the midpoint x = L/2; in fact, this is true for all of the

particle-in-a-box wave functions. On the other hand, the perturbation V = e¢ (x - %)is

an odd function under reflection through x = L/2. Thus, the integral <1/}° 'V I1/}°> must
vanish as its integrand is an odd function. This simple example illustrates how one can
use symmetry to tell ahead of time whether the integrals <1/}° 'V I1/}°> and <1/}3 'V I1/}°>

contributing to the first-order and higher-order energies and wave functions will vanish.

The contribution to the first-order wave function made by the n = 2 state is given by

239



<1,U° | es(x - L) lyp) >1/J§
| 2

VoS E°—E°

i <sin(we /L) | (ee(x - L/2) Isin2mx /L) >y’

B at B at2?
2ml? 2ml?

The two integrals in the numerator involve

L
f xSin(zﬂ)Sin(E)dx
L L

0

and

Using the integral identities

1 X
f xCos(ax)dx= 2 Cos(ax) + 7, Sin(ax)
and

1
f Cos(ax)dx=7 Sin(ax),

we obtain the following:
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and

fonfeofpe ez feolih

2 2
L Cos(m) + ﬂSin(ﬂ) ‘L - L 5 Cos(%) + 2Sln(3ﬂ) ‘L
2|\ 22 L 1 L on L k¥4 L

2L 2 2 ' 8L

T2 187 9% A ot

Making all of these appropriate substitutions we obtain:

3
Y = %\/%sin(%cx/m

for the first-order wave function (actually, only the n = 2 contribution). So, the wave

function through first order (i.e., the sum of the zeorth- and first-order pieces) is

2 . 32mLles |2 .
Y +y' = 7 sin(zzx /L) + m\/;SIH(ZﬂIX/L).

In Fig. 4.1 we show the n = 1 and n = 2 zeroth-order functions as well as the
superposition function formed when the zeroth-order n = 1 and first-order n = 1

functions combine.
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Figure 4.1 n = 1 (blue) and n= 2 (red) particle-in-a-box zeroth-order functions (left) and
the n = 1 perturbed function through first order (right) arising from the electric field

polarization.

Clearly, the external electric field acts to polarize the n = 1 wave function in a manner
that moves its probability density toward the x > L/2 side of the box. The degree of
polarization will depend on the strength of the applied electric field.

For such a polarized superposition wave function, there should be a net dipole moment
induced in the system. We can evaluate this dipole moment by computing the

expectation value of the dipole moment operator:

, L
Winduced = - € f U4 (x - E)I/}dx

with 1 being the sum of our zeroth- and first-order wave functions. In computing this

integral, we neglect the term proportional to €2 because we are interested in only the
term linear in € because this is what gives the dipole moment. Again, allow me to do the

algebra and see if you can follow.

" L
Winduced = - € fl/J (x - E)de s

where,

242



Y= (v +y').

L

Winduced = - € f(wo + U)l)*(x - %)(UJO + U)l)dx

0

L

0" L) T ¥ L)
=—ef1,l) (X—E)IIJ dx—efw (x—E)lp dx
0 0

L

-e fwo*(x - £)z,l)lalx— e }wl*(x - £)wldx .
2 ) 2

0

The first integral is zero (we discussed this earlier when we used symmetry to explain
why this vanishes). The fourth integral is neglected since it is proportional to €2 and we
are interested in obtaining an expression for how the dipole varies linearly with €. The

second and third integrals are identical and can be combined to give:

Lo, L
Winduced = -2€ fwo (X - E)wldx
0

Substituting our earlier expressions for
0 2 .
Y = 7 sin(/x /L)

and

3
Y = %\/%sin(%cx/m

we obtain:

32mLee(2\ .. (mx L 2mx
i :—26— — Sll’l — | X —— Sln —— dx
Hindueed = T (L)f (L )( 2) ( L )

0
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These integrals are familiar from what we did to compute v'; doing them we finally

obtain:

Winduced = -2

e32mL3es(g) 817\ _ mL4e28£
270t \L )\ 97 Wa® 3°

Now. Let’s compute the polarizability, a, of the electron in the n=1 state of the box, and

try to understand physically why o should depend as it does upon the length of the box

d
L. To compute the polarizability, we need to know that o = a_l: . Using our

induced moment result above, we then find

u mL'e* 2"
A=1"-] T 326 =35
oe).., hm 3

Notice that this finding suggests that the larger the box (i.e., the length of the conjugated
molecule), the more polarizable the electron density. This result also suggests that the
polarizability of conjugated polyenes should vary non-linearly with the length of the

conjugated chain.

4.1.2 Other Examples

Let’s consider a few more examples of how perturbation theory is used in
chemistry, either quantitatively (i.e., to actually compute changes in energies and wave
functions) or qualitatively (i.e., to interpret or anticipate how changes might alter
energies or other properties).
1. The Stark effect

When a molecule is exposed to an electric field E, its electrons and nuclei

experience a perturbation

V=E (e EZan -e Erl.)
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where Z, is the charge of the n™ nucleus whose position is R, r, is the position of the i"
electron, and e is the unit of charge. The effect of this perturbation on the energies is
termed the Stark effect. The first-order change to the energy of this molecule is

evaluated by calculating

E'=<y*|V ly >=§°<1p|eEZan —eEri ly >

1

where 1) is the unperturbed wave function of the molecule (i.e., the wave function in the
absence of the electric field). The quantity inside the integral is the electric dipole
operator, so this integral is the dipole moment of the molecule in the absence of the
field. For species that possess no dipole moment (e.g., non-degenerate states of atoms
and centro-symmetric molecules), this first-order energy vanishes. It vanishes in the two
specific cases mentioned because 1 is either even or odd under the inversion symmetry,
but the product W=+ is even, and the dipole operator is odd, so the integrand is odd and
thus the integral vanishes.

If one is dealing with a degenerate state of a centro-symmetric system,
things are different. For example, the 2s and 2p states of the hydrogen atom are
degenerate, so, to apply perturbation theory one has to choose specific combinations that

diagonalize the perturbation. This means one needs to first form the 2x2 matrix

<2slVI2s> <251V I2p, >
<2p, IVI2s> <2p IVI2p >

where z is taken to be the direction of the electric field. The diagonal elements of this

matrix vanish due to parity symmetry, so the two eigenvalues are equal to

Ei=i<2s|V|2pZ>.

These are the two first-order (because they are linear in V and thus linear in £) energies.

So, in such degenerate cases, one can obtain linear Stark effects. The two corrected
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zeroth-order wave functions corresponding to these two shifted energies are
o_ 1 5 _
Y, = ﬁ[ZS F2p.1

and correspond to orbitals polarized into or away from the electric field.

The Stark effect example offers a good chance to explain a fundamental
problem with applying perturbation theory. One of the basic assumptions of perturbation
theory is that the unperturbed and perturbed Hamiltonians are both bounded from below
(i.e., have a discrete lowest eigenvalues) and allow each eigenvalue of the unperturbed
Hamiltonian to be connected to a unique eigenvalue of the perturbed Hamiltonian.
Considering the example just discussed, we can see that these assumptions are not met
for the Stark perturbation.

Consider the potential that an electron experiences within an atom or
molecule close to a nucleus of charge Z. It is of the form (in atomic units where the
energy is given in Hartrees (1 H =27.21 eV) and distances in Bohr units (1 Bohr =0.529

o

A))
Z
V(r,0,¢) =———e&rcosO
r

where the first term is the Coulomb potential acting to attract the electron to the nucleus
and the second is the electron-field potential assuming the field is directed along the z-

direction. In Fig. 4.2 a we show this potential for a given value of the angle 0.
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Figure 4.2 a Potential experienced by valence electron showing attraction to a nucleus

located at the origin (the deep well) and the potential due to the applied electric field.

Along directions for which cos0 is negative (to the right in Fig. 4.2 a), this
potential becomes large and positive as the distance r of the electron from the nucleus
increases; for bound states such as the 2s and 2p states discussed earlier, such regions
are classically forbidden and the wave function exponentially decays in this direction.
However, in directions along which cos0 is positive, the potential is negative and

strongly attractive for small-r (i.e., near the nucleus), then passes through a maximum

|z
e eEcosl

(e.g.,near x =-2 in Fig. 4.2 a) at

where

V(r,..)=-2~eEZcosO

(ca.—1 eV in Fig. 4.2 a) and then decreases monotonically as r increases. In fact, this

potential approaches - as r approaches % as we see in the left portion of Fig. 4.2 a.
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The bottom line is that the total potential with the electric field present
violates the assumptions on which perturbation theory is based. However, it turns out
that perturbation theory can be used in such cases under certain conditions. For example
as applied to the Stark effect for the degenerate 2s and 2p levels of a hydrogenic atom
(i.e., a one-electron system with nuclear charge Z), if the energy of the 2s and 2p states

lies far below the maximum in the potential V(r,

max)

, perturbation theory can be used. We
know the energies of hydrogenic ions vary with Z and with the principal quantum

number n as

-13.6eV -1
n’z? - 2n°Z? ¢

E, (Z2)=

So, as long as

_2122 << —24/eEZcosH

2n

the zeroth-order energy of the state will like below the barrier on the potential surface.
Because the wave function can penetrate this barrier, this state will no longer be a true
bound state; it will be a metastable resonance state (recall, we studied such states in
Chapter 1 where we learned about tunneling). However, if the zeroth-order energy lies
far below the barrier, the extent of tunneling through the barrier will be small, so the
state will have a long lifetime. In such cases, we can use perturbation theory to describe
the effects of the applied electric field on the energies and wave functions of such
metastable states, but we must realize that we are only allowed to do so in the limit of
weak fields and for states that lie significantly below the barrier. In this case,
perturbation theory describes the changes in the energy and wave function in regions of
space where the zeroth-order wave function is bound, but does not describe at all the
asymptotic part of the wave function where the electron is unbound.
Another example of Stark effects in degenerate cases arises when
considering how polar diatomic molecules’ rotational energies are altered by an

electric field. The zeroth-order wave functions appropriate to such cases are given by
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Y=Y, 0.0)x, (R, (rR)

where the spherical harmonic Y, ,, (6,¢) is the rotational wave function, x (R) is the
vibrational function for level v, and vy, (r | R) is the electronic wave function. The

diagonal elements of the electric-dipole operator
<Y, 0.0)x, (R, (rIR)IV1Y,, (6,0)x, (R, (rIR) >

vanish because the vibrationally averaged dipole moment, which arises as

1

<u>=<x,(Rw,(r\R) e Z,R, —e ¥ r: |, (R, (r|R) >

is a vector quantity whose component along the electric field £ is <u>cos(0) (again
taking the field to lie along the z-direction) . Thinking of cos(0) as x, so sin(0) d0 is dx,

the integrals

<Y, (0,9)Icosb1Y, , (6,¢)>= fYJM (0,9)cosbY, ,,(6,9)sinOdOd¢ = fY;,M (0.9)xY, ,,(0,90)dxd¢p =0

because Y > is an even function of x (i.e. ,of cos(8)). Because the angular dependence

of the perturbation (i.e., cos0) has no ¢-dependence, matrix elements of the form
[ Y, (6.¢)cos6Y, ,,.(6.4)sin0d6dg = 0

also vanish. This means that if one were to form the (2J+1)x(2J+1) matrix
representation of V for the 2J+1 degenerate states Y, belonging to a given J, all of its
elements would be zero. Thus the rotational energies of polar diatomic (or rigid linear
polyatomic) molecules have no first-order Stark splittings.

There will, however, be second-order Stark splittings, in which case we need to
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examine the terms that arise in the formula

2
= Ekwlvn%>y

For a zeroth-order state Y, only certain other zeroth-order states will have non-
vanishing coupling matrix elements <° |V Iy} >. These non-zero integrals are

governed by <Y, Icos61Y, . >, which can be shown to be

J+D)*=-M? , J-M? ,
forJ'=J +1; forJ'=J =136,

<Y,, lcosOlY, , >= {\/(2]+1)(2J+ 3 ; m
of course, if J =0, the term J* = J-1 does not occur. The limitation that M must equal M’
arises, as above, because the perturbation contains no terms dependent on the variable ¢.
The limitation that ]’ =J = 1 comes from a combination of three conditions
(1) angular momentum coupling, which you learned about in Chapter 2, tells us that
cos6, which happens to be proportional to Y, 4(6,9), can couple to Y, to generate terms
having J+1, J, or J-1 for their J* quantum number but only M for their J, quantum
number,
(i1) the J+1,J, and J-1 factors arising from the product cos6 Y, must match Y}, for the
integral not to vanish because <Y Y. \y> = &)} Oy,
(iii) finally, the J = J’ terms will vanish because of the inversion symmetry (cos0 is odd
under inversion but 1Y, [’ is even).

Using the fact that the perturbation is £ <u>cos(0), these two non-zero

matrix elements can be used to express the second-order energy for the J.M level as

(J+1)*-M* J-M’
E-g’< {(2J +1D)(2J + 3) 2J-D(2J + 1)}
-2B(J +1) 2BJ

where h is Planck’s constant and B is the rotational constant for the molecule
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S
8 ur;
for a diatomic molecule of reduced mass u and equilibrium bond length ..

Before moving on to another example, it is useful to point out some
common threads that occur in many applications of perturbation theory and that will also
be common to variational calculations that we discuss later in this Chapter. Once one has
identified the specific zeroth-order state y° of interest, one proceeds as follows:

(i) The first-order energy E'= < ¢°IVIy*> is evaluated. In doing so, one should first
make use of any symmetry (point group symmetry is treated later in this Chapter) such
as inversion, angular momentum, spin, etc., to determine whether this expectation value
will vanish by symmetry, in which case, we don’t bother to consider this matrix element
any more. We used this earlier when considering <2slcos0I2s>, <2p,lcos0I2p,>, and

<Y, ylcosOlY > to conclude that certain first-order energies are zero.

(ii). If E' vanishes (so the lowest-order effect is in second order) or if we want to
examine higher-order corrections, we consider evaluating E*. Before doing so explicitly,
we think about whether symmetry will limit the matrix elements < ’IV y° > entering
into the expression for E*. For example, in the case just studied, we saw that only other
zeroth-order states having I’ =J +1 or J * = J-1 gave non-vanishing matrix elements. In
addition, because E* contains energy denominators (E*-E°,), we may choose to limit our
calculation to those other zeroth-order states whose energies are close to our state of

interest; this assumes that such states will contribute a dominant amount to the sum

ke IV 1y° >P
E E°-E°

You will encounter many times when reading literature articles in which perturbation
theory is employed situations in which researchers have focused attention on zeroth-
order states that are close in energy to the state of interest and that have the correct

symmetry to couple strongly (i.e., have substantial < ’IV y°>) to that state.
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2. Electron-electron Coulomb repulsion

In one of the most elementary pictures of atomic electronic structure, one uses
nuclear charge screening concepts to partially account for electron-electron interactions.
For example, in 1s°2s' Li, one might posit a zeroth-order wave function consisting of a

product

Y = ¢, (1), (1,)B(2),,(r;)ax(3)

in which two electrons occupy a 1s orbital and one electron occupies a 2s orbital. To
find a reasonable form for the radial parts of these two orbitals, one could express each
of them as a linear combination of (i) one orbital having hydrogenic 1s form with a
nuclear charge of 3 and (ii) a second orbital of 2s form but with a nuclear charge of 1 (to

account for the screening of the Z = 3 nucleus by the two inner-shell 1s electrons)

$:(r) =C 1, 71(r) + D)X 7_5(r)

where the index i labels the 1s and 2s orbitals to be determined. Next, one could
determine the C;and D, expansion coefficients by requiring the ¢; to be approximate

eigenfunctions of the Hamiltonian

h=-1/2V* _3

r

that would be appropriate for an electron attracted to the Li nucleus but not experiencing
any repulsions with other electrons. This would result in the following equation for the
expansion coefficients:

3 3

< X5z (N)1-1/2V° - | sz () > < X1, (P) =172V - | X2y s (1) > (C)
3 3 -
<X1s,2=1(r)|_1/2V2_;|X2s,2=3(r)> <X2S,Z=3(r)|_1/2vz_;|X2.Y,Z=3(r)> b
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< Xiszet D Xz (D) > < X700 (D) 1 X0, 725(0) > (C)
< Xisza (D X751 > < Xo073(M) 1 X007 5(r) >\ D '

This 2x2 matrix eigenvalue problem can be solved for the C; and D, coefficients and for
the energies E; of the 1s and 2s orbitals. The lower-energy solution will have ICI > [DI,
and will be this model’s description of the 1s orbital. The higher-energy solution will
have IDI > ICl and is the approximation to the 2s orbital.

Using these 1s and 2s orbitals and the 3-electron wave function they form
Y = ¢, (na)e, (1) B(2)h,,(r;)a(3)

as a zeroth-order approximation, how do we then proceed to apply perturbation theory?

The full three-electron Hamiltonian

. , 3. w1
H=§[—1/2Vl. —7]+ E —

i i<j=1"14j

can be decomposed into a zeroth-order part

3
H° =E[—1/2Vf—§]

i=1 i

and a perturbation

3
1
V=Er—.

i<j=1"10,j
The zeroth-order energy of the wave function
Y = ¢, (na)e, (1) (2)h,,(r;)a(3)
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is
E°=2E +E,,

where each of the E, are the energies obtained by solving the 2x2 matrix eigenvalue

equation shown earlier. The first-order energy of this state can be written as

E' =< ¢, ()aD)$,, (i) B2, (1)) 1V 1§, (NN, (1)), (1)ou(3) >= T, + 2, 5,

with the Coulomb interaction integrals being defined as

I,y = [ 6,00, (r) 1 ~, (1), (r)drdr'.
-l

lr

To carry out the 3-electron integral appearing in E', one proceeds as follows. For the

integral

[ 18D, ()BT (DD, (1) B, (r)(3)d1d2d3

ho

one integrates over the 3 spin variables using <o a>=1, < ol f>=0 and < pl f>=1) and

then integrates over the coordinate of the third electron using <¢, ¢, >=1 to obtain

10006, (0, ()12

U

which is J, ;. The two J, ,,integrals arise when carrying out similar integration for the
terms arising from (1/r, ;) and (1/1,3).
So, through first order, the energy of the Li atom at this level of treatment is

given by
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E°+E'=2E +E, +J,, +2J,,,.
The factor 2E, + E, contains the contributions from the kinetic energy and electron-
nuclear Coulomb potential. The J, +2J, , terms describe the Coulombic repulsions
among the three electrons. Each of the Coulomb integrals J;; can be interpreted as being
equal to the Coulombic interaction between electrons (one at location r; the other at r’)
averaged over the positions of these two electrons with their spatial probability
distributions being given by I¢,(r)I*and I¢,(r’), respectively.

Although the example just considered is rather primitive, it introduces a
point of view that characterizes one of the most commonly employed models for
treating atomic and molecular electronic structure- the Hartree-Fock (HF) mean-field
model, which we will discuss more in Chapter 6. In the HF model, one uses as a zeroth-

order Hamiltonian

3
H°= E[—l/ZV? _;+VHF(F¢')]

i=1 [

consisting of a sum of one-electron terms containing the kinetic energy, the Coulomb
attraction to the nucleus (I use the Li atom as an example here), and a potential V(r,).
This potential, which is written in terms of Coulomb integrals similar to those we
discussed earlier as well as so-called exchange integrals that we will discuss in Chapter
6, is designed to approximate the interaction of an electron at location r; with the other
electrons in the atom or molecule. Because H is one-electron additive, its

eigenfunctions consist of products of eigenfunctions of the operator
0 2 3
h™ ==1/2V° ==+ V,.(7).
r

V(1)) offers an approximation to the true 1/r;; Coulomb interactions expressed in

terms of a “smeared-out” electron distribution interacting with the electron at r;.
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Perturbation theory is then used to treat the effect of the perturbation

V= E %_EVHF(’})

i<j=1"10j i=1

on the zeroth-order states. We say that the perturbation, often called the fluctuation
potential, corrects for the difference between the instantaneous Coulomb interactions

among the N electrons and the mean-field (average) interactions.
4.2. The Variational Method

Let us now turn to the other method that is used to solve Schrédinger equations
approximately, the variational method. In this approach, one must again have some
reasonable wave function y° that is used to approximate the true wave function. Within
this approximate wave function, one imbeds one or more variables {o,} that one
subsequently varies to achieve a minimum in the energy of y° computed as an

expectation value of the true Hamiltonian H:
E({o,}) = <’ HI /<y’ | ¢°>.
The optimal values of the o, parameters are determined by making
dE/da,; =0

To achieve the desired energy minimum (n.b., we also should verify that the second
derivative matrix (3°E/do,0cy, ) has all positive eigenvalues, otherwise one may not have
found the minimum).

The theoretical basis underlying the variational method can be understood
through the following derivation. Suppose that someone knew the exact eigenstates (i.e.,

true Y and true Ey) of the true Hamiltonian H. These states obey
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H = Eg Yg.

Because these true states form a complete set (it can be shown that the eigenfunctions of
all the Hamiltonian operators we ever encounter have this property), our so-called “trial

wave function” y° can, in principle, be expanded in terms of these yy:

1P° = 2 Cx Y.

Before proceeding further, allow me to overcome one likely misconception. What I am
going through now is only a derivation of the working formula of the variational
method. The final formula will not require us to ever know the exact y or the exact Ey,
but we are allowed to use them as tools in our derivation because we know they exist
even if we never know them.

With the above expansion of our trial function in terms of the exact
eigenfunctions, let us now substitute this into the quantity <y’l H | y’>/<’ | y°> that the

varitational method instructs us to compute:
E = <"l H 1 y*>/<y’ | 9> = <= Co g | H I 2, Cp , >/<Z C S, Cp >
Using the fact that the 1, obey Hyy = Expy and that the 1, are orthonormal (I hope you

remember this property of solutions to all Schrodinger equations that we discussed

earlier)

<yihp > =,

the above expression reduces to

E =3, <Cyy | HIC Y >/(Ee< Co Wil Co i) = S ICK 2 By /ZIC, 1
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One of the basic properties of the kind of Hamiltonia we encounter is that they have a
lowest-energy state. Sometimes we say they are bounded from below, which means their
energy states do not continue all the way to minus infinity. There are systems for which
this is not the case (we saw one earlier when studying the Stark effect), but we will now
assume that we are not dealing with such systems. This allows us to introduce the
inequality E, = E;which says that all of the energies are higher than or equal to the
energy of the lowest state which we denote E,,. Introducing this inequality into the above

expression gives
E = 3 ICl* B, /2 IC P = E,,.

This means that the variational energy, computed as <y’ H | y°>/<y’ | °> will lie
above the true ground-state energy no matter what trial function y° we use.

The significance of the above result that E = E,, is as follows. We are allowed to
imbed into our trial wave function y° parameters that we can vary to make E, computed
as <’l H | y’>/<’ | y°> as low as possible because we know that we can never make
<’ H 1 y°>/<y” | *> lower than the true ground-state energy. The philosophy then is
to vary the parameters in ¢’ to render E as low as possible, because the closer E is to E,
the “better” is our variational wave function. Let me now demonstrate how the

variational method is used in such a manner by solving an example problem.

4.2.1 An Example Problem

Suppose you are given a trial wave function of the form:

Z , -Z -Z
q): e exp( e’])exp( erZ)
Ja ao ao

to represent a two-electron ion of nuclear charge Z and suppose that you are lucky

enough that I have already evaluated the <y°l H | y’>/<y’ | > integral, which I'll call
W, for you and found
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2
W= (z , 277, +ize)e—.
‘ 8 "Ja,

Now, let’s find the optimum value of the variational parameter Z for an arbitrary

dW
nuclear charge Z by setting aZ. = 0 . After finding the optimal value of Ze, we’ll then

find the optimal energy by plugging this Z, into the above W expression. I’ll do the

algebra and see if you can follow.

2
W= (zz—zzzﬁgze)e_
¢ 8 "Ja,

2
v _ (228 ~27+ g)e_: 0
dz, a,
5
27.-2Z+3 =0
5
2Ze = 2Z - g

5
Ze=7-7¢ =Z-03125

(n.b., 0.3125 represents the shielding factor of one 1s electron to the other, reducing the
optimal effective nuclear charge by this amount).

Now, using this optimal Z, in our energy expression gives

2
w:ze(zg —2Z+§)e— :

8/ a,

2
W= (z—i) (z—i)—zz+§ ‘.
16 16 8)a,

2
el
16 16/ a,
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2 2 2
oo 2
16 16/ a, 16/ a,

=-(Z-03125)212721)eV

(nb., since a, is the Bohr radius 0.529 A, e%/a, = 27.21 eV, or one atomic unit of energy).
Is this energy any good? The total energies of some two-electron atoms and ions

have been experimentally determined to be as shown in the Table below.

Z=1 H- -1435eV
Z=2 He -78.98 eV
Z=3 Lit -198.02 eV
Z=4 Be+2 -371.5eV
Z=5 B+3 -599.3 eV
=6 Cc+4 -881.6 eV
Z=71 N+5 -12183 eV
=8 O+6 -1609.5 eV

Using our optimized expression for W, let’s now calculate the estimated total energies of

each of these atoms and ions as well as the percent error in our estimate for each ion.

Z Atom Experimental Calculated % Error
Z= H- -1435eV -12.86 eV 10.38%
=2 He -78.98 eV -7746 eV 1.92%
Z=3 Lit+ -198.02 eV -196.46 eV 0.79%
Z=4 Be+2 -371.5eV -369.86 eV 0.44%
Z=5 B+3 -599.3 eV -597.66 eV 0.27%
=6 Cc+4 -881.6eV -879.86 eV 0.19%
Z=11 N+5 -1218.3 eV -1216.48 eV 0.15%
=8 O+6 -1609.5 eV -1607.46 eV 0.13%
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The energy errors are essentially constant over the range of Z, but produce a larger
percentage error at small Z.

In 1928, when quantum mechanics was quite young, it was not known whether
the isolated, gas-phase hydride ion, H-, was stable with respect to loss of an electron to
form a hydrogen atom. Let’s compare our estimated total energy for H- to the ground
state energy of a hydrogen atom and an isolated electron (which is known to be
-13.60 eV). When we use our expression for W and take Z = 1, we obtain W =-12.86

eV, which is greater than -13.6 eV (H + ¢), so this simple variational calculation
erroneously predicts H- to be unstable. More complicated variational treatments give a
ground state energy of H- of -14.35 eV, in agreement with experiment and agreeing that

H' is indeed stable with respect to electron detachment.

4.2.2 Another Example
A widely used example of is provided by the so-called linear variational method.
Here one expresses the trial wave function a linear combination of so-called basis

functions {y,}
Y= EC X
j

Substituting this expansion into <yp/Hhp> and then making this quantity stationary with

respect to variations in the C; subject to the constraint that 1y remain normalized

1=<w|w>=EECj<Xib(j>Cj
i

gives

E<Xi|H|Xj>Cj=EE<Xi|Xj>Cj‘
j

J

This is a generalized matrix eigenvalue problem that we can write in matrix notation as
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HC=ESC.

It is called a generalized eigenvalue problem because of the appearance of the overlap
matrix S on its right hand side.

This set of equations for the C; coefficients can be made into a conventional
eigenvalue problem as follows:

1. The eigenvectors v, and eigenvalues s, of the overlap matrix are found by solving
ESi,jvk,j = 85V,
j

All of the eigenvalues s, are positive because S is a positive-definite matrix.

2. Next one forms the matrix S? whose elements are

-172
S

1
= EVMTVI«J
% Sk

(another matrix S"? can be formed in a similar way replacing % with +[s,).
St

12

3. One then multiplies the generalized eigenvalue equation on the left by S™*to obtain

ST?HC=E S'SC.
4. This equation is then rewritten, using S*S = S§"* and 1=S"S"* as
S-I/ZH S-l/2 (SI/ZC)=E (SI/ZC).

This is a conventional eigenvalue problem in which the matrix is S*H S and the

eigenvectors are (S"*C).
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The net result is that one can form S™?H S"*and then find its eigenvalues and
eigenvectors. Its eigenvalues will be the same as those of the original generalized
eigenvalue problem. Its eigenvectors (S">C) can be used to determine the eigenvectors C

of the original problem by multiplying by S™*

C= S-1/2 (SI/ZC) .

Although the derivation of the matrix eigenvalue equations resulting from the
linear variational method was carried out as a means of minimizing <yl/Hhp>, it turns out
that the solutions offer more than just an upper bound to the lowest true energy of the
Hamiltonian. It can be shown that the n™ eigenvalue of the matrix S"?H S'?is an upper
bound to the true energy of the n" state of the Hamiltonian. A consequence of this is that,
between any two eigenvalues of the matrix S™*H S there is at least one true energy of
the Hamiltonian. This observation is often called the bracketing condition. The ability of
linear variational methods to provide estimates to the ground- and excited-state energies

from a single calculation is one of the main strengths of this approach.

4.3 Point Group Symmetry

It is assumed that the reader has previously learned, in undergraduate inorganic
or physical chemistry classes, how symmetry arises in molecular shapes and structures
and what symmetry elements are (e.g., planes, axes of rotation, centers of inversion,
etc.). For the reader who feels, after reading this material, that additional background is
needed, the texts by Eyring, Walter, and Kimball or by Atkins and Friedman can be
consulted. We review and teach here only that material that is of direct application to
symmetry analysis of molecular orbitals and vibrations and rotations of molecules. We
use a specific example, the ammonia molecule, to introduce and illustrate the important
aspects of point group symmetry because this example contains most of the complexities

that arise in any application of group theory to molecular problems.

4.3.1 The C3y Symmetry Group of Ammonia - An Example

The ammonia molecule NH3 belongs, in its ground-state equilibrium geometry,
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to the C3y point group. Its symmetry operations consist of two C3 rotations, C3, C32
(rotations by 120° and 240°, respectively about an axis passing through the nitrogen
atom and lying perpendicular to the plane formed by the three hydrogen atoms), three
vertical reflection operations, Oy, Oy', Oy", and the identity operation. Corresponding to
these six operations are symmetry elements: the three-fold rotation axis, C3 and the
three symmetry planes oy, oy' and oy" that contain the three NH bonds and the z-axis

(see Fig. 4.3).

A Cs-axis (z)

y-axis

Figure 4.3 Ammonia Molecule and its Symmetry Elements

These six symmetry operations form a mathematical group. A group is defined

as a set of objects satisfying four properties.
I. A combination rule is defined through which two group elements are combined
to give a result that we call the product. The product of two elements in the
group must also be a member of the group (i.e., the group is closed under the

combination rule).

2. One special member of the group, when combined with any other member of the
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group, must leave the group member unchanged (i.e., the group contains an

identity element).

3. Every group member must have a reciprocal in the group. When any group

member is combined with its reciprocal, the product is the identity element.

4. The associative law must hold when combining three group members (i.e.,

(AB)C must equal A(BC)).

The members of symmetry groups are symmetry operations; the combination

rule is successive operation. The identity element is the operation of doing nothing at

all. The group properties can be demonstrated by forming a multiplication table. Let us

label the rows of the table by the first operation and the columns by the second

operation. Note that this order is important because most groups are not commutative.

The Csy group multiplication table is as follows:

E
E E
C3 C3
C32 C32
Oy Oy
oy' oy'
GV ] GV n
First
operation

Cs

Cs

C32

E

Oy

Oy

Oy

!

C32

C32
E
Cs

!

Oy
]

Oy

Oy

Oy

Oy
Oy

Oy

Cs

C32

Oy

Oy
OV ]
Oy

C32

Cs

Oy

Oy
Oy
Oy
Cs

C32

Second

operation

Note the reflection plane labels do not move. That is, although we start with Hj in the oy

plane, Hs in oy', and H3 in 0", if H; moves due to the first symmetry operation, Oy

remains fixed and a different H atom lies in the oy plane.
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4.3.2. Matrices as Group Representations

In using symmetry to help simplify molecular orbital (mo) or vibration/rotation
energy-level identifications, the following strategy is followed:
1. A set of M objects belonging to the constituent atoms (or molecular fragments, in a
more general case) is introduced. These objects are the orbitals of the individual atoms
(or of the fragments) in the mo case; they are unit vectors along the Cartesian x, y, and z
directions located on each of the atoms, and representing displacements along each of
these directions, in the vibration/rotation case.
2. Symmetry tools are used to combine these M objects into M new objects each of
which belongs to a specific symmetry of the point group. Because the Hamiltonian
(electronic in the mo case and vibration/rotation in the latter case) commutes with the
symmetry operations of the point group, the matrix representation of H within the
symmetry-adapted basis will be "block diagonal". That is, objects of different symmetry
will not interact; only interactions among those of the same symmetry need be

considered.

To illustrate such symmetry adaptation, consider symmetry adapting the 2s
orbital of N and the three 1s orbitals of the three H atoms. We begin by determining how
these orbitals transform under the symmetry operations of the C3y point group. The act

of each of the six symmetry operations on the four atomic orbitals can be denoted as

follows:

E

(SN.S1.52.53) - (SN-S1,52.53)
C
:3 (SN»S3.51,52)
CZ
:3 (SN,S2.53,51)
(0
_”) (SN.S1,S3,52)
O .
_”) (SN,S3.,52,51)
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Q

- (SN.S2,51,53)

Here we are using the active view that a C3 rotation rotates the molecule by 120°. The
equivalent passive view is that the 1s basis functions are rotated -120°. In the C3
rotation, S3 ends up where S began, S1, ends up where S, began and S; ends up where

S3 began.

These transformations can be thought of in terms of a matrix multiplying a
vector with elements (SN,S1,52,93). For example, if D (C3) is the representation
matrix giving the C3 transformation, then the above action of C3 on the four basis

orbitals can be expressed as:

Sy) (1 0 0 0\(S,\ (S,
ey [ 5120 0 O YIS |L|S
S,| 1o 1 0 ofls,| |5
s,) lo o1 olls,) s,

We can likewise write matrix representations for each of the symmetry operations of the

Csy point group:

1 000 1 000
00 1 0 010 0
D#)(C32) = D@W(E) =
0 0 0 1 0O 010
0100 0 0 0 1
1 000 1 000
010 0 000 1
D@ = D@®(G.) =
©9= o 0 1 ©I=15 0 1 0
0010 0100
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D®(ay") =

S O O =
o = O O
o O = O
- O O O

It is easy to verify that a C3 rotation followed by a oy reflection is equivalent to a oy'

reflection alone. In other words

Oy C3 = OV' ’ or

S, Ss Sy S S, Sy

Note that this same relationship is carried by the matrices:

100 01 000, (1000
o10o0looo 1 looor1

D@ D@®(Cr) = = =D®)(G,'

©@IDPCEI=100 0 1llo 1 0 oo 0 1 0 (©v)
0o010/l0o10 lo100

Likewise we can verify that C3 oy = oy directly and we can notice that the matrices

also show the same identity:

D@)(C3) D@(oy) = =D®(0y").

S O O =
o = O O
- O O O
S O = O
S O O =
o O = O
- O O O
S = O O
S O O =
S = O O
oS O = O
- O O O

In fact, one finds that the six matrices, D#)(R), when multiplied together in all 36
possible ways, obey the same multiplication table as did the six symmetry operations.
We say the matrices form a representation of the group because the matrices have all the

properties of the group.
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4.3.3 Characters of Representations
One important property of a matrix is the sum of its diagonal elements which is

called the trace of the matrix D and is denoted Tr(D):

Tr(D)= Y D, =X.

So, X is called the trace or character of the matrix. In the above example

XE)=4
XUC3) =X(C3H) =1
X(oy) =X(oy") = X(oy") = 2.

The importance of the characters of the symmetry operations lies in the fact that they do
not depend on the specific basis used to form the matrix. That is, they are invariant to a
unitary or orthogonal transformation of the objects used to define the matrices. As a
result, they contain information about the symmetry operation itself and about the space
spanned by the set of objects. The significance of this observation for our symmetry
adaptation process will become clear later.

Note that the characters of both rotations are the same as are the characters of all
three reflections. Collections of operations having identical characters are called classes.
Each operation in a class of operations has the same character as other members of the
class. The character of a class depends on the space spanned by the basis of functions on

which the symmetry operations act.

4.3.4. Another Basis and Another Representation

Above we used (SN,S1,52,53) as a basis. If, alternatively, we use the one-
dimensional basis consisting of the 1s orbital on the N-atom, we obtain different
characters, as we now demonstrate.

The act of the six symmetry operations on this SN can be represented as follows:
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2
SN £ SN SN gSN SN G SN:
Sy - sy SN 2 Sy SN 2 sy

We can represent this group of operations in this basis by the one-dimensional set of

matrices:
D (B) = 1; D (C3) = 1; D (C3) =1,
DM (oy) = 1; DW(oy") = 1; DM (o) =1.

Again we have

DM (6y) DD (C3) =11 =DM (0,"), and

DM (C3) DD (oy) =1 1=DD (o).

These six 1x1 matrices form another representation of the group. In this basis, each
character is equal to unity. The representation formed by allowing the six symmetry
operations to act on the 1s N-atom orbital is clearly not the same as that formed when
the same six operations acted on the (Sn,S1,52,53) basis. We now need to learn how to
further analyze the information content of a specific representation of the group formed

when the symmetry operations act on any specific set of objects.

4.3.5 Reducible and Irreducible Representations
1. Reducible Representations
Note that every matrix in the four dimensional group representation labeled D(*)

has the so-called block diagonal form
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This means that these D) matrices are really a combination of two separate group
representations (mathematically, it is called a direct sum representation). We say that
D®) is reducible into a one-dimensional representation D(1) and a three-dimensional

representation formed by the 3x3 submatrices that we will call D).

1 00 0 0 1 010
DOE)=|0 1 0] DOC3)=|1 0 0| DOC3%)=[0 0 1
0 0 1 010 1 00

1 00 0 0 1 010
DO(oy)=|0 0 1| DO®oy)=[0 1 0| DOWwM=|1 0 0
010 1 00 0 0 1

The characters of D®) are X(E) = 3, X(2C3) = 0, X(30y) = 1. Note that we would have
obtained this D) representation directly if we had originally chosen to examine the
basis (S1,52,53) alone; also note that these characters are equal to those of D® minus

those of D(1),
2. A Change in Basis

Now let us convert to a new basis that is a linear combination of the original

S1.,52,S3 basis:
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Ti=S1+S,+S3
Tr=2S1-S2-S3
T3=S,-S3
(Don't worry about how I constructed Ty, T2, and T3 yet. As will be demonstrated later,
we form them by using symmetry projection operators defined below). We determine

how the "T" basis functions behave under the group operations by allowing the

operations to act on the Sj and interpreting the results in terms of the Tj. In particular,

O

E
(T1,T2 ,T3) — (T1,T2,-T3) (T1,T2,T3) - (T1,T2.T3) 5

(T1,T2,T3) 9y (S3+S2+S1, 253-S2-S1,52-S1) =(T1,-1/2Tp=3/2T3,-1/2Tr+ 1/2

T3);

(T1,T2,T3) I (S2+S1+S3,252-S1-S3,51-S3) =(T1,- 172 Tr+ 3/2T3,1/2T + 1/2T3);

G (S3+S1+S2, 253-S1-S2.51-S2) = (T, - 1/2T> - 3/2T3, 1/2T — 1/2T3);

—

(T1,T2,T3)

2

(T1,T2,T3) g (S2+S3+S1, 252-S3-S1,53-S1) =(Tq, - 1/2T7 + 3/2T3, - 1/2T7 — 1/2T3).

So the matrix representations in the new Tj basis are:

1 00 1 0 0
DOE)=|0 1 0 DO(C3)=|0 -1/2 -=3/2|;
0 0 1 0 12 -1/2
1 0 0 1 0 O
DGX(C32)=[0 -1/2 3/2 DG)(oy)={0 1 0 |;
0 -1/2 -1/2 0 0 -1
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1 0 0 1 0 0
D@ (oy)=|0 -1/2 -3/2 DO (oy")= [0 -1/2 3/2|.
0 -1/2 1/2 0 1/2 1/2

3. Reduction of the Reducible Representation

These six matrices can be verified to multiply just as the symmetry operations
do; thus they form another three-dimensional representation of the group. We see that in
the Tj basis the matrices are block diagonal. This means that the space spanned by the Tj
functions, which is the same space as the S span, forms a reducible representation that
can be decomposed into a one dimensional space and a two dimensional space (via
formation of the T; functions). Note that the characters (traces) of the matrices are not
changed by the change in bases.

The one-dimensional part of the above reducible three-dimensional
representation is seen to be the same as the totally symmetric representation we arrived
at before, D). The two-dimensional representation that is left can be shown to be

irreducible ; it has the following matrix representations:

10 12 =32 12 312
D@XE) = DO (C D®(C12) =
® (o 1) ( 3)(1/2 —1/2) (9 (—1/2 —1/2)

-1/2 172 -1/2 172

1 O -1/2 =372 -1/2 =372
D®@)(oy) = (0 1) D@)(oy") = ( ) D®@)(oy") = ( )

The characters can be obtained by summing diagonal elements:
x(E)=2,% (2C;)=-1,% (30,) =0.

4. Rotations as a Basis
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Another one-dimensional representation of the group can be obtained by
taking rotation about the Z-axis (the C3 axis) as the object on which the symmetry

operations act:

E 2
R; — R; R; g R; R; g Rz;
R, & R, R, 2o R, R, 2o R,

In writing these relations, we use the fact that reflection reverses the sense of a rotation.

The matrix representations corresponding to this one-dimensional basis are:

DIDE) = 1 D(X(C3) = 1 D((C32) = 1;

D()(oy) = -1 D()(oy") = -1 DD (oy)) = -1.

These one-dimensional matrices can be shown to multiply together just like the
symmetry operations of the C3y group. They form an irreducible representation of the
group (because it is one-dimensional, it cannot be further reduced). Note that this one-
dimensional representation is not identical to that found above for the 1s N-atom orbital,

or the T function.

5. Overview

We have found three distinct irreducible representations for the C3y symmetry
group; two different one-dimensional and one two dimensional representations. Are
there any more? An important theorem of group theory shows that the number of
irreducible representations of a group is equal to the number of classes. Since there are
three classes of operation (i.e., E, C; and 0,), we have found all the irreducible

representations of the C3y point group. There are no more.

The irreducible representations have standard names; the first D(1 (that

arising from the T1 and 1sy orbitals) is called Ay, the D(1 arising from R, is called A,
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and D) is called E (not to be confused with the identity operation E). We will see
shortly where to find and identify these names.

Thus, our original D) representation was a combination of two A
representations and one E representation. We say that D™ is a direct sum representation:
D® =2A| @ E. A consequence is that the characters of the combination representation

D®) can be obtained by adding the characters of its constituent irreducible

representations.
E 2C3 3oy
Ay 1 1 1
Ay 1 1 1
E 2 -1 0
2A1®E 4 1 2

6. How to Decompose Reducible Representations in General

Suppose you were given only the characters (4,1,2). How can you find out
how many times A1, E, and A, appear when you reduce D™ to its irreducible parts?
You want to find a linear combination of the characters of Ay, A and E that add up
(4,1,2). You can treat the characters of matrices as vectors and take the dot product of

A with D®

1 1 1 1 1 1

5 =4+1+1+2+2+2=12.
E C, C; o, o, O,

NN = =
Q
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The vector (1,1,1,1,1,1) is not normalized; hence to obtain the component of
(4,1,1,2,2,2) along a unit vector in the (1,1,1,1,1,1) direction, one must divide by the
norm of (1,1,1,1,1,1); this norm is 6. The result is that the reducible representation
contains 12/6 =2 Aj components. Analogous projections in the E and A, directions give

components of 1 and 0, respectively. In general, to determine the number nr of times
irreducible representation I" appears in the reducible representation with characters X,

one calculates
1
nr = E}jxr(R)x,.ed (R).
R

where g is the order of the group (i.e.. the number of operations in the group; six in our

example) and X(R) are the characters of the I'th irreducible representation.

7. Commonly Used Bases

We could take any set of functions as a basis for a group representation.
Commonly used sets include: Cartesian displacement coordinates (x,y,z) located on the
atoms of a polyatomic molecule (their symmetry treatment is equivalent to that involved
in treating a set of p orbitals on the same atoms), quadratic functions such as d orbitals -
Xy,yz,xz,x2-y2 z2, as well as rotations about the x, y and z axes. The transformation
properties of these very commonly used bases are listed in the character tables shown in

Section 4 4.

8. Summary

The basic idea of symmetry analysis is that any basis of orbitals,
displacements, rotations, etc. transforms either as one of the irreducible representations
or as a direct sum (reducible) representation. Symmetry tools are used to first determine
how the basis transforms under action of the symmetry operations. They are then used to

decompose the resultant representations into their irreducible components.
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4.3.6. More Examples

1. The 2p Orbitals of Nitrogen

For a function to transform according to a specific irreducible representation
means that the function, when operated upon by a point-group symmetry operator, yields
a linear combination of the functions that transform according to that irreducible
representation. For example, a 2p, orbital (z is the C3 axis of NH3) on the nitrogen atom
belongs to the A representation because it yields unity times itself when C3, C32, oy ,

n

oy',oy" or the identity operation act on it. The factor of 1 means that 2p, has A
symmetry since the characters (the numbers listed opposite A and below E, 2C3, and
30y in the C3y character table shown in Section 4.4) of all six symmetry operations are 1
for the A1 irreducible representation.

The 2px and 2py orbitals on the nitrogen atom transform as the E

representation since C3, C32, Oy, 0y', 0y" and the identity operation map 2px and 2py

among one another. Specifically,

c 2p, cos120° —sinl120°)(2p,
3 =
2p, sin120°  cos120° )\2p,

c2 2p.) (cos240° —sin240°)(2p,
3 =
2p, sin240°  cos240° ) \2p,

=)= 3G
o] =03 G
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AN 7
Y \2p,) |43 2p,

— —1/2
2

The 2 x 2 matrices, which indicate how each symmetry operation maps 2px and 2py into
some combinations of 2py and 2py, are the representation matrices ( DUR)) for that

particular operation and for this particular irreducible representation (IR). For example,

2=
:D( )0'

3 (ov)

— =1/2

2

This set of matrices have the same characters as the D(2) matrices obtained earlier when
the T, displacement vectors were analyzed, but the individual matrix elements are

different because we used a different basis set (here 2px and 2py ; above it was T and
T3). This illustrates the invariance of the trace to the specific representation; the trace

only depends on the space spanned, not on the specific manner in which it is spanned.

2. A Short-Cut
A short-cut device exists for evaluating the trace of such representation
matrices (that is, for computing the characters). The diagonal elements of the

representation matrices are the projections along each orbital of the effect of the
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symmetry operation acting on that orbital. For example, a diagonal element of the C3
matrix is the component of C32py along the 2py direction. More rigorously, it

is [ 2p,* C, 2p,dt. Thus, the character of the C3 matrix is the sum of [2p * C, 2p,dt
and [ 2p.* C, 2p, dt. In general, the character X of any symmetry operation S can be

computed by allowing S to operate on each orbital ¢;, then projecting S¢; along ¢; (i.e.,

forming f ¢, S¢.dt , and summing these terms,

> [ 6/8¢,dr=x(S).

i

If these rules are applied to the 2px and 2py orbitals of nitrogen within the C3y

point group, one obtains
X(E) =2, X(C3) = X(C3?) = -1, X(0y) = X(0y") = X(oy) = 0.

This set of characters is the same as D(2) above and agrees with those of the E

representation for the C3y point group. Hence, 2px and 2py belong to or transform as the
E representation. This is why (x,y) is to the right of the row of characters for the E
representation in the C3y character table shown in Section 4 .4. In similar fashion, the
Csy character table (please refer to this table now) states that dxz_y2 and dyy orbitals on
nitrogen transform as E, as do dyxy and dy, but d,? transforms as Aj.

Earlier, we considered in some detail how the three 1syg orbitals on the

hydrogen atoms transform. Repeating this analysis using the short-cut rule just
described, the traces (characters) of the 3 x 3 representation matrices are computed by

allowing E, 2C3, and 30y to operate on lsH1 , lst, and ISH3 and then computing the
component of the resulting function along the original function. The resulting
characters are X(E) = 3, X(C3) = X(C32) =0, and X(oy) = X(oy') = X(0y") = 1, in
agreement with what we calculated before.

Using the orthogonality of characters taken as vectors we can reduce the

above set of characters to A1 + E. Hence, we say that our orbital set of three 1sy
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orbitals forms a reducible representation consisting of the sum of A and E IR's. This
means that the three 1sy orbitals can be combined to yield one orbital of A; symmetry

and a pair that transform according to the E representation.
4.3.7. Projector Operators: Symmetry Adapted Linear Combinations of Atomic

Orbitals

To generate the above A and E symmetry-adapted orbitals, we make use of

so-called symmetry projection operators Pg and Pa ;. These operators are given in

terms of linear combinations of products of characters times elementary symmetry

operations as follows:

Pa; = Y %4 (9)S
N

PE =) x:(5)S

where S ranges over C3, C32, oy, 0y' and 0" and the identity operation. The result of

applying PA | to say sy, is
PAI 1SHl = ISH1 + ISH2 + ISH3 + ISH2 + ISH3 + ISH1
= 2(ISH1 + ISH2 + 1SH3) = ¢A1’

which is an (unnormalized) orbital having Aj symmetry. Clearly, this same ¢4
orbital would be generated by P | acting on 1sH2 or 1sH3. Hence, only one A1 orbital

exists. Likewise,

PElsH1 =2 lsH1 - ISH2 - ISH3 = 0E,1
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which is one of the symmetry adapted orbitals having E symmetry. The other E orbital

can be obtained by allowing Pg to act on 1SH2 or ISH31

PE1SH2 =2" 1sH2 - ISH1 - ISH3 = ¢E,2

PE15H3 =2" 1sH3 - lsH1 - lst =0E3 -

It might seem as though three orbitals having E symmetry were generated, but only
two of these are really independent functions. For example, ¢ 3 is related to ¢g,; and

¢ 2 as follows:

P 3 =-(PE,1 + PE2).

Thus, only ¢g,; and ¢ 2 are needed to span the two-dimensional space of the E
representation. If we include ¢ in our set of orbitals and require our orbitals to be
orthogonal, then we must find numbers a and b such that ¢'g = adg 2 + bk 3 is
orthogonal to ¢E : f ¢,.¢.dr=0. A straightforward calculation gives a=-b or g = a
(ISH2 - 1SH3) which agrees with what we used earlier to construct the T;j functions in

terms of the Sj functions.

4.3.8. Summary

Let us now summarize what we have learned thus far about point group
symmetry. Any given set of atomic orbitals {¢;}, atom-centered displacements, or
rotations can be used as a basis for the symmetry operations of the point group of the
molecule. The characters X(S) belonging to the operations S of this point group within

any such space can be found by summing the integrals f ¢, S¢.dt over all the atomic

orbitals (or corresponding unit vector atomic displacements or rotations). The
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resultant characters will, in general, be reducible to a combination of the characters of
the irreducible representations X;i(S). To decompose the characters X(S) of the

reducible representation to a sum of characters X;(S) of the irreducible representation

Xl S) = D, [ $SpdT = 3 (S,

l

it is necessary to determine how many times, n;_ the i-th irreducible representation

occurs in the reducible representation. The expression for nj is
1
nj =§Exi(R)xmz (R)
R

in which g is the order of the point group- the total number of symmetry operations in
the group (e.g., g = 6 for Csy).
For example, the reducible representation X(E) = 3, X(C3) =0, and X(oy) = 1

formed by the three 1sy orbitals discussed above can be decomposed as follows:
na, =1/631+20°1=31°1)=1,
nA,=1/6(3*1+20°1=31°-1)=0,
ng=163*2+2¢0°-1=3°1°0)=1.

These equations state that the three 1sy orbitals can be combined to give one A

orbital and, since E is degenerate, one pair of E orbitals, as established above. With

knowledge of the nj, the symmetry-adapted orbitals can be formed by allowing the

projectors
Pi= Y x(8)S
N
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to operate on each of the primitive atomic orbitals. How this is carried out was

illustrated for the 1sy orbitals in our earlier discussion. These tools allow a symmetry

decomposition of any set of atomic orbitals into appropriate symmetry-adapted
orbitals.

Before considering other concepts and group-theoretical machinery, it
should once again be stressed that these same tools can be used in symmetry analysis
of the translational, vibrational and rotational motions of a molecule. The twelve

motions of NH3z (three translations, three rotations, six vibrations) can be described in
terms of combinations of displacements of each of the four atoms in each of three
(x,y,z) directions. Hence, unit vectors placed on each atom directed in the x, y, and z
directions form a basis for action by the operations {S} of the point group. In the case
of NH3, the characters of the resultant 12 x 12 representation matrices form a reducible
representation in the Cpy point group: X(E) = 12, X(C3) = X(C32) =0, X(oy) = X(oy") =
X (oy") = 2. For example under oy, the Hy and H3 atoms are interchanged, so unit
vectors on either one will not contribute to the trace. Unit z-vectors on N and H;

remain unchanged as well as the corresponding y-vectors. However, the x-vectors on

N and Hj are reversed in sign. The total character for oy' the H and H3 atoms are

interchanged, so unit vectors on either one will not contribute to the trace. Unit z-

vectors on N and H; remain unchanged as well as the corresponding y-vectors.
However, the x-vectors on N and Hj are reversed in sign. The total character for oy is

thus 4 - 2 =2. This representation can be decomposed as follows:

A =1/6 (1010124210 +3*122)=3,

A, =1/6 (101012422120 +3+-12)=1,

ng =1/6(122212+2¢-1°0 +30°2)=4.

From the information on the right side of the C3y character table, translations of all
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four atoms in the z, x and y directions transform as A1(z) and E(x.,y), respectively,
whereas rotations about the z(Rz), x(Rx), and y(Ry) axes transform as A and E.
Hence, of the twelve motions, three translations have A1 and E symmetry and three
rotations have Aj and E symmetry. This leaves six vibrations, of which two have A1
symmetry, none have Aj symmetry, and two (pairs) have E symmetry. We could
obtain symmetry-adapted vibrational and rotational bases by allowing symmetry
projection operators of the irreducible representation symmetries to operate on various

elementary Cartesian (X,y,z) atomic displacement vectors centered on the four atoms.

4.3.9 Direct Product Representations

1. Direct Products in N-Electron Wave functions

We now turn to the symmetry analysis of orbital products. Such knowledge
is important because one is routinely faced with constructing symmetry-adapted N-
electron configurations that consist of products of N individual spin orbitals, one for
each electron. A point-group symmetry operator S, when acting on such a product of

orbitals, gives the product of S acting on each of the individual orbitals

S(019203...9N) = (S91) (S¢2) (S3) ... (SPN).

For example, reflection of an N-orbital product through the oy plane in NH3 applies
the reflection operation to all N electrons.

Just as the individual orbitals formed a basis for action of the point-group
operators, the configurations (N-orbital products) form a basis for the action of these
same point-group operators. Hence, the various electronic configurations can be
treated as functions on which S operates, and the machinery illustrated earlier for
decomposing orbital symmetry can then be used to carry out a symmetry analysis of
configurations.

Another shortcut makes this task easier. Since the symmetry adapted

individual orbitals {¢;,1 =1, ..., M} transform according to irreducible representations,
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the representation matrices for the N-term products shown above consist of products of
the matrices belonging to each ¢;. This matrix product is not a simple product but what
is called a direct product. To compute the characters of the direct product matrices,
one multiplies the characters of the individual matrices of the irreducible
representations of the N orbitals that appear in the electron configuration. The direct-
product representation formed by the orbital products can therefore be symmetry-
analyzed (reduced) using the same tools as we used earlier.

For example, if one is interested in knowing the symmetry of an orbital
product of the form aj2aj2e? (note: lower case letters are used to denote the symmetry
of electronic orbitals, whereas capital letters are reserved to label the overall
configuration’s symmetry) in C3y symmetry, the following procedure is used. For each
of the six symmetry operations in the Cpy point group, the product of the characters
associated with each of the six spin orbitals (orbital multiplied by o or 3 spin) is

formed

X(S) = M x,(8)= (XA (S)? (Xa,(S))? (XE(S))2.

In the specific case considered here, X(E) = 4, X(2C3) = 1, and X(30y) = 0. Notice that
the contributions of any doubly occupied non-degenerate orbitals (e.g., a2, and ay2) to
these direct product characters X(S) are unity because for all operators (Xx(S))? = 1 for
any one-dimensional irreducible representation. As a result, only the singly occupied
or degenerate orbitals need to be considered when forming the characters of the
reducible direct-product representation X(S). For this example this means that the

direct-product characters can be determined from the characters Xg(S) of the two
active (i.e., non-closed-shell) orbitals - the e2 orbitals. That is, X(S) = Xg(S) * Xg(S).

From the direct-product characters X(S) belonging to a particular electronic
configuration (e.g., a12az2e?), one must still decompose this list of characters into a

sum of irreducible characters. For the example at hand, the direct-product characters
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%(S) decompose into one A, one Ay, and one E representation. This means that the e2
configuration contains Aj, Ap, and E symmetry elements. Projection operators

analogous to those introduced earlier for orbitals can be used to form symmetry-

adapted orbital products from the individual basis orbital products of the form

alzazzexmeym' , where m and m' denote the occupation (1 or 0) of the two degenerate

orbitals ex and ey. In Appendix III of Electronic Spectra and Electronic Structure of

Polyatomic Molecules , G. Herzberg, Van Nostrand Reinhold Co., New York, N.Y.

(1966) the resolution of direct products among various representations within many
point groups are tabulated.

When dealing with indistinguishable particles such as electrons, it is also
necessary to further project the resulting orbital products to make them antisymmetric
(for Fermions) or symmetric (for Bosons) with respect to interchange of any pair of
particles. This step reduces the set of N-electron states that can arise. For example, in
the above e2 configuration case, only 3A,, !A{, and !E states arise; the 3E, 3A, and

LA, possibilities disappear when the antisymmetry projector is applied. In contrast, for

an ele'l configuration, all states arise even after the wave function has been made
antisymmetric. The steps involved in combining the point group symmetry with
permutational antisymmetry are illustrated in Chapter 6 of this text as well as in

Chapter 10 of my QMIC text.
2. Direct Products in Selection Rules

Two states 1, and Py, that are eigenfunctions of a Hamiltonian Hy in the

absence of some external perturbation (e.g., electromagnetic field or static electric
field or potential due to surrounding ligands) can be "coupled" by the perturbation V
only if the symmetries of V and of the two wave functions obey a so-called selection

rule. In particular, only if the coupling integral

Jwvy,dr=Vap
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is non-vanishing will the two states be coupled by V .

The role of symmetry in determining whether such integrals are non-zero
can be demonstrated by noting that the integrand, considered as a whole, must contain
a component that is invariant under all of the group operations (i.e., belongs to the
totally symmetric representation of the group) if the integral is to not vanish. In terms

of the projectors introduced above we must have

N xS, S, ]
S

not vanish. Here the subscript A denotes the totally symmetric representation of
whatever point group applies. The symmetry of the product y,* V 1y, is, according to
what was covered earlier, given by the direct product of the symmetries of ,* of V
and of yp. So, the conclusion is that the integral will vanish unless this triple direct
product contains, when it is reduced to its irreducible components, a component of the
totally symmetric representation.

Another way to state the above result, and a way this is more often used in

practice, is that the integral f Y. Vi, dt will vanish unless the symmetry of the direct

product Vip, matches the symmetry of .. Only when these symmetries match will
the triple direct product contain a non-zero component of the totally symmetric
representation. This is very much the same as what we saw earlier in this Chapter
when we discussed how angular momentum coupling could limit which states
contribute to the second-order perturbation theory energy. The angular momenta of V
and of v, , when coupled, must have a component that matches the angular momentum
of p,.

To see how this result is used, consider the integral that arises in formulating
the interaction of electromagnetic radiation with a molecule within the electric-dipole

approximation:

Jw.ry,dr.

287



Here, r is the vector giving, together with e, the unit charge, the quantum mechanical

dipole moment operator

r=e EZan -e Er,.,

i

where Z;, and Ry, are the charge and position of the nth nucleus and rj is the position of
the jth electron. Now, consider evaluating this integral for the singlet n—>m™ transition
in formaldehyde. Here, the closed-shell ground state is of 1A} symmetry and the
singlet excited state, which involves promoting an electron from the non-bonding by
lone pair orbital on the Oxygen atom into the anti-bonding 7t* b; orbital on the CO
moiety, is of 1A symmetry (bjx by = ap). The direct product of the two wave function
symmetries thus contains only ap symmetry. The three components (X, y, and z) of the
dipole operator have, respectively, by, by, and a; symmetry. Thus, the triple direct

products give rise to the following possibilities:

a) x by = by,
a) x bp = by,
apxaj=ay.

There is no component of a; symmetry in the triple direct product, so the integral
vanishes. The alternative way of reaching this same conclusion is to notice that the
direct product of the symmetries of the mt* by orbital and the by lone pair orbital is a,
(b1x bz = ap), which does not match the symmetry of any component of the dipole

operator. Either route allows us to conclude that the n—x* excitation in formaldehyde

is electric dipole forbidden.
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4.3.10 Overview

We have shown how to make a symmetry decomposition of a basis of atomic
orbitals (or Cartesian displacements or orbital products) into irreducible representation
components. This tool is very helpful when studying spectroscopy and when
constructing the orbital correlation diagrams that form the basis of the Woodward-
Hoffmann rules that play useful roles in predicting whether chemical reactions will have
energy barriers in excess of thermodynamic barriers. We also learned how to form the
direct-product symmetries that arise when considering configurations consisting of
products of symmetry-adapted spin orbitals. Finally, we learned how the direct product
analysis allows one to determine whether or not integrals of products of wave functions
with operators between them vanish. This tool is of utmost importance in determining
selection rules in spectroscopy and for determining the effects of external perturbations

on the states of the species under investigation.

4.4 Character Tables

Point Group Character Tables

Cq ‘ E

A ‘ 1

Cs ‘ E Oh

A' 1 1 XayaRZ Xzayzazzaxy
A" 1 -1 z,Rx,Ry yZ,XZ

c e o] |

Ag ‘ 1 1 ‘ Ry.Ry,R; ‘ x2,y2,72,Xy XZ,yzZ
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Ay -1 ‘ X,Y,Z ‘
0|8 o] |

1 ZaRZ Xzayzazzaxy
B -1 X,¥,Rx,Ry yZ,XZ
Dy C(z)  Coy) Ca(x)

A 1 1 1 x2,y2,72
B; 1 -1 -1 z,R, Xy
B> -1 1 -1 y.Ry XZ
B3 -1 -1 1 X,Rx yz
D3 2C3 3C,

Aq 1 1 x2+y2 72
Ap 1 -1 z,R,
E -1 0 (X,y)(Rx.Ry) (x2-y2 xy)(x2,yz)
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Dy 2C4 Cy 2C) 2Cy"
(=C4?)
A I 1 1 1 x2+y2,72
As 1 1 -1 -1 ZR,
By 1 1 1 -1 x2-y2
B, -1 1 -1 1 Xy
E 0 ) 0 0 (x,y)(Rx,Ry) (xz,y2)
Cay C ov(xz)  0V'(yz)
A 1 1 1 z x2,y2,72
Ay 1 -1 -1 R, Xy
B; -1 1 -1 X,Ry XZ
B, -1 -1 1 v,Rx vz
Csy 2C3 30y
A 1 1 z x2+y2,72
Ay 1 -1 R,
E -1 0 (X.Y)(Rx,Ry) (x2-y2,xy)(x2,yZ)
Cay 2C4 C 20y 204
Al 1 1 1 1 z x2+y2,72
As 1 1 -1 -1 R,
B, 1 1 1 -1 x2-y2
B, 1 1 1 1 Xy
E 0 %) 0 0 (x,¥)(Rx.Ry) (xz,yz)
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Con C 1 Oh

Ag 1 1 1 R; x2,y2,72,xy
Bg -1 1 -1 Rx,Ry XZ,yZ
Ay 1 -1 -1 z

By -1 -1 1 X,y
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D2h Ca(z) Coy) C(x) 1 oxy) o(xz) o(yz)

Ag 1 1 1 1 1 1 1 x2,y2,72

Big 1 1 1 1 1 1 1| Ry Xy

Bag 1 1 1 1 -1 1 1| Ry X7

B3g 1 1 1 1 -1 1 1| Ry vz

Ay 1 1 1 1 -1 1 1

Blu 1 1 S | 1 1 |z

Bou 1 1 1 -l 1 1 1|y

B3y 1 1 1 - 1 1 I

Dsn | E 2C3 3C,  Oh  2S3 30y

Al |1 1 1 1 1 1 x2+y2 72

Ay |1 1 1 1 1 1 R,

E 2 - 0 2 -l 0 (x,y) (x2-y2,xy)

A1 1 | | 1

A" 1 N | 1 z

E" |2 -1 0o -2 1 0 (Rx,Ry) (xz,y7)
Dan 2C4 Cp 2C 2Cy" i 2S4 Oh 20y 204
Alg 1 1 T 1 1 1 1 1 x2+y2,72
Agg 11 1 a1 1 1 1 -1 A R,
Big 1 1 1 1 1 1 1 1 1 x2-y2
Bag B T AR U T R B Xy
Eg 0 2 0 0 2 0 2 0 0| RuRy| (zy2
Al 111 S ER TS IR S|
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(xy)
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Deh | E 2C¢ 2C3 Cp 3Cp' 3C" 1 283 2S¢ Onh 304 30y
Arg | 1 1 1 1 1 1 1 1 1 1 1 1 x2+y2,72
Agg | 1 1 1 I -1 -1 1 1 1 I -1 -1 R,
Big| 1 -1 1 -1 1 -1 I -1 I -1 1 -1
By | 1 -1 1 -1 -1 1 I -1 I -1 -1 1
Eig | 2 1 -1 2 0 0 2 1 -1 -2 0 0 | (Re.Ry) | (x2,y2)
By | 2 -1 -1 2 0 0 2 -1 -1 2 0 0 (x2-y2,xy)
A | 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
Axy | 1 1 1 I -1 -1 -1 -1 -1 -1 1 1 z
Biw| I -1 1 -1 1 -1 -1 1 -1 I -1 1
By | I -1 1 -1 -1 1 -1 1 -1 1 1 -1
Eiw | 2 1 -1 2 0 0 -2 -l 1 2 0 0 (x,y)
Exw | 2 -1 -1 2 0 0o -2 1 1 -2 0 0
Doy E 2S4 C 2C 204
A 1 1 1 1 1 x2+y2 72
Ay 1 1 1 -1 -1 R;
B 1 -1 1 1 -1 x2-y2
B> 1 -1 1 -1 1 z Xy
E 2 0 -2 0 0 (%,¥)(Rx,Ry) (xz,yz)
D34 E 2C; 3Cy 1 2S¢ 304
Alg 1 1 1 1 1 1 x2+y2,72
Agg 1 1 -1 1 1 -1 R;
Eg 2 -1 0 2 -1 0 (Rx,Ry) (x2-y2,xy)(xz,yzZ)
Alu 1 1 1 -1 -1 -1
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Aoy 1 -1 -1 -1 z
Ey -1 0 -2 1 xy)
S4 E S4 Cy S43
1 1 1 1 Rz x2+y2,72
1 -1 1 -1 z x2-y2,xy
1 i -1 4 (x,¥)(Rx.Ry) (xz,yz)
{1 - -1 i }
T 4C3 4C52 3Cy e=exp(2mi/3)
1 1 1 x2+y2+72
E € g* (222-x2-y2 x2-y2)
Uk e 4
T 0 0 -1 (RX9RyaRZ)(XaYaZ) (XanZayZ)
Th E 4C3 4C32 3Cy 1 4S¢ 4Sg>  3on e=exp(2mi/3)
Ag 1 1 1 1 1 1 1 1 x2+y2+z2
Ay 1 1 1 1 -1 -1 -1 -1
Be| g1 & & 1 1 & e (222-x2-y2,
e* € 1 1 e* €
1 1 x2-y2)
Ey 1 € e* 1 -1 -€ |
1 e* € 1 -1 -g* -€ -1
Ty 3 0 0 -1 1 0 0 -1 (Rx,Ry,R7)
Ty 3 0 0 -1 -1 0 0 1 (x,y,2) (xy,xz,yz)
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Tqg| E 8Cs 3Cy 6S4 604
A | 1 1 1 1 1 x2+y2+z2
Ay | 1 1 1 -1 -1

E|2 -l 2 0 0 (222-x2-y2 x2-y2)
Ty 3 0 -1 1 -1 (Rx,Ry,R7)
Ty | 3 0 -1 -1 1 (x,y,2) (xy,xz,yz)

O E 6C4 3Cy 8Csz  6Cy

(=C4?)
Ay 1 1 1 1 1 x2+y2+72
Aj 1 -1 1 1 -1
E 2 0 2 -1 0 (222-x2-y2 x2-y2)

Ty 3 1 -1 0 -1 (Rx,Ry,Rz)(x,y,2)

Ty 3 -1 -1 0 1 (xy,xz,yz)

Onp 8Csz 6Cp 6C4 3Cy i 6S4 8S¢ 3on 604

(=C4?)

Alg 1 1 1 1 1 1 1 1 1 x24+y2+72
Agg 1 -1 -1 1 I -1 1 1 -1

Eg -1 0 0 2 2 0 -1 2 0 (222-x2-y2,

X2_y2)

Tig 0 -1 1 -1 3 1 0 -1 -1 (Rx,Ry,R7)

Tog 0 1 -1 -1 3 -1 0 -1 1 (xy,xz,yz)
Ay 1 1 1 1 -1 -1 -1 -1 -1
Aoy 1 -1 -1 1 -1 1 -1 -1 1
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Ey -1 0 0 2 -2 0 -2 0

Tiu 0 -1 1 -1 30 -1 1 1 (x,y,z)
Tou 0 1 -1 -1 -3 1 1 -1

Cooy E 2C® ©0y

A==t | 1 1 1 z x2+y2, 72

Ar=3- 1 1 -1 R,

E=I1 | 2 2Cosd 0 (%,¥)(Rx,Ry) (xz,yz)

Er=A 2 2Co0s2d 0 (x2-y2 xy)

Ez=® 2 2Cos3d 0
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Dopn | B 2C® we Oy i 2S,® e 0Cp

S I .. 11 1 L1 ty2 22
Z, 1 1 -1 1 1 -1 R,

I 2 2Cos® .. 0 2 2Cos® ... 0 | (RxRy) (x2,yz)
Ag 2 2Cos2d .. 0 2 2C0s82® ... 0 (x2-y2,xy)
S| 1 1 1 1 1 z

e |1 1 S 1 1

My | 2 2Cos® ... 0 -2 2Cos® 0 (x,y)

Ay | 2 2C020 ... 0 -2 -2Co0820 .. 0

4.5 Time Dependent Perturbation Theory

When dealing with the effects of external perturbations (e.g., applied fields,
collisions with other species), one needs to have a way to estimate the probabilities and
rates of transitions among states of the system of interest induced by these perturbations.
Time-dependent perturbation theory (TDPT) offers a framework within which such
estimates can be achieved.

In deriving the working equations of TDPT, one begins with the time-dependent

Schrodinger equation

ih% =[H'+V()]¥

in which H° is the Hamiltonian for the system whose transitions are to be probed, and
V(t) is the perturbation caused by the external field or the collision. The wave function
that solves this equation is expanded in an order-by-order manner as in conventional

perturbation theory
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0 . E° I
W=y (r)exp(—zt7)+w + ...

Here 'is the eigenfunction of H’ from which transitions to other eigenstates (denoted

w;).) of H’ are being considered. Because, in the absence of the external perturbation

0
V(t), the states of H are known to vary with time as exp(—it —f) , this component of the
y p 5 p

time dependence of the total wave function is included in the above expansion. Then, the

first-order correction ' is expanded in terms of the complete set of states {UJ?} after

which the expansion coefficients { C}.(t) } become the unknowns to be solved for
1 0 . E(]Z Cl
v = Juy(exp(-it=)Ci (o).
7

It should be noted that this derivation treats the zeroth-order states {1’ and UJ;)- tas
eigenfunctions of H’. However, in most practical applications of TDPT, {y° and UJ?} are

not known exactly and, in fact, are usually approximated by using variational or
perturbative methods (e.g., to treat differences between HF mean-field and true
Coulombic interactions among electrons). So, the derivation of TDPT that we are
pursuing assumes the {1\’ and UJ?} are exact eigenfunctions. When the final TDPT
working equations are thus obtained, one usually substitutes perturbative or variational
approximations to {1\’ and UJ;)-} into these equations.

Substituting the order-by-order expansion into the Schrodinger equation gives,

for the left- and right-hand sides,

Ej ) dC(1)

in?Y _ E%° exp(—itE—O) + E{E%,uo(r) exp(~it E—-(f))c1 (t) - ihy’ (r)exp(-it }
ot - not ! nooodt

and
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0 0

0
[H° + V()W = E%° exp(-it %) + E EJy; (r)exp(-it %)C}(z‘) + V(' exp(-it %),
S

respectively, through first-order. Multiplying each of these equations on the left by the

complex conjugate of a particular UJ;)- and integrating over the variables that H’ depends

on produces the following equation for the unknown first-order coefficients

—ih

dC (1) (E° - E?))_
t

=<y V() ly°(r) > exp(—itT‘

The states v° anqu? can be different electronic states, vibrational states, or rotational

states. In Chapter 15 of my book Quantum Mechanics in Chemistry referred to in
Chapter 1, I treat each of these types of transitions in detail. In the present discussion, I
will limit myself to the general picture of TDPT, rather than focusing on any of these
particular forms of spectroscopic transitions.

To proceed further, one needs to say something about how the perturbation V(t)
depends on time. In the most common application of TDPT, the perturbation is assumed
to consist of a term that depends on spatial variables (denoted v(r)) multiplied by a time-
dependent factor of sinusoidal character. An example of such a perturbation is provided

by the electric dipole potential

V(t)=E*[eY Z,R, - e r]cos(wr)

i

characterizing photons of frequency w interacting with the nuclei and electrons of a

molecule. £°¢[e » Z R —e ) r,] is the spatial part v(r) and cos(mt) is the time-
n n 1 p p

l

dependence.
To allow for the possibility that photons over a range of frequencies may

impinge on the molecules, we can proceed with the derivation for photons of a given
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frequency w and, after obtaining our final result, average over a distribution of
frequencies characterized by a function f(w) giving the number of photons with
frequencies between w and w + dw. For perturbations that do not vary in a sinusoidal
manner (e.g., a perturbation arising from a collision with another molecule), the
derivation follows a different path at this point (later in this Chapter, I offer an example).
Because spectroscopic time-dependent perturbations are extremely common in
chemistry, we will focus much of our attention to this class of perturbations in this
Chapter. For the reader who wishes a more complete and diverse treatment of TDPT as
applied to chemistry, I suggest the text Radiation and Noise in Quantum Electronics, W.
H. Louisell, R. E. Krieger, Pub., Huntington, N. Y. (1977) as well as my text Quantum
Mechanics in Chemistry mentioned above.

To proceed deriving the working equations of TDPT, the above expression for
V(1) is inserted into the differential equation for the expansion coefficients and the
equation is integrated from an initial time ¢; to a final time t,. These times describe when
the external perturbation is first turned on and when it is turned off, respectively. For
example, a laser whose photon intensity profile is described by f(w) might be pulsed on
from t; to t;, and one wants to know what fraction of the molecules initially in \° have

undergone transitions to each of the UJ?. Alternatively, the molecules may be flowing in

a stream that passes through a laser light source that is continually on, entering the laser
beam at t; and exiting from the laser beam at t,. In either case, the molecules would be
exposed to the photons from t; until t;. The result of integrating the differential equation

is

1 -1 ¥ 0 0 : . . (EO B E]Of)
C,(n)= ﬁf< Y, 1v(r) 1Y~ (r) >[exp(ior) + exp(~iwr)]exp(—it —————

fo

)dt

= Z_T;z f< w;ﬂ lv(r) |1.U°(r) > [exp(i(w + wf’o)t) +exp(—i(w - wf,o)t)]dt
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exp(i(w + w; \)t,) —exp(i(w + w, )1, s exp(—i(w -, )t ;) —exp(=i(w — w, ()1,

(w+w,,) (w-w;,)

-1
=%<wﬁ lv(r) 1y (r) >

where the transition frequencies w;,are defined by

0 0
o - E,-E
f0 h
and t is the time interval t,—t;.
Now, if the frequency w is close to one of the transition frequencies, the term

with (w-w;,) in the denominator will be larger than the term containing (w-w;,). Of

course, if UJ? has a higher energy than v°, so one is studying stimulate emission

spectroscopy, wg, will be negative, in which case the term containing (w+w;,) will
dominate. In on-resonance absorption spectroscopy conditions, the above expression for

the first-order coefficients reduces to

CH(= < ) 1y () >

exp(—i(w - a)fgo)tf) —exp(-i(w - a)f,O)ti)
(w-w;,)

].

The modulus squared of this quantity gives a measure of the probability of observing the

system in state UJ? after being subjected to the photons of frequency w for a length of

time t.

< 1/)2 lv(r) 1y’ (r) >P [2{1 —cos((w-w,,)1)}

ICL(¢) =
! 4n® (w-w,,)

]

_ < 1/);). lv(r) lyp° (r) > sin®(1/2(w - W, )1))

h? (w-w,,)
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sin®(1/2(w - w, 0)1)) . oo _
. is plotted in Fig. 4.4 for a given value of t as

The function >
(w-w f,o)

function of w. It is sharply peaked around w = w;,, decays rapidly as I(w - w;)l
increases, and displays recurrences of smaller and smaller intensity when (w - wg)t

passes through multiples of .

Intensity

sin’(1/2(w - @, )1))
(CU - a)f,())2

Figure 4.4 Plot of vs w for a given value of t.

At larger values of t, the main peak in the plot of this function becomes narrower and

higher such that, in the t —c0 limit, the area under this plot approaches tm/2:

in’(1/2(w - t
Area = fsm (172(@ a)g’o) ))da)= tz.
(a)—a)f’o) 2

a

The importance of this observation about the area under the plot shown in Fig.

4 4 can be appreciated by returning to our result
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< 1/}/9 lv(r) 1y’ (r) >F sin*(1/2(w - W, )1))

1C (1) P=
f h2 (w_wqu)Z

and introducing the fact that the photon source used to induce the transitions being
studied most likely is not perfectly monochromatic. If it is characterized, as suggested
earlier, by a distribution of frequencies f(w) that is broader than the width of the large
central peak in Fig. 4.4 (n.b., this will be true if the time duration t is long enough), then

when we average IC‘lf(t) > over f(w) to obtain a result that directly relates to this kind of

experiment, we obtain

}f(a)) |C}(t) Pdaw = ky; |V(r)2|1p (r) >l }f(w) sin“(1/2(w _w‘zf'o)t)) "
- h - (@ _wf,o)

L l< q)? lv(r) Iwo(r) Pt
B 2

fw,)=<IC} P>

We are allowed to write the integral over w as ranging from - to + because the
function shown in Fig. 4.4 is so sharply peaked around w;, that extending the range of
integration makes no difference. We are allowed to factor the f(w) out of the integral as
f(w;,) by assuming the light source’s distribution function f(w) is very smoothly varying
(i.e., not changing much) in the narrow range of frequencies around w;, where the
function in Fig. 4 4 is sharply peaked.

The result of this derivation of TDPT is the above expression for the average

probability of observing a transition from state y° to state UJ?. This probability is seen to

grow linearly with the time duration over which the system is exposed to the light
source. Because we carried out this derivation within first-order perturbation theory, we
should trust this result only under conditions where the effects of the perturbation are
small. In the context of the example considered here, this means only for short times.

That is, we should view

A 1/)_?. lv(r) Iy’ (r)>P ¢
2h°

flw,q) =<l C} >
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as expressing the short-time estimate of the probability of a transition from y° to UJ;)- and

_ 7l 1/}2 lv(r) 1y’ (r) >P

Rate 5
2h

f(wf,o)

: d<IC, P> : L . - :
(obtained as d—f) as expressing the initial rate of such transitions within the first-
4

order TDPT approximation.

It should be noted that the rate expression given above will not be valid if the
time duration t of the perturbation does not obey w;,t >> m; only when this condition is
met an the function shown in Fig. 4.4 be integrated to generate a probability prediction
that grows linearly with time. So, one has to be careful when using pulsed lasers of very
short duration to not employ the simplified rate expression given above (e.g., 1 eV
corresponds to a frequency of ca. 2.4 x10"s™, so to study an electronic transition of this
energy, one needs to use a light source of duration significantly longer than 10™*s to
make use of the simplified result).

The working equations of TDPT, given above, allow one to estimate (because
this is a first-order theory) the rates of transitions from one quantum state to another
induced by a perturbation whose spatial dependence is characterized by v(r) and whose
time dependence is sinusoidal. The same kind of coupling matrix elements

< I/J?. lv(r) 1yp°(r) > as we experienced in time-independent PT govern the selection rules

and intensities for these transitions, so there is no need to repeat how symmetry can be
used to analyze these integrals.
Before closing this treatment of TDPT, it is useful to address a few issues that

were circumvented in the derivation presented above.

1. In some cases, one is interested in transitions from a particular initial state y°(r) into
a manifold of states that exist in a continuum having energies between E J?. and

E? + dE;). This occurs, for example, when treating photoionization of a neutral or

photodetachment of an anion; here the ejected electron exists in a continuum wave
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function whose density of states p(EJ?.) is given by the formulas discussed in Chapter 2.

In such cases, the expression given above for the rate is modified by summing over all

final states having energies within EJ?. and E? + dE;). Returning to the earlier expression

[ oD < V) Iy () }f(w) i’ (120 -w,)0) |

h (w-w,,) /

—o0

using dE}). = hdw, ,, and assuming the matrix elements < I/J?. lv(r) 19°(r) > do not vary

102
significantly within the narrow range between EJ?. and E? + dE;), one arrives at a rate

expression of

_ 7l 1/}2 lv(r) 1y’ (r) >P
2h

Rate f(wfo)p(E}))

which is much like we obtained earlier but now contains the density of states p(EJ?.) .In

some experiments, one may not have only a single state 1°(r) that can absorb light of a
given frequency w; in such a situation, attenuation of the light source at this frequency
can occur through absorptions from many initial states 1°(r) into all possible final states
UJ? whose energy differs from that of the initial state by Zw. In this case, the correct
expression for the total rate of absorption of photons of energy 7w is obtained by
averaging the above result over the probabilities P; of the system being in various initial

states (which we label 1,1)[.0 ):

S 1/}2 v(r) 1y (r) >F
2h

Rate = Y P, flo, )p(ENS(@-w,)).

Here the d(w - w, ) function guarantees that only states y! and UJ? whose energies

differ by Zw are permitted to enter the sum. The nature of the initial-state probability P,
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depends on what kind of experiment is being carried out. P; might be a Boltzmann
distribution if the initial states are in thermal equilibrium, for example.

)
sin“(1/2(w - w, )t
{7 r0)1) is plotted for one value of t as a function

2. In Fig. 4.4 the function >
(w-w;,)

of w. There also appear in this figure, dots that represent experimental data. These data
were obtained by allowing a stream of HCN molecules to flow through a laser beam of
width L with the laser frequency tuned to w. From the flow velocity v of the HCN
stream and the laser beam width L, one can determine the duration over which the
molecules were exposed to the light source t = L/v. After the molecules exited the laser
beam, they were probed to determine whether they were in an excited state. This
experiment was repeated for various values of the frequency w. The population of
excited states was then plotted as a function of w to obtain the data plotted in Fig. 4.4.
This experiment is described in the text Molecules and Radiation,J. 1. Steinfeld, MIT
Press, Cambridge, Mass. (1981). This kind of experiment provided direct proof of the
oscillatory frequency dependence observed in the population of excited states as
predicted in our derivation of TDPT.

3.To give an example of how one proceeds in TDPT when the perturbation is not
oscillatory in time, let us consider an atom located at the origin of our coordinate system
that experiences a collision with an ion of charge x whose trajectory is described in Fig.

45.

(vt,D,0)

Figure 4.5 An atom (at the origin X =Y =Z = 0) undergoing a collision with an ion of

charge x moving along the X-axis with constant velocity v.
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As an approximation, we assume

(1) that the ion moves in a straight line: X = vt, Y = D, Z =0, characterized by an impact
parameter D and a velocity v (this would be appropriate if the ion were moving so fast
that it would not be deflected by interactions with the atom),

(2) that the perturbation caused by the ion on the electrons of the atom at the origin can

be represented by

N

-y X
=lr-R
where r,is the position of the i" electron in the atom and R = (vt, D, 0) is the position of
the ion. The time dependence of the perturbation arises from the motion of the ion along

the X-axis.

Writing the distance |7, — R | as

7= R A(x, = vi)* + (y; - D)* + 2

and expanding in inverse powers of 4/D” + (vf)” we can express the ion-atom interaction

potential as

N

o X —x(vtx + Dy, +17)
=) T
Z'n RI El\/D +)? (DT+n)) '

The first term contains no factors dependent on the atom’s electronic coordinates, so it
plays no role in causing electronic transitions. In the second term, the factor r” can be
neglected compared to the vx, + Dy, terms because the ion is assumed to be somewhat
distant from the atom’s valence electrons.

To derive an equation for the probability of the atom undergoing a transition

from y°(r) to UJ? , one returns to the TDPT expression
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(E' - E)

dC' (t
_in 2@ =)
dt h

=<y IV () 19°(r) > exp(-it

and substitutes the above expression for the perturbation to obtain

dcy(n __1 "y E ~x(vix, + Dy,) .(EO—E,?))

d (D2 RO |y (r) > exp(-it

This is the equation that must be solved to evaluate C}. by integrating from t=-% to t =

+o (representing the full collision with the ion starting far to the left on the X-axis and
proceeding far to the right).

There are two limiting cases in which the solution is straightforward. First, if the
time duration of the collision (i.e., the time over which the ion is close to the atom) D/v

is long compared to w;; where

(E' - E))

then the integrand will oscillate repeatedly during the time D/v as a result of which the

integral

dC, (t)
f

will be vanishingly small. So, in this so-called adiabatic case (i.e., with the ion moving

slowly relative to the oscillation frequency wy), electronic transitions should not be

0 0
- E°
expected. In the other limit w;,D/v << 1, the factor exp(-it Tf) will remain

approximately equal to unity, so the integration needed reduces to
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-17% o —x(vix, + Dy,)
Cl=— <yl y L2 —2if
f it :£ wf & (D2 + (vt)2)3/2

ly°(r) > dt .

The integral involving vtx; vanishes because vt is odd and the remainder of the integrand
is an even function of t. The integral involving Dy; can be performed by trigonometric
substitution (vt = D tan(0) so the denominator reduces to D* (1+(sin6/cos0)?)** =

D’/(cos0)’) and gives

-2x 0 c 0
C! = < IE | r)>.
= <V Hy,w()

This result suggests that the probability of a transition
. 4x 0\ 0 2
I} = —ap <y 1Yy, 1y (r) >
i=1

should vary as the square of the ion’s charge and inversely with the speed of the
collision. Of course, this result can not be trusted if the speed v is too low because, then
the condition w;,D/v << 1 will not hold. This example shows how one must re-derive
the equations of TDPT when dealing with perturbations whose time-dependence is not

sinusoidal.

4.6 Chapter Summary
In this Chapter, you should have learned about the following things:
1. Rayleigh-Schrodinger perturbation theory with several example applications.
2. The variational method for optimizing trial wave functions.
3. The use of point group symmetry.
4. Time dependent perturbation theory, primarily for sinusoidal perturbations

characteristic of electromagnetic radiation.
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