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Newton’s equations:

F = ma = mg = p

Force Is the gradient of the potential:

F = —0oV(g)/oq

— m§ = p = -0V(q)/oq Newton’s Equations
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Hamilton’s equations:

Define total energy = Hamiltonian, #:

q = o7(p.a)/op
. Hamilton’s Equations
p = -07(a, p)/oq

it JH(p.q) = T(p)+V(a) = p*/2m+V(q)
g = p/m

-0V (q)/0q

p
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Lagrangian Mechanics:

Define Lagrangian L:

£(@,9) = 7(q)-V(aq)

d(oc oL .
——| = — Euler-Lagrange Equations
dt\ og og

it £(0,q) = T@)-V(@ = md*-V(q)

— mj = p = -0V(q)/aq



‘ d@\' Prelude: Classical Mechanics e
& Tully
ho

Hamilton-Jacobi Equation:

Define Hamilton’s Principle Function S:

S = j pdg =*“classical action” integral
) = -H q,ﬁ—‘g Hamilton-Jacobi Equations
ot q
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Objective: ihﬁql(r,R,t) = #(r,R)¥(r,R,t)

AN
r = electrons R = nuclei

LR Wik

o

Hy(r;R)®, (r;R) = £ /(R)D

Adiabatic (Born—Oppenheimer;\D

Potential Energy Surface
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Born-Oppenheimer Approximation:
¥Y(r,Rt) = @, (r;R)Qj (R,t)

Substitute into TDSE, multiply from left by CD’JT (r;R) , integrate over r:
9,

ihan(R,t) = <®,(r,R)[#H,|D,(r,R)>Q (R1)
{—Zzﬁj <CDj(r,R)|V§a(I)j(r,R)Qj(R)>}
= £,(R)Q,( Z [ <®,(r,R)|®(r,R)>Vy

(04

+2<(I)j(r,R)|VRaCDj(r,R)>VRa +<®,(r,R)|V; @, (r,R)> |Q;(R,1)
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Born-Oppenheimer Approximation:

ih%ﬂj(R,t) = &, (R)Q( Z

+2<®,(r,R)|V, ®,;(r,R)>V, + <CI)j(r,R)|V§a(Dj(r,R)> 19 (R,1)

2
<(Dj(r,R)|(Dj(r,R)>VRa

Ve <O;(r,R)|D;(r,R)> = V. (1) = 0
= <O,(r,R)V, ©,(r,R)>+<V, ®,(r,R)|®,(r,R) >

9 n”
i, (R) = £, (R)Q; (Rt) =D o

t a a
2
+ <O, (r, R)W-&7(r,R) > Q;(R,1)
207?

Ve Q(R)
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Born-Oppenheimer Approximation:

ih%ﬁj(R,t) = - " Ve Q,(R)+E;(R) Q; (R,t)

where E;(R) <@;(r,R)|Hy |®,;(r,R)>
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10 (Rt) = {_z LR Ej(R)}Qj(R,t) &

ot ~2M
i
Qj(RY) = Aj(Rt)exp[S;(R,)] o)
Substitute (2) into (1) and separate real and imaginary parts:
n?2 Vi A
—> i = — - V S R _ a )
Z W SF - ER)-Zo T @
) 1
> A = Z (2[Vy Al[V, S;1-AVE S, | (%)

2M |
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Compare Eg. (3) with Hamilton-Jacobi Equation:

(3)

the “quantum potential”—)

h2 00 S = —Z—[V S, - (R)
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The Hellman — Feynman Theorem:

d d
d—RQEj(R) = d—R<(Dj(R) | 7 (R) | (DJ'(R)>

subject to <CDJ-(R)|CDJ-(R)> =1

and  H,(R)|®(R)) = E((R)|D(R))

d ) d#f, (R)
B (R) = <<I>,-(R)| i |<1>,-(R)>

d d
+<d—RCDj(R)|5L[e|(R)ICIDj(R)>+<CI>j(R)|5L[e,(R)|d—chj(R)>
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The Hellman — Feynman Theorem:

d ) d#f, (R)
FER) = <c1>,-<R)| - |<1>,-(R)>

d d
HE @RI RN, R))+(0,R) 5, L0, (R))

d B d#, (R)
—Ei(R) = <(D,-(R)| iR ICDJ-(R)>

dR
r d
+E;(R) RdR(Dj(R) | ®1(R)> " <(DJ'(R) |CIR(DJ-(R)H
N _/

v

— - L le,®i0,®)] - 0
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QM/MM Approach:
/— empirical force field

ab initio

Brownian ‘
dynamics

‘0 “

0.

@ ieect
‘ dielectric

continuum

generalized Langevin
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ddc _ oc
dt dg oq

Classical Lagrangian: L = T-V = Z;I\/IQF\"Z—EJ-(R)

Euler-Lagrange equations:

— M_,R, = -0&,(R)/CR,
Car-Parrinello Lagrangian: £ = Z;MQRZ —<Y¥, |Hy|¥, >
D M <100 >+ D A< 0, |9y > =8,,]

— MR, = -0<V¥,|#,|¥,>/0R,

— /ungbn — _5<\Pj|~7[ell\{’j>/5¢:+z/1nm¢m
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0 5 %94 40 15 20
Internuclear Separation (A)




. Park Cit
‘ & V. Beyond Born-Oppenheimer June 2005
\ Tully
ho

VrR) O (FRIQR) > W(ER) - Yo (rR)IAR)

Substitute into TISE, multiply from left by o (r;R) integrate over r:

_ h—;%:M;lszan(R)‘l‘fj(R) Q;(R)-EQ;(R) =
_h_;; D, (R) @ (R) + hz% d;(R).-V, &(R)

where nonadiabatic (derivative) couplings are defined by:

- _ZM—lj{ R)[V, @(r,R)]}dr
- —Za:MjJ.{CDi (r.R) [V} @,(r,R)]ldr
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Potential Energy Curves
for the
Oxygen Molecule
10
from %
R. P. Saxon and B. Liu, g
J. Chem. Phys. 1977 =
o
5
0 'XE“\-,/ I AR

1

2 3

internuclear distance (A)
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Nonadiabatic Transitions at Metal Surfaces: Electron-Hole Pairs
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Vibrational Lifetime of CO on Cu(100)

v=1 — v=20

Molecular Dynamics: t ~ 103s.

Experiment (A. Harris et al.): t = 2.5 ps.
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(ionic)

(neutral)

_____

g B off-diagonal coupling: H,,
°
o
I ! ' I
5 5 69A 40 15 20

Internuclear Separation (A)
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_ Hi;(R) H,(R)
}[(R) ) {le(R) sz(R)}

/I
/ The Non-Crossing Rule
E(R)
/\ “diabatic” potential energy curves
— 7 THuR)
R
£, (R) = “ulHRR) L2 fH (R HLRIF + AL (RT

2 2
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Hll(R) HlZ(R)
{le(R) sz(R)}

The Non-Crossing Rule

ER) 2H ]

& “diabatic” potential energy curves

adiabatic potential
energy curves

H,,(R)+H,, (R) N 1

5 2\/[Hn(R)_sz(R)]2 +4[H12(R)]2
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The non-crossing rule
for more than 1 degree
of freedom:
“Conical Intersection”
Conical Intersection
(C1)

N degrees of freedom:

TS Product B N-2 dimensional “seam”
Ground State

Product A

£ (R.R,) = Hu(RuR) +Hy,(RLR,) | 1

: ATHL(RuR) — o (RURT + 4A[H, (R R, )T
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Thanks to Rick Heller
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E(R)

‘) - -
o The Massey Criterion:
/
Z AEAt > T
N AE =~ 2 H12

\ 0

A .

At

~ distance/velocity

~ 2H,/|6(H,,—H,,)/R|/R

~ 2Hy,/|0(H;; —H,,)/0R|

7R | 5(H11 B sz)/aRl

> << 1 —— adiabatic
4H,



. Park Cit
‘ & V. Beyond Born-Oppenheimer June 2005
\ Tully
ho

E(R)

()
_ Z Landau-Zener Approximation
7,
Assumptions:
P -~ > N 1. Hy; and H,, linear
_ ~ N 2. H,, constant
3. Velocity constant
R
—27H
I:)nonad ~ exp :
_hR | 5(H11 - sz)/aR |_
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e Classical motion induces electronic transitions
e Quantum state determines classical forces

— Quantum — Classical Feedback: Self-Consistency
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TWO GENERAL MIXED QUANTUM-CLASSICAL
APPROACHES FOR INCLUDING FEEDBACK

Ehrenfest (SCF) Surface-Hopping
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.. oY (r,t
17 ( ) — j[eILP(r’t) R(t)
ot j ‘
Y(r,t) = Zci(t) ®.(r;R) (adiabatic states)
de, /dt = —%ijcj—I.?-Z<6Dj(r;R)|VRCDi(r;R)>Ci



' . Park Cit
MO & V. Beyond Born-Oppenheimer June 2005
\ Tully
ho

ov(r,t)

7 ot = H,Y(r,t) “\ | R(t)

Classical path must respond self-consistently to
guantum transitions: “quantum back-reaction”

Ehrenfest and Surface Hopping differ
only in how classical path is defined
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ihag\P(r,R,t) = #(r,R)¥(r,R,t) (1)
t

Self-consistent Field Approximation (fully quantum):

¥(r,Rt) = E(r,t)Q(R,t)epojEr(t ')dt} (2)

Substituting (2) into (1), multiplying on the left by Q(R,t) and integrating
over R gives the SCF equation for the electronic wave function E(r,t):

 OZ(r,t n° _ ; —
i ﬂ(t ) = —RZVf:(r,t)+VrR(r,R)a(r,t) 3)

e |

where V. (r,R) = [Q'(R,t)Ve(r,R) Q(R,t) dR (4)
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Substituting (2) into (1), multiplying on the left by =(r,t) and integrating
over r gives the equivalent SCF equation for the nuclear wave function Q(R,t)

MV (R
+j R)E(r,t)dr Q(R,t)

()

The classical (Ehrenfest) limit requires 2 steps:
1. Replace Q(R,t) with a delta function in Eq. (4)

2. Take the classical limit of Eq. (5) (eg. using the Bohm formulation as above).

Thus, the potential energy function governing the nuclei becomes
I = (r,t)#,(r,R)E(r,t)dr instead of the adiabatic energy ;(R).
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ov(r,t)

17 p = ?[el‘lf(r,t)‘\' R(t)

M R(t)




_ . Park Ci
‘ & V1. Ehrenfest Dynamics June 2005
\ Tully
ho

MR@E) = —V.<¥@)|, P>

Problem:
single configuration
- average path
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ov(r,t)

17 ot — 7'[e|\11(r1t) ‘\ | R(t)
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Multi-Configuration Wave Function:

¥Y(r,R,t) = Z ®,(r,R)Q;(R,1)

Substitute into Schrodinger Eq and take classical limit:

- Surface Hopping

However, a rigorous classical limit has not been achieved !
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One Approach: Multi-Configuration Bohm Equations:

¥(r,R,t) = Z ®,(r,R) Q(R,1)

Q;(Rt) = A(R)exp|+S(R,t)]

. 1 h2 VZA.
Si = ———(V.S))’- E&/(R)- )
J ZM( R J) J( ) M Aj
smallh -
Si = —m (VaS))'~ E;(R)

— motion on potential energy surface |
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° ° 1
An = VRA#R—NAHVéSn -

2 A p[;(Sm—Sn)]
B | t

Surface Hopping:
Evaluate all quantities along a single path
Sum over many stochastic paths
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Multi-Configuration Theory: Surface Hopping

oW (t)
\h—= H (L

P o P (1) | | R(t)
1] MR(t) = -V, & . ie. motionon single p.e.s.

2] Stochastic “hops” between states so that probability = |c,|?

3] Apply instantaneous “Pechukas Force” to conserve energy

4] “Fewest Switches”: achieve [2] with fewest possible hops:
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Ic,|? = O 8 |cz|2 =0.7

(¢’
|
|
|

8 \

AT

tk tk+1

Stochastic Fewest Switches algorithm (2-state):
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Ic,|>=0.8 |c,|?=0.7

N /
Y (
.
8 |
[ 1
\¥—’
| X 7
I
2 .
| 1 3
|
tk tk+1

Stochastic Fewest Switches algorithm (2-state):
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Ic,|>=0.8 |c,|?=0.7

N /
N[
| |
8 ||
[
=
¥
1\ !
I
2 | |
|| 3
||
tktk+1

Stochastic Fewest Switches algorithm (2-state):
16,(K) P —fcy(k+D) [
P = ; |C2 (k) |2

0, e, (K) P <[c,(k+D) [

G K)F>le,(k+1)[
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0.8

0.7

0.6

0.5

0.4

0.3

Probability of upper state

0.2

0.1

Surface

Hopping —\
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momentum (a.u.)
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VII. Surface Hopping
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1.0
Q
8 08 [
(7))
5 B Surface
2 06 Hopping —\
-]
© |
> 0.4
% |
8 0.2
o
b 00

| | | |

log,, kinetic energy (a.u.)
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ov(r,t)

17 ot — }[e|LP(r’t) *_\ | R(t)

V
\/b Nancy Makri Path

Jack Simons Path
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SHORTCOMINGS OF SURFACE HOPPING

1] Trajectories are independent
Trajectories should talk to each other

A %ﬂ\

guantum wave packet surface hopping

Fundamental approximation, but required to make practical
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SHORTCOMINGS OF SURFACE HOPPING

2] Too drastic: hops require sudden change of velocity

Consider swarm of trajectories —
trajectories hop stochastically at different times

%

- gradual evolution of flux
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SHORTCOMINGS OF SURFACE HOPPING

3] Trajectories should evolve on some effective potential,
not on a single adiabatic potential energy surface

Consider swarm of trajectories —
trajectories hop stochastically at different times:

b L

sources and sinks
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SHORTCOMINGS OF SURFACE HOPPING

4] Not invariant to representation

adiabatic representation diabatic representation

The natural representation for surface hopping is adiabatic
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SHORTCOMINGS OF SURFACE HOPPING
5] Quantum Mechanical Coherence Neglected —

—Hses-probabiiies;-hetampitudes— FALSE
Y(t) = ZCi ) o (R)

i .
i
0.08 T T g—
® Exact QM - - - - -
o N -IE H
=y X % os| Surface Hopping
0.04} g .
2 06 -
3 0.02} S
< 3
2= = 04
E—0.0Q' E 02 1
}_
s
| 8 00
o
-0.06F U
. o . 4 3 2 § 0 1
-0.085 -5 5 10

R (g.u.) Log Initial Kinetic Energy (a.u.)
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SHORTCOMINGS OF SURFACE HOPPING

6] Forbidden Hops (or frustrated hops)

Hopping algorithm calls for a hop but
there is insufficient kinetic energy

- probability on state k # |c,/2
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SHORTCOMINGS OF SURFACE HOPPING

/] Detailed Balance?

What are the populations of the guantum
states at equilibrium?

-~~~
7 N
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Detailed Balance: «; P;5, = N P,,; = Equilibrium

e Long Timescales

e Multiple Transitions
hv

v

» Relaxation Processes

\ 4

* Infrequent events
e.g., honradiative transition
VS. reaction on excited state
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Detailed Balance: N, Py, = N, P,
ov(r,t)

h— = %‘P(r,t)j RO

i .
dc,/dt = —%ijcj—R-Z<CI)J.(r;R)|VRcDi(r;R)>(:i

time reversible

P, = Poyy - Ic1]? = |cyl?

probabilities of each quantum state are equal: infinite temperature
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“In theories in which the reservoir is treated classically and

its effects on the system described in terms of random
functions instead of noncommuting operators, it follows that
W ,=W,,.. Thisis a serious shortcoming of all semiclassical
theories of relaxation.” K. Blum, Density Matrix Theory

and Applications, 2" Ed., (Plenum, NY, 1996).

However

This is N0t true for either Ehrenfest or Surface Hopping



e VIII. EqUilibrium in Mixed Park City
& Quantum-Classical Dynamics Ty

Ehrenfest (SCF)

P(Egu) J H (Eror — Eom ) €XP(=BE;or) dEor
0

<EQM> = _([EQM p(EQM)dEQM /!p(EQM)dEQM

N <EQM> _ 1 Aexp(=p4) e, F) = 1 exp(-SA)
B 1-exp(-$A) ’ BA 1—exp(-BA)
Boltzmann:
_ Aexp(-pA) A exp(=BA)
(Eau) 1+exp(—fA) lef) - L+ exp(-f A)
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Excited State Population vs. Inverse Temperature

KT _ exp(-AE/KT)

\ AE~ T-exp(-AE/KT)
-2 o .

\ Ehrenfest S
-4
6 Boltzmann x\

log,(population)

-8
2-state system
AE = 34.6 kJ/mole

0 0.001
UT (K)

-10 | |
0.002
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What about surface hopping ?

i .
dc,/dt = —%ijcj—R-Z<CI>J.(r;R)|VRcDi(r;R)>(:i

time reversible

Piso = Pos - Icq|? = |c,|?

probabilities of each quantum state are equal: infinite temperature
looks bad
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What about surface hopping ?

i .
dc,/dt = —%ijcj—R-Z<CI>J.(r;R)|VRcDi(r;R)>(:i

time reversible

Piso = Pos - Icq|? = |c,|?

but surface hopping probabilities # |c,|? frustrated hops
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ENERGY

ENERGY

I ] % frustrated hop!
1 2

— More configurations with low energy
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hop”

T correct

quantum
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Prop = -Alcl?/'|c,J* = fractional decrease of state k population
= -2ARe[c, c]/|c, [

|
de,/dt = =V, {RD <@, (1;R) |V, (1;R) >

! Adiabatic representation

R, < vpp(vy)dy, o v exp(—;mvf [KT) dv,
oc  exp(—E,/KkT)

N
N B, = N, P, — WZ = exp[-(E, —E))/KT]
1
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2-State System
AE = 34.6 kJ/mole

log(population)

-10

Excited State Population vs. Inverse Temperature

KT  exp(-AE/KT)
AE 1-exp(-AE/KT)

———
T

\:<Surface Hopping

Boltzmann -/\

0
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Many Quantum States

[classical bath] --- C =-- C === C --- C === C --- C - C - C --- H

/ - -\
—~
Random force and friction classical guantum
(5000 °K) (Morse) (Morse)
Ehrenfest (SCF) o Surface Hopping —

Priya Parandeka
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1.
[1.
V.

V1.
VII.

VIII.

I1X.

The Potential Energy Surface

The Classical Limit via the Bohm Equations
Adiabatic “on-the-fly” Dynamics

Car-Parrinello Dynamics

Beyond Born Oppenheimer

Ehrenfest Dynamics

Surface Hopping

Equilibrium in Mixed Quantum-Classical Dynamics

Mixed Quantum-Classical Nuclear Motion
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Tenets of Conventional Molecular Dynamics

1. The Born-Oppenheimer Multiple Electronic
Approximation States, Metals, ...
2. Classical Mechanical Zero Point Motion,
Nuclear Motion Quantized Energy

Levels, Tunneling
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Proton Transfer Reaction: AH-B = A"—HB"

AH-B

Quantum Effects:
Zero-Point Energy
Quantized Energy Levels
Tunneling
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Ultimate Solution:

Treat All Electrons and Nuclel
by Quantum Mechanics

Problem:

Scaling with Size is Prohibitive
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AN ALTERNATIVE STRATEGY:
MIXED QUANTUM-CLASSICAL DYNAMICS

guantum dynamics
e
O
o 0
O
O

classical dynamics
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AN ALTERNATIVE STRATEGY:
MIXED QUANTUM-CLASSICAL DYNAMICS

Treat crucial electronic or nuclear degrees
of freedom by quantum mechanics, and the
remaining nuclel by classical mechanics.

self-consistency

guantum “back-reaction” on classical particles
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PROTON TRANSFER IN SOLUTION

ionic product; 61@ @@ @)@g @,@
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ADIABATIC vs. NON-ADIABATIC

ADIABATIC —» REACTION
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ADIABATIC vs. NON-ADIABATIC

swﬂch
........... “states o RV

| l

W Wy

ADIABATIC —» REACTION NONADIABATIC - NO REACTION
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CONTOUR PLOT OF FREE ENERGY

RAB

P o

A----H----i} Rag
r

r (position of H atom)
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Proton and Hydride
Transfer in Enzymes:

Sharon Hammes-Schiffer
Penn State University

liver alcohol dehydrogenase
(LADH)
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