
The . Complex Coordinate Rotation Method and
Exterior Scaling:A Simple Example

JACK SIMONS*
ChemistryDepartment.Universityoj Utah.Salt Lake City. Utah84112, u.S.A.

Abstract

The so-called complex coordinate rotation technique is applied to twa simple one-dimensional

piecewise-defined model potentials. The invariance of the bound and resonance energy levels of

these potentials under coordinate rotation is analyzed. It is shown that a proper treatment of the
coordinate rotation gives a natura! and easily understood introduction ofthe so-calIed exteriorscaling.

Implications for application of the coordinate rotation method to physicalIy reasonable eIectron-atom

or electron-molecule potentials are algo discussed. Finally, the relative merits of the rotation pro-

cedure.and the direct Siegert search method proposed by Miller et al. are evaluated.

1. Introduction'

- Several years ago, it was demonstrated by Aguilar and Combes [1], Balslev.
an.d Combes [2], and Simon [3] that certain (dilatation analytic) electronic
Hamiltonians H(r) could be continued analytically by replacing each electronic
coordinate rjby a "scaled" coordinatet rj exp(ia). The resultant scaled Ham-
iltonianH",(r) [which, for example for an atomt ofcharge Z, isexp(-2ia) 'Il]=!
- l \1J~ Z exp(-ia) 'I,f=1ril + exp(-ia)'I,1"a'Yi}I]wasshownbythe above
authors to possessthe same baund energy levels (but not the same wavefunctions)
as the original H(r.). They also demonstrated that th~ resonances of H(r), which
ale discussed in moce detail below, occur as complex energy levels§ [E = E

exp(-i,6)] of H", whose corresponding wavefi1nctions ale square integrable
provided that the so-called "coordinate rotation angle" a is greater than one-half
the magnitude of the complex energy's phase ,6. These facts lead maDYre-
searchers [4-10] to explore the exciting possibility that these resonance wave-
functions, which ale not square-integrable eigenfunctions of H(r), could be
fauna by using conventional (square-integrable Gaussian or Slater) basis
function techniques.

*-Camille and Henry Dreyfus Foundation FelIow, John Simon Guggenheim FelIow.

t Ali electronic coordinates are scaled by the same amount because of the indistinguishability
of the electrons.

t For a diatomic molecule, the nucIear attraction part of the electronic Hamiltonian scales as

ZA+ZB ZA+ZB
-ZA L hexp(ia)-RAI-I-ZB L hexp(ia)-RBI-l

~I ~I

which is not a simple homogeneous function of r.

§ Such a complex energy, when substituted joto 1/;(x,t) =1/;(X) exp( -iEt), gives an exponentialIy

decaying time.dependence to 11/;12with a lifetime T = (2E sinJ3)-I.
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