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The primary purpose of this note is to demonstrate that there are important differences between
the operator and function equalities which arise in using the Heisenberg equation of motion [1] (EoM)
in many-body physics and chemistry. The pedagogical remarks presented here are offered in the hope
that they will help others to avoid drawing false conclusions because of a lack of understanding.

Let us begin by assuming that we are treating a system which consists of electrons moving in the
potential field V(F) of one or more fixed positively charged nuclei, such as would be the case for
electrons in a molecule. Then the many-electron Hamiltonian H can be written in second quantization
notation [2] (in atomic units) as

H=Y{¢|-3V7+ V(Dleyala; +_5£: (dyIr12lndi)alafaa (1)

where the basis spin orbitals {¢,} are assumed to be complete and orthonormal and the a; and a; are
Fermion creation and annihilation operators [2], respectively. Nowhere in H does there appear a
reference to the number of electrons. In fact, the above H is an operator within the spaces of any
number of electrons (for fixed nuclear potential V(F)). For example, the same second-quantized
Hamiltonian is involved in the electronic problems of F~, F, F*, F*?, etc. Such a Hamiltonian can be
expressed formally in terms of its exact orthonormal eigenstates {¢/%¢'} as H = ZN -0 Lk ER W™
%" Because H commutes with the “total number of electrons” operator N =Y, a/a,, its eigenstates
can be labeled by their electron number N as in ¢/%". The subscript K will be used to label the energy
EL” and all other good quantum numbers of ¢/ . We assume that this K index is sufficiently complete
to uniquely label each state, even within degenerate-energy manifolds.
Now suppose that we were able to find an excitation operator O] (N, M), which operates on the
lowest energy* M-electron state ¢§" to give the Lth N-electron state, O} (N, M) will obey the
function equation

[H, OL(N, M)lpG" = AE, (N, M)OL (N, M)y 5™ ()]

where AE; (N, M) is an eigenenergy of this equation. This equation is the common starting point[1] of
EOM methods whose goal is the calculation of electronic [3] or nuclear excitation energies as well as
electronic ionization [4] energies. Let us enquire as to how Oy (N, M) could be expressed (formally) in
terms of the complete set of ket-bra operators {5 ) (¥{”’|; ,Q=0,1,...0;,J=0,1,2,...}. By
expanding O1(N, M) as Z,_,_o Zpo_o (P,Q; L IIL; M, N)l:ﬁ{”}(w‘ml mserting this into Eq. (2), and
equating coefficients of the linearly independent ket-bra operators, we obtain

O =(P,M;J,O|L, M, N)(ES" — E§"- AE, (N, M)) (3)

*We only choose this state as a specific example because it is the most common choice in
many-body theory; our arguments will hold for other states as well.

+ Since the set of eigenfunctions {y/%"} of H is complete, any operator A can be rewritten as
Ym=o Leer o WXL |A W&y | by making use of the completeness relation twice. Thus,
just as the set {2} was sufficient to expand any function, {|¢ ™) (¢{*"} is sufficient to expand any
operator A.
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