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ABSTRACT: A pseudo-potential that was successfully employed in an earlier study
by the Compton group is used to describe the binding of a single electron to a Cg,
molecule to form Cg,. Then, the interaction of a second electron with the Cg, anion is
treated in two manners. First, as performed in the earlier Compton study, a mean-field
(i.e., Hartree—Fock) approach is used to estimate the Cgy-to-CZ, energy difference for
the singlet state of the dianion and, much as in the earlier study, this dianion is
predicted to be unstable by ~0.4 eV. Second, for this same singlet state, a configuration
interaction wave function is employed that allows for the angular correlation of the two
excess electrons, allowing them to avoid one another by moving on opposite sides of
the Cg, skeleton. The energy of the dianion is lowered by 0.3 eV when angular
correlation is included, suggesting that the singlet dianion is unstable with respect to
electron loss by only ~0.1 eV. A Coulomb barrier (>1 eV high) and angular momentum
barriers then combine to trap electrons of singlet Cz, from detaching, thus producing
the very long observed lifetimes. In addition, the energy of the lowest triplet state of

C2; is also discussed.
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1. Introduction

l n 1991, Compton’s group [1] reported observing
the C%, dianion in the gas phase and determined
it to be stable to electron auto-detachment for =10 s.
However, these workers were unable to determine
with certainty whether the dianion is electronically
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stable with respect to Cg, + ¢~ or is unstable with its
long lifetime resulting from the need for an electron to
tunnel through a barrier to undergo detachment. In
1997, Compton et al. [2] found the larger Cg; dianion
to be electronically stable (by ~0.4 eV) with respect to
Cg,s + €. Because the two extra electrons in CZ, are
confined to a smaller region of space than those in
C3, , itis likely that the Coulomb repulsions in CZ; are
larger than in C3;, and thus it is possible that CZ,
could be electronically stable with respect to Cgy + €7,
but probably by =0.4 eV.
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The theoretical pseudo-potential calculations
carried out in Ref. [1] suggested that C5, could be
bound by 0.1-0.4 eV, but the computed second
electron binding energy was found to depend
strongly on the radius parameter r, used to charac-
terize the size of the spherical Cg, molecular skele-
ton.! In fact, for a value of r, = 5.3 A (larger than the
~3.5 A radius nominally assumed [4] to character-
ize the size of the atomic framework of C,,, C2, was
predicted to be stable by 0.3 eV. In contrast, for r. =
4.2 A, which is still a bit larger than the nominal
radius, C3, was computed to lie 0.3 eV above Cg, +
e . So, unless the sphere used in the pseudo-poten-
tial calculations is assumed to be significantly larger
than the actual radius of Cy, the lowest singlet state
of the dianion is predicted to be unstable.

Using both ab initio Hartree-Fock (HF) and den-
sity functional theory (DFT) methods and a molec-
ular framework having a radius within the 3.5-A
range, other workers [3-6] concluded that the low-
est-energy state of CZ, is not stable but is unstable
by ~0.3 eV relative to Cgy + ¢~. However, these
findings cannot be viewed as definitive because (i)
the HF treatment ignores the correlated motions of
the two “extra” electrons, which we show in this
work to be quite stabilizing; and (ii) the DFT treat-
ments suffer, because of the functionals used, from
the fact that the exchange correlation potential does
not fully cancel the self-interaction appearing in the
Coulomb energy functional. As a result, the long-
range behavior of the potential experienced by an
electron is improperly described; this can be espe-
cially problematic for anions and dianions whose
charge densities are diffuse.

Although the pseudo-potential [1] and DFT [4]
studies may differ on the electronic stability of C%,,
they agree on the fact that this dianion, if electron-
ically unstable, will be rendered long-lived by the
presence of a barrier (arising from Coulomb and
centrifugal potentials) through which an electron
must tunnel to escape. In summary, to the present
day it remains undetermined whether the 2, di-
anion is stable with respect to its mono-anion and a
free electron, but it is well established that, if CZ, is
unstable, it is quite long-lived (with a lifetime of
107%-0.4 s).

Given this state of affairs, it might seem reason-
able to attempt a state-of-the-art ab initio calcula-
tion of the electronic energies of CZ;, and Cg,. How-
ever, a rigorous treatment of all 362 electrons, or
even of the 242 valence electrons of the dianion,
would be a formidable task. First, a flexible and
diffuse atomic orbital basis set would be required.

For example, a triple-zeta plus polarization basis set
with one diffuse s and p function per atom, having
22 contracted functions per carbon atom, would
involve 1,320 total basis functions. However, even
such a basis would probably not produce a suffi-
ciently accurate value for the polarizability of Cg,
and thus would not accurately represent the most
important factor in the electron-Cg, interaction po-
tential. Moreover, as illustrated by the results of
the pseudo-potential calculations presented in the
present study, electron correlation affects would
be essential to treat, so calculations would need to
be performed, for example, at the second-order
Meller-Plesset (MP2) or coupled-cluster level. We
note that, although the earlier DFT-level studies
[4-6] of C2; indeed treat some electron correlation
effects, they probably do not handle the strong
angular correlations that are shown later to contrib-
ute significantly for this species. In particular, the
kind of correlation operative in Cg, is very similar
to the well-known 2s*> — 2p* angular correlation
that is prevalent and deemed “essential” in alkaline
earth atoms, and which is known to require a multi-
configuration reference wave function.

Our research group has a great deal of experi-
ence in studying anions and dianions, using ab
initio methods, and it is our opinion, based on the
facts just outlined, that a brute-force ab initio treat-
ment of C5, and Cg, would not, with currently
available resources, yield electron-binding energies
of the 0.1-0.3-eV accuracy needed to resolve the
issue of the stability of CZ,. We therefore decided to
focus our efforts on the specific issue of the extent to
which the tendency of the two excess electrons to
angularly “avoid” one another due to their Cou-
lomb repulsions will stabilize C3, relative to mean-
field models such as used in Refs. [1] and [3], where
such correlations are ignored. We believe that when
highly accurate mean-field calculations on CZ; be-
come available, the angular correlation energy esti-
mates achieved here can be combined with the
mean-field energies to produce more reliable esti-
mates of the stability of this dianion. It seems clear
to us that the delocalization of electrons over the
C2, surface skeleton, combined with the Coulomb
repulsions between the two excess charges, should
cause these electrons to undergo angularly corre-
lated movements in which the probability density
P(6,, ¢1; 05, ¢,) for one electron residing on the
pseudo-spherical Cy, framework at angular coordi-
nates 0;, ¢; when the other is at 6,, ¢, will be largest
when 0, = 6; + wand ¢, + &; + . Thus, in this
effort, we attempt to estimate the difference be-
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tween the predicted energies of singlet C3; result-
ing from a mean-field treatment of the two extra
electrons and from a treatment in which angular
correlations between these two electrons are incor-
porated into the quantum wave function.

2. Methods

The most essential component of the calculations
whose results are under discussion is the choice of
the electron—Cy, interaction potential. In an ab initio
mean-field approach, this potential would be ex-
pressed as a sum of electron-nuclear Coulomb at-
tractions (one for each of the 60 carbon nuclei) and
electron—electron Coulomb minus exchange poten-
tials, which produce short-range repulsive poten-
tials. The one excess electron of Cg, would then be
viewed as occupying a low-energy unoccupied mo-
lecular orbital of Cg4, expressed as a linear combi-
nation of the p,, orbitals on the 60 carbon atoms. In
Ref. [3], the lowest unoccupied orbital of Cy, was
found to have t;,, symmetry, so the anion would be
expected to have ¢}, orbital character and the dian-
ion to have #;, character. This would suggest that
the lowest-energy state of Cz, could have 3T1g/ lHg,
or 1Ag symmetry. Spin coupling effects (i.e., that
induce singlet-triplet energy differences) render the
3Tlg state of CZ, ~0.5 eV lower than the 1Ag state.!

However, as the original Compton work sug-
gests [1], the nuclear attraction and Coulomb minus
exchange potentials discussed above do not repre-
sent the dominant long-range contribution (and
probably the strongest contribution at all but the
very short distances) to the electron-Cg, interaction.
Rather, it is the charge-induced-dipole polarization
potential that is most likely the strongest contribu-
tor to the electron binding in Cg,. For this reason,
rather than beginning with the picture offered by
the HF mean-field model as our starting point, we
chose to use the Compton model to begin our anal-
ysis. In our opinion, the pseudo-potential employed
by Compton et al. [1] contains a qualitatively cor-
rect and very useful description of the interaction of
an electron with a Cg, molecule.

! These calculations assumed that both electrons occupied
the same orbital W(r, 6, ¢) but with opposite spins, so they relate
to a singlet-coupled electron pair. It is widely accepted that the
lowest-energy unoccupied orbitals of C, are triply degenerate
and of t;,, symmetry. Placing two electrons into such t,,, orbitals
can result in states of °T,,, 'H,, and 'A, symmetry. According to
Ref. [3], the °T,, state lies 0.22 eV below the 'H, state and 0.54 eV
below the 'A, state.

The potential energy describing the interaction
of an electron at a distance r from the center of the
Ceo framework is expressed in this model as

V(r) = —e¥a/2)[+ (r —r)* 2 (1)

This potential has the charge-induced-dipole form
[—e*a/(2r")] at large distances and has a depth of
—ea/(2c*) at the nominal surface of the Cy, frame-
work (r = r.). The parameter « is the polarizability
of Cy, (taken to be 83 A%), and 7. is the parameter
discussed earlier that characterizes the radius of
Cgo- The results shown in Section 3 involve r, rang-
ing from 7 to 10 bohr (1 bohr = 0.529 A) to allow
comparisons with the findings of Ref. [1], but we
note that 7—8 bohr is most likely to be representa-
tive of the true size of Cg,. Finally, as in Ref. [1], for
every value of r,, parameter ¢, which determines the
depth of the electron-Cg, potential, is chosen to
make the Cg, anion stable with respect to Cg, + ¢~
by the known experimental detachment energy,
2.65 eV [1]. We note that the ab initio HF calcula-
tions reported in Ref. [3] obtained detachment en-
ergies of 0.7-0.9 eV, providing strong evidence that
the polarization potential, which the HF calculation
does not include, is crucial.

Given this choice for the electron-Cg4, potential
V(r), we use the following one- and two-electron
Hamiltonians to describe the motions of the elec-
tron(s) in Cg, and CZ;, respectively:

H(1) = —k*/2m,V? + V() (2a)

H(1,2) = —#2/2m,V3 + V(r)—h?*/ 2m,V;
+ V(ry) + é*/r1,. (2b)

The subscripts 1 and 2 label the two electrons, and
71, is the distance between them. To obtain a wave
function ¥(r,6, ¢) and energy E = —2.65 eV appro-
priate for the one-electron Cg,, we follow Ref. [1]
and assume that the single excess electron is dis-
tributed uniformly over the surface of the Cyy mol-
ecule, so the angular portion of i is given by the
spherical harmonic Y ,(6,$). We note that this
wave function is different from what the HF mean-
field treatment suggests (i.e., the HF lowest unoc-
cupied molecular orbital [LUMO] has t;,, symme-
try). The radial part of ¥ we denote F(r)/r and we
numerically solve the one-dimensional Schrodinger
equation resulting from substituting W (r,6,¢) = Y
F/r into Eq. (2a)
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—#2/2m, &/ d’F + V(r)F = EF (3)

to obtain F(r), which is subsequently normalized to
guarantee that ¥ is normalized. As noted earlier,
parameter c is varied to guarantee that the lowest
eigenvalue E of Eq. (3) is —2.65 eV.

For the two-electron CZ,, we use two trial vari-
ational wave functions of the following forms:

Wr(1,2)
= |Y0,0(61r¢1) F(r)/r oy Y0,0(621¢2) E(r)/r, le (4a)

\I}CL(llz)
= A|Y0/0(01/¢1)F(7’1)/7”1 [e7] Y0,0(92/¢2) F(ry) /1, Bz|
- B|Y1,0(911¢1) F(r))/r oy Y1,o(92/¢2) F(ry)r, Bz| (4b)

The mean-field function W,z consists of a single
Slater determinant in which the two electrons are
singlet coupled as in Ref. [1]; both are distributed
uniformly over the spherical framework, and both
are distributed radially in the function F(r)/r. Such
a wave function allows for no angular or radial
correlation between the two excess electrons. The
configuration interaction (CI) wave function,” W,
also describes two singlet-coupled electrons, but in
a way that correlates the angular distributions of
the electrons, although it contains no radial corre-
lations because both electrons occupy the same ra-
dial space characterized by F(r)/r. To see how the
angular correlation appears, we note [7] that W,
can be written in the form

Vei(1,2) = A/ 2[x1) e X'(2) Bal = [x(1) B1 X'(2) e,
(5a)

where the so-called polarized orbital pairs, x and x’,
are defined by

X = Yo/oF/r — X Y]/OF/T‘ (Sb)

X =YooF/r+x Y F/r (5¢)

2 To form a wave function that has fully symmetric 'A sym-
metry, one must, of course, also include terms of the form
[Y1,1(61, 1) F(r1)/riaq Y1, _1(62,¢5) F(r2)/12 Bo| and [Yy _1(6y, éy)
F(ry) /110y Y1 1(6,,¢,) F(r,) /1, B,|. However, for pedagogical pur-
poses, we find it more straightforward to discuss the two-term
CI wave function as written in Eq. (5a). As we will show, even
these two terms are adequate to illustrate the concept of angular
correlation that we are studying here.

and x = (B/A)'/ By expressing W, as in Eq. (5),
we can see that W describes two singlet-coupled
electrons (from the a B-f a combination of spin
functions) that reside in two distinct (nonorthogo-
nal) spatial orbitals, x and x'. When one electron is
localized in a region of space whose probability
density is described by [x|?, the other electron is
localized in the region of space with probability
characterized by |x'|. The two functions x and y’
have angular characters expressed by (Y, o + x Y o);
that is, they are sp-like hybrid functions whose rel-
ative s and p admixture depends on variable x that,
in turn, relates to the amplitudes B and A in the CI
wave function. If x is small, y and x' are nearly
identical, and the two electrons reside in nearly the
same regions of space; this, of course, shows how
the CI wave function collapses to the mean-field
function if B << A. In contrast, if x is large (ie.,
approaching unity), x and x’ approach pure sp hy-
brids, which means that while one electron resides
in the s + p, region of space, the other electron is in
the s—p, region of space. It is in this manner that the
pair of electrons undergo correlated angular move-
ments® very much as the two 2s electrons in the Be
atom angularly correlate their movements by using
25> — 2p” excitations in the CI wave function.

Given the forms for the two wave functions
shown in Egs. (4a) and (4b), we then evaluate the
electronic energy of Cg, in two ways: (i) by com-
puting (Vy;sH|¥) in the mean-field case, or (ii) by
making (V¢ H|W ) minimum with respect to the
variables A and B, keeping A*> + B> = 1 in the CI
case.

3. Results

Figure 1 shows the radial potentials V(r) of Eq.
(1) for four values of the C, size parameter: r. = 7,
8,9, and 10 bohrs (light curves). For each value of 7.,
we also show the radial wave function F(r) obtained
by using this V(r) to solve the one-electron Schro-
dinger Eq. (3). The dark curves in Figure 1 show a
potential obtained by adding to V(r) a term ¢*/(r +
r.) designed to model the Coulomb repulsion expe-
rienced by one electron due to the presence of an-

*If the two other determinants |Y,,(0y,¢,)F(r,)/ra,
Y1, 1(02h2) F(r2)/r2 Bol and [Y _1(61,1) F(r1)/ricq Y11(65,5)
F(r,)/7, Bo| had also been included in W, we would also have
contributions where x and x’ involves s = p, and s * p, polar-
ization. In all cases, the physical picture is one of one electron
being on one (angular) side of the Cy, framework when the other
electron is on the opposite side.
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FIGURE 1. Potentials V(r) as expressed in Eq. (1) (light curve, top), potential with repulsive Coulomb potential added
to V(r) (dark curve, top) and radial F(r) functions (bottom) resulting from using these two potentials in Eq. (3). The val-
ues of r, are 7, 8, 9, and 10 bohrs, for the top through bottom figures.

other electron on the opposite side of the Cg, mol-
ecule. We also show in darker shading the F(r)
function that one obtains if one were to use the
darker potential in Eq. (3) to solve the one-electron
radial Schrédinger equation. It is important to note
that we do not make use of the darker potential or
its F(r) in arriving at the energies reported below.

TABLE |

We use these plots only to show the kind of repul-
sive Coulomb barrier that can be expected to “trap”
the second electron from auto-detaching from CZ,
and to show that F(r) does not depend much on
which form of the potential one uses.

Table I shows the mean-field and CI absolute
energies (relative to Cyy + ¢© + e) obtained for

Mean-field and CI energies (eV), Cl wave function amplitudes A and B, corresponding second-electron binding
energies BE (eV), and correlation energies E,,,., (eV) for various radius parameters r.

re (bohrs) Eve Ec A/B BEwr BEg, Ecorrel.
7 -1.97 —2.24 0.95/0.32 —0.68 —0.41 -0.27
8 —2.31 —2.60 0.92/0.40 -0.34 —0.05 -0.29
9 —2.60 -2.90 0.91/0.40 —0.05 +0.25 -0.30
10 —2.85 -3.15 0.90/0.44 +0.20 +0.55 —0.30
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CZ,, as well as the second-electron binding energies
predicted by these findings computed as the differ-
ence between the energy of CZ, and —2.65 eV (the
energy of Cgy). We also give A and B amplitudes
corresponding to the CI wave function as well as
the angular correlation energy (Ec—Eyg) for each
value of radius parameter r..

Much as was found in Ref. [1], whose workers
carried out a mean-field level calculation using
the same kind of pseudo-potential as we em-
ployed, one has to characterize the framework of
the C2, dianion with a size near r, = 10 bohrs to
realize a mean-field energy that is lower than the
energy of Cgy. In our opinion, this is probably an
unrealistic value for 7. In contrast, when angular
correlation is included in the calculation as we
have done here, a value near r. = 8 bohrs renders
CZ, barely stable relative to Cgy + ¢, whereas a
value of r, = 7 bohrs predicts CZ; to be unstable
by 0.4 eV, the latter result being in good agree-
ment with what the findings of Refs. [3-6] sug-
gest. As mentioned earlier, the molecular frame-
work of Cg4 is thought to have a radius a bit
larger than 3.5 A = 6.6 bohrs, so we believe that
the data listed in Table I for r, in the 7-8-bohr
range are the most likely to be accurate.

The data in Table I also show clearly that the
strength of the configuration mixing, as evidenced
by the B/A ratios, is considerable. We therefore
suggest that any future ab initio calculations on this
singlet state of C3, should take into consideration
the multiconfigurational nature of the wave func-
tion.

Another observation we consider useful re-
garding the data presented in Table I is that the
stabilizing angular correlation contribution to the
energy of Cg, appears to be rather independent
of r. and to be ~0.3 eV. Keeping in mind that we
used a variational approach for computing this
correlation energy, any improvement in angular
character of the trial wave function (e.g., using
more terms in the expansion) will make the cor-
relation energy even larger. Thus, we feel confi-
dent in concluding that angular correlation of the
two “extra” electrons in CZ, gives stabilization
(relative to a mean-field treatment) of =0.3 eV,
which is probably the most important quantita-
tive finding of this work.

As noted above (see column 6 of Table I), for
values of r, in the (reasonable) 7-8-bohr range,
singlet CZ, is predicted, even when stabilizing an-
gular correlation is considered, to be unstable by
0.05-0.4 eV. Because no radial correlation was in-

cluded in our treatment,* it is likely that singlet CZy
is even a bit more stable than the latter numbers
suggest. From Figure 1, it is clear that the Coulomb
barriers through which an electron would have to
tunnel to produce Cg, + e~ are ~1 eV in height and
are very broad, as is typical of such ¢*/r barriers. As
pointed out in Ref. [4], there are also angular mo-
mentum contributions to the barrier caused by the
fact that the excess electrons occupy orbitals of
nonzero angular momentum, so the barriers
through which tunneling must occur are even
higher than in Figure 1.

Before closing, it is important to return briefly
to the issue of whether a triplet state could, when
the Compton-type potential is used, be lower in
energy than the singlet state we have been focus-
ing on in this discussion. Using the radial and
angular functions introduced earlier, we can com-
pute the energy of the triplet single-determinant
wave function |Y o(60,,¢1) F(r1) /11 ay Y1 o(05,05)
F(ry)/75 ay|. For r. = 7 bohrs, we obtain —1.87
eV, which is higher than the mean-field energy of
the singlet state (see column 2 of Table I). Using
r. = 8 bohrs, we obtain a triple mean-field energy
of —2.39 eV, which is slightly lower than the
mean-field energy of the singlet state (see column
2 of Table I). Experience tells us that the kind of
singlet state we studied here, in which a pair of
electrons occupies the same orbital in the mean-
field picture, has a larger correlation energy than
does the triplet state, in which the electron oc-
cupy different orbitals. Therefore, it seems most
likely that the singlet state, when angular corre-
lations are included as is done here, will be the
lower energy state of Cg; .

5. Summary

Our findings suggest that singlet C3, has an
energy a bit less (because radial correlation is ex-
pected to lower the energy even below what we
obtained) than 0.4 eV above Cg, + e, but Coulomb
and angular barriers® of =1 eV in height cause this
dianion to be metastable and to have a long life-

4To allow for radial correlation, we could include in our
variational wave function terms of the form |Y,, o(0y,¢,) F(r,) /110,
Yo,—o(65,¢,) F'(rp)/r> Bo), in which the two electrons occupy
different radial functions (F and F’).

5 Both Coulomb and angular momentum barriers arise in our
CI simulation through the presence of the ¢*/r, , potential in the
Hamiltonian and the Y, , contributions to the trial wave func-
tions.
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time. Although a triplet state of C, may be close in
energy to the singlet state we examined here, it
seems likely that the singlet rather than the triplet is
the lower-energy state. Moreover, our treatment of
the angular correlations between the two excess
electrons produces an estimate of 0.3 eV for the
corresponding correlation energy. Because this
value is rather independent of the “size” parameter
used to characterize the C, molecular framework,
it likely is a value that can be used by future work-
ers to estimate such stabilizing contributions.
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