Chapter 18

The single Sater determinant wavefunction (properly spin and symmetry adapted) isthe
starting point of the most common mean field potential. It is also the origin of the molecular
orbital concept.

|. Optimization of the Energy for a Multiconfiguration Wavefunction
A. The Energy Expression

The most straightforward way to introduce the concept of optimal molecular orbitals
isto consider atrial wavefunction of the form which wasintroduced earlier in Chapter 9.11.
The expectation value of the Hamiltonian for awavefunction of the multiconfigurational
form

Y =S CF,,

where F | is a space- and spin-adapted CSF which consists of determinental wavefunctions
If 11f 12f 13...T | , can be written as:

E=S|j=1,MCICi<F||H|F3>.

The spin- and space-symmetry of the F | determine the symmetry of the state Y whose
energy isto be optimized.

Inthisform, itisclear that E is aquadratic function of the CI amplitudesCj; itisa
quartic functional of the spin-orbitals because the Slater-Condon rules expresseach < F |
H | F 3> CI matrix element in terms of one- and two-electronintegrals<f; | f |f; > and
<fifj|g|fkf| > over these spin-orbitals.

B. Application of the Variational Method

Thevariational method can be used to optimize the above expectation value
expression for the electronic energy (i.e., to make the functiona stationary) as a function of
the Cl coefficients Cj and the LCAO-MO coefficients{Cp,i} that characterize the spin-
orbitals. However, in doing so the set of {Cy,,i} can not be treated as entirely independent
variables. The fact that the spin-orbitals {f ;} are assumed to be orthonormal imposes a set
of constraints on the { Cp,i}:



<fi[fj>=dij =Smn C*mi <cnlcn>Cyj.

These constraints can be enforced within the variational optimization of the energy function
mentioned above by introducing a set of Lagrange multipliers{g j} , onefor each

constraint condition, and subsequently differentiating
E-Sij6&,j[dij-SmnC'mi<cnicn>Cnj]

with respect to each of the Cy, j variables.

C. The Fock and Secular Equations

Upon doing so, the following set of equationsis obtained (early referencesto the
derivation of such equationsinclude A. C. Wahl, J. Chem. Phys. 41,2600 (1964) and F.
Greinand T. C. Chang, Chem. Phys. Lett. 12, 44 (1971); amore recent overview is
presented in R. Shepard, p 63, in Adv. in Chem. Phys. LXIX, K. P. Lawley, Ed., Wiley-
Interscience, New Y ork (1987); the subject is a so treated in the textbook Second
Quantization Based Methods in Quantum Chemistry, P. Jargensen and J. Simons,
Academic Press, New York (1981))) :

Sj=1mH 3 C3=EC 1=1,2..M,and
Ffi=Sjq;f],

wheretheg j are Lagrange multipliers.

Thefirst set of equations govern the { Cj} amplitudes and are called the Cl- secular
equations. The second set determine the LCAO-MO coefficients of the spin-orbitals {f}
and are called the Fock equations. The Fock operator F is given in terms of the one- and
two-electron operatorsin H itself aswell asthe so-called one- and two-electron density
matrices g j and G j k,| which are defined below. These density matrices reflect the
averaged occupancies of the various spin orbitalsin the CSFs of Y . The resultant
expression for Fis:

Ffi=Sjagjhfj+SjkiGjkldilfk



where h is the one-electron component of the Hamiltonian (i.e., the kinetic energy operator
and the sum of coulombic attractions to the nuclei). The operator J; | is defined by:

J1 k) =8 £5(r) (I Ulr-r| dt' fi(r),

where the integration denoted dt' is over the spatial and spin coordinates. The so-called
spin integration simply means that thea or b spin function associated with f | must be the
sameasthea or b spin function associated with fj or the integral will vanish. Thisisa
consequence of the orthonormality conditions<ala>=<bb> =1, <a|p>=<bja>=0.

D. One- and Two- Electron Density Matrices
The density matrices introduced above can most straightforwardly be expressed in
terms of the Cl amplitudes and the nature of the orbital occupanciesinthe CSFsof Y as

follows:

1. g, isthesum over al CSFs, in whichf; is occupied, of the square of the C; coefficient
of that CSF:

g.i =S (withf; occupied) C?, .

2. g,j isthe sum over pairs of CSFs which differ by a single spin-orbital occupancy (i.e.,
one having f j occupied where the other hasf j occupied after the two are placed into
maximal coincidence-the sign factor (sign) arising from bringing the two to maximal
coincidence is attached to the final density matrix element):

g, = Si,5(sign)(withf; occupied in I wheref;isinJ) C; Cj.
The two-electron density matrix elements are given in similar fashion:
3. G j,i,j = Si (with bothf; and fj occupied) C C; ;

4, G j,j,i =-Si (withbothf; and fj occupied) C; C; =-Gj



(it can be shown, in generd that G j k| is odd under exchange of i and j, odd under
exchange of k and | and even under (i,j)<=>(k,I) exchange; thisimpliesthat G |
vanishesifi=jork=1);

5. G jkj=S13(sgn)(withfjinboth| andJ
andfjinl wherefgisinJ) CC;

=Gijk=-Gjjk=-G,ikj

6. G j kI =S1a(sign(withfjinl wherefyisinJandfjinl where f|isinJ)C

=Gilk=-G,ikI=-GjIk=Gilk-

These density matrices are themselves quadratic functions of the Cl coefficients and
they reflect al of the permutational symmetry of the determinental functions used in
constructing Y ; they are a compact representation of all of the Slater-Condon rules as
applied to the particular CSFswhich appear in Y . They contain all information about the
spin-orbital occupancy of the CSFsin'Y . The one- and two- electronintegrals<f | f [fj >
and <fifj [g|fkf| >containall of theinformation about the magnitudes of the kinetic and
Coulombic interaction energies.

I1. The Single-Determinant Wavefunction

The simplest tria function of the form given above isthe single Slater determinant
function:

Y =|fafof3... TN

For such afunction, the Cl part of the energy minimization is absent (the classic papersin
which the SCF equations for closed- and open-shell systems are treated are C. C. J.
Roothaan, Rev. Mod. Phys. 23, 69 (1951); 32, 179 (1960)) and the density matrices
simplify greatly because only one spin-orbital occupancy is operative. In this case, the
orbital optimization conditions reduce to:

Ffi=Sja,fj.



where the so-called Fock operator F is given by
Ffi=hfj+ Sjoccupied) [J - Kjl fi .

The coulomb (J) and exchange (Kj) operators are defined by the relations:
J fi=of*j(r) fj(r)/|r-r'| dt’ fi(r) , and
Kj fi=of *j(r') fi(r)L/|r-r'| dt" fj(r) .

Again, the integration implies integration over the spin variables associated with thef j
(and, for the exchange operator, f j), as aresult of which the exchange integral vanishes
unless the spin function of f isthe same as that of fj; the coulomb integral is non-
vanishing no matter what the spin functions of f; and f;.

The sum over coulomb and exchange interactions in the Fock operator runs only
over those spin-orbitals that are occupied inthetrial Y . Because a unitary transformation
among the orbitals that appear in Y leaves the determinant unchanged (thisis a property of
determinants- det (UA) = det (U) det (A) = 1 det (A), if U isaunitary matrix), it is possible
to choose such a unitary transformation to make the g j matrix diagonal. Upon so doing,
oneisleft with the so-called canonical Hartree-Fock equations:

Ffi= gfj,

where g isthe diagonal value of the g j matrix after the unitary transformation has been
applied; that is, g isan eigenvalue of the g j matrix. These equations are of the eigenvalue-
eigenfunction form with the Fock operator playing the role of an effective one-electron
Hamiltonian and thef playing the role of the one-electron eigenfunctions.

It should be noted that the Hartree-Fock equationsF f = g f; possess solutions
for the spin-orbitalswhich appear in Y (the so-called occupied spin-orbitals) aswell asfor
orbitalswhich are not occupied in Y ( the so-called virtua spin-orbitals). In fact, the F
operator is hermitian, so it possesses a compl ete set of orthonormal eigenfunctions; only
those which appear in'Y appear in the coulomb and exchange potentials of the Fock
operator. The physica meaning of the occupied and virtual orbitals will be clarified later in
this Chapter (Section VII.A)



[11. The Unrestricted Hartree-Fock Spin Impurity Problem

Asformulated above in terms of spin-orbitals, the Hartree-Fock (HF) equations
yield orbitals that do not guaranteethat Y possesses proper spin symmetry. Toillustrate the
point, consider the form of the equations for an open-shell system such as the Lithium atom
Li. If 1sa, 1sb, and 2sa spin-orbitals are chosen to appear in thetria function Y, then the
Fock operator will contain the following terms:

F=h+Jisa +J1gp+ Josa - [ K1sa + K1sp + Kogg | -

Acting on an a spin-orbita f k5 with F and carrying out the spin integrations, one obtains

Ffka=hfka +(2J1s+ Jos) fra - (Kis+ Kog) fka -

In contrast, when acting on ab spin-orbital, one obtains

Ffko=hfkp+ (2J1s+ J2s) kb - (K1s) fkb -

Spin-orbitals of a and b type do not experience the same exchange potential in this model,
which isclearly dueto thefact that Y containstwoa spin-orbitals and only one b spin-
orbital.

One consequence of the spin-polarized nature of the effective potentia in F isthat
the optimal 1sa and 1sb spin-orbitals, which are themselves solutionsof Ffj =g i, do
not have identical orbital energies(i.e., e1sq * €15p) and are not spatialy identical to one
another (i.e., f 155 and f 19y do not have identical LCAO-MO expansion coefficients). This
resultant spin polarization of the orbitalsin'Y givesriseto spinimpuritiesinY . That is, the
determinant | 1sa 1s'b 2sa |isnot a pure doublet spin eigenfunction athoughitisan S,
eigenfunction with Mg = 1/2; it contains both S= 1/2 and S = 3/2 components. If the 1sa
and 1s'b spin-orbitals were spatially identical, then | 1sa 1s'b 2sa | would be a pure spin
eigenfunction with S= 1/2.

The above single-determinant wavefunction is commonly referred to as being of the
unrestricted Hartree-Fock (UHF) type because no restrictions are placed on the spatial
nature of the orbitals which appear in'Y . In general, UHF wavefunctions are not of pure
spin symmetry for any open-shell system. Such a UHF treatment forms the starting point
of early versions of the widely used and highly successful Gaussian 70 through Gaussian-



8X series of eectronic structure computer codes which derive from J. A. Pople and co-
workers (see, for example, M. J. Frisch, J. S. Binkley, H. B. Schlegel, K Raghavachari,
C. F. Méelius, R. L. Martin, J. J. P. Stewart, F. W. Bobrowicz, C. M. Rohling, L. R.
Kahn, D. J. Defrees, R. Seeger, R. A. Whitehead, D. J. Fox, E. M. Fleuder, and J. A.
Pople, Gaussian 86 , Carnegie-Mellon Quantum Chemistry Publishing Unit, Pittsburgh,
PA (1984)).

The inherent spin-impurity problem is sometimes 'fixed' by using the orbitals
which are obtained in the UHF calculation to subsequently form a properly spin-adapted
wavefunction. For the above Li atom example, this amounts to forming a new
wavefunction (after the orbitals are obtained via the UHF process) using the techniques
detailled in Section 3 and Appendix G:

Y =12 [|1sa 1sb 2sa |- |1sh 1s'a 2sa |] .

Thiswavefunctionisapure S = 1/2 state. This prescription for avoiding spin
contamination (i.e., carrying out the UHF calculation and then forming anew spin-pureY')
isreferred to as spin-projection.

Itis, of course, possible to first form the above spin-pure Y asatrial wavefunction
and to then determine the orbitals 1s 1s' and 2s which minimize its energy; in so doing, one
is dealing with a spin-pure function from the start. The problem with carrying out this
process, which is referred to as aspin-adapted Hartree-Fock calculation, isthat the
resultant 1sand 1s orbitals still do not have identical spatial attributes. Having a set of
orbitals (1s, 1s, 2s, and the virtual orbitals) that form a non-orthogonal set (1sand 1s are
neither identical nor orthogonal) makesit difficult to progress beyond the single-
configuration wavefunction as one often wishesto do. That is, it is difficult to use a spin-
adapted wavefunction as a starting point for a correlated-level treatment of electronic
motions.

Before addressing head-on the problem of how to best treat orbital optimization for
open-shell species, it isuseful to examine how the HF equations are solved in practicein
terms of the LCAO-MO process.

V. The LCAO-MO Expansion
The HF equations Ffj = g fj comprise a set of integro-differential equations; their

differentia nature arises from the kinetic energy operator in h, and the coulomb and
exchange operators provide their integral nature. The solutions of these equations must be



achieved iteratively becausethe J and K operatorsin F depend on the orbitalsf which
areto be solved for. Typical iterative schemes begin with a'guess for those fj which
appear in'Y , which then allows F to be formed. Solutionsto Ff = g fi are then found,
and thosef j which possess the space and spin symmetry of the occupied orbitals of Y and
which have the proper energies and nodal character are used to generate a new F operator
(i.e., new J; and K; operators). The new F operator then gives new f and g via solution of
thenew Ffj = g fj equations. Thisiterative processis continued until thef; and g do not
vary significantly from one iteration to the next, at which time one says that the process has
converged. Thisiterative procedure isreferred to as the Hartree-Fock self-consistent field
(SCF) procedure because iteration eventually leads to coulomb and exchange potential
fields that are consistent from iteration to iteration.

In practice, solution of Ffj = g fj asan integro-differential equation can be carried

out only for atoms (C. Froese-Fischer, Comp. Phys. Commun. 1, 152 (1970)) and linear
molecules (P. A. Christiansen and E. A. McCullough, J. Chem. Phys. 67, 1877 (1977))
for which the angular parts of thef; can be exactly separated from the radial because of the
axial- or full- rotation group symmetry (e.g., fi = Y| m Rn (r) foranatomandf; =
exp(imf) Rn | m (r,q) for alinear molecule). In such special cases, Ffj = g fi givesriseto
aset of coupled equations for the R | (r) or Rn | m(r,q) which can and have been solved.

However, for non-linear molecules, the HF equations have not yet been solved in such a
manner because of the three-dimensional nature of thefj and of the potential termsin F.

In the most commonly employed procedures used to solve the HF equations for
non-linear molecules, the f ; are expanded in abasis of functions ¢ yaccording to the
LCAO-MO procedure:

f| = SmCm| Cm-

Doing sothenreduces F fj = g f to amatrix eigenvalue-type equation of the form:

Sn Fmn Cn,i =& Sn Smn Ch,i

where Syn = < ¢m| cn> isthe overlap matrix among the atomic orbitals (aos) and

Fmn = <cnfhen> + Sak [G1.k<CnfagiCnCk>G1 k™ <CnEdgiCkCn ]

isthe matrix representation of the Fock operator in the ao basis. The coulomb and
exchange- density matrix elementsin the ao basis are:



3,k = Si(occupied) Cd,i Ck i, and
A,k = Si(occ., and same spin) Cd,i Cki

where the sum in gy k& runs over those occupied spin-orbitals whose mg valueis equal to
that for which the Fock matrix is being formed (for a closed-shell species, gq k& = 1/2
0, k)-

It should be noted that by moving to amatrix problem, one does not remove the
need for an iterative solution; the Fyyn matrix elements depend onthe C j LCAO-MO

coefficients which are, in turn, solutions of the so-called Roothaan matrix Hartree-Fock
equations- Sp Fmn Cni =& Sn Smn Ch,i . One should also note that, just as
Ffi= g f; possesses acomplete set of eigenfunctions, the matrix Fryyn , whose dimension

M isequal to the number of atomic basis orbitals used in the LCAO-MO expansion, has M
eigenvalues g and M eigenvectors whose elements are the C, j. Thus, there are occupied

and virtual molecular orbitals (mos) each of which is described in the LCAO-MO form with
Ch,i coefficients obtained via solution of

Sn Fmn Cni =& Sn Smn Chji -
V. Atomic Orbital Basis Sets

A.STOsand GTOs

The basis orbitals commonly used in the LCAO-MO-SCF processfall into two
classes:

1. Slater-type orbitals
cnl,m (n.a.f) =Nnim,z Yim(q,f) m-lezr,
which are characterized by quantum numbersn, |, and m and exponents (which

characterize the 'size' of the basis function) z. The symbol Nn, | m z denotes the
normalization constant.



2. Cartesian Gaussian-type orbitals
Cab,c(ra,f) =Nabca Xayb ya¥ exp(-arz),

characterized by quantum numbers a, b, and ¢ which detail the angular shape and direction
of the orbital and exponentsa which govern theradial 'size' of the basis function. For
example, orbitalswith a, b, and ¢ values of 1,0,0 or 0,1,0 or 0,0,1 are px , py , and pz
orbitals; those with a,b,c values of 2,0,0 or 0,2,0 or 0,0,2 and

1,1,0 0r 0,1,1 or 1,0,1 span the space of five d orbitals and one s orbital (the sum of the
2,0,0 and 0,2,0 and 0,0,2 orhitalsis an s orbital because x2 + y2 + z2 = r2 js independent
of g andf).

For both types of orbitals, the coordinatesr, g, and f refer to the position of the
electron relative to a set of axes attached to the center on which the basis orbital islocated.
Although Slater-type orbitals (STOs) are preferred on fundamenta grounds (e.g., as
demonstrated in Appendices A and B, the hydrogen atom orbitals are of thisform and the
exact solution of the many-electron Schrédinger equation can be shown to be of thisform
(in each of its coordinates) near the nuclear centers), STOs are used primarily for atomic
and linear-molecul e cal cul ations because the multi-center integrals< caCp| g | cccd > (each
basis orbital can be on a separate atomic center) which arise in polyatomic-molecule
calculations can not efficiently be performed when STOs are employed. In contrast, such
integrals can routinely be done when Gaussian-type orbitals (GTOs) are used. This
fundamental advantage of GTOs has lead to the dominance of these functions in molecular
guantum chemistry.

To understand why integrals over GTOs can be carried out when analogous STO-
based integrals are much more difficult, one must only consider the orbital products (cacc

(rp) and cpcd (rp) ) which arise in such integrals. For orbitals of the GTO form, such
products involve exp(-a (r-Rg)?2) exp(-ac (r-Ro)?). By completing the square in the
exponent, this product can be rewritten asfollows:

exp(-aa(r-Ra)?) exp(-ac (r-Re)?)
= exp(-(aatad)(r-R")?) exp(-a'(RxR)?),
where

R'= [ agRat acRc]/(aa+ ac) and



a'=agad(aatap).

Thus, the product of two GTOs on different centersis equal to asingle other GTO at a
center R between the two original centers. Asaresult, even afour-center two-electron
integral over GTOs can be written as, at most, atwo-center two-electron integral; it turns
out that this reduction in centersis enough to allow all such integralsto be carried out. A
similar reduction does not arise for STOs because the product of two STOs can not be
rewritten asanew STO at anew center.

To overcome the primary weakness of GTO functions, that they have incorrect
behavior near the nuclear centers (i.e., their radial derivatives vanish at the nucleus whereas
the derivatives of STOs are non-zero), it is common to combine two, three, or more GTOs,
with combination coefficients which are fixed and not treated as LCAO-MO parameters,
into new functions called contracted GTOs or CGTOs. Typically, a series of tight,
medium, and loose GTOs (i.e., GTOs with large, medium, and small a values,
respectively) are multiplied by so-called contraction coefficients and summed to produce a
CGTO which appears to possess the proper ‘cusp’ (i.e., non-zero slope) at the nuclear
center (although even such a combination can not because each GTO has zero dope at the
nucleus).

B. Basis Set Libraries

Much effort has been devoted to developing sets of STO or GTO basis orbitals for
main-group elements and the lighter transition metals. This ongoing effort isaimed at
providing standard basis set libraries which:

1. Yield reasonable chemical accuracy in the resultant wavefunctions and energies.

2. Are cost effectivein that their usein practical calculationsisfeasible.

3. Arerelatively transferrable in the sense that the basis for a given atom is flexible enough
to be used for that atom in avariety of bonding environments (where the atom's
hybridization and local polarity may vary).

C. The Fundamental Core and Vaence Basis

In constructing an atomic orbital basisto usein aparticular calculation, one must
choose from among several classes of functions. First, the size and nature of the primary



core and valence basis must be specified. Within this category, the following choices are
common:

1. A minimal basisin which the number of STO or CGTO orbitalsis equal to the number
of core and valence atomic orbitalsin the atom.

2. A double-zeta (DZ) basisin which twice as many STOs or CGTOs are used as there are
core and valence atomic orbitals. The use of more basis functionsis motivated by a desire
to provide additiona variational flexibility to the LCAO-MO process. Thisflexibility
allowsthe LCAO-MO process to generate molecular orbitals of variable diffuseness asthe
local electronegativity of the atom varies. Typically, double-zeta bases include pairs of
functions with one member of each pair having a smaller exponent (z or a value) thanin
the minimal basis and the other member having alarger exponent.

3. A triple-zeta (TZ) basis in which three times as many STOs or CGTOs are used asthe
number of core and valence atomic orbitals.

4. Dunning has developed CGTO bases which range from approximately DZ to
substantially beyond TZ quality (T. H. Dunning, J. Chem. Phys. 53, 2823 (1970); T. H.
Dunning and P. J. Hay in Methods of Electronic Structure Theory, H. F. Schaefer, 111
Ed., Plenum Press, New Y ork (1977))). These bases involve contractions of primitive
GTO bases which Huzinaga had earlier optimized (S. Huzinaga, J. Chem. Phys. 42, 1293
(1965)) for use as uncontracted functions (i.e., for which Huzinaga varied the a valuesto

minimize the energies of several electronic states of the corresponding atom). These
Dunning bases are commonly denoted, for example, asfollows for first-row atoms:
(10s,6p/5s,4p), which means that 10 s-type primitive GTOs have been contracted to
produce 5 separate s-type CGTOs and that 6 primitive p-type GTOs were contracted to
generate 4 separate p-type CGTOs. More recent basis sets from the Dunning group are
givenin T. Dunning, J. Chem. Phys. 90, 1007 (1990).

5. Even-tempered basis sets (M. W. Schmidt and K. Ruedenberg, J. Chem. Phys. 71,
3961 (1979)) consist of GTOsin which the orbital exponents a belonging to series of
orbitals consist of geometrical progressions: ak = abk , where aand b characterize the
particular set of GTOs.

6. STO-3G bases were employed some years ago (W. J. Hehre, R. F. Stewart, and J. A.
Pople, J. Chem. Phys. 51, 2657 (1969)) but are less popular recently. These bases are
constructed by least squaresfitting GTOs to STOs which have been optimized for various
electronic states of the atom. When three GTOs are employed to fit each STO, aSTO-3G
basisisformed.

7. 4-31G, 5-31G, and 6-31G bases (R. Ditchfield, W. J. Hehre, and J. A. Pople, J.
Chem. Phys. 54, 724 (1971); W. J. Hehre, R. Ditchfield, and J. A. Pople, J. Chem.



Phys. 56, 2257 (1972); P. C. Hariharan and J. A. Pople, Theoret. Chim. Acta. (Berl.) 28,
213 (1973); R. Krishnan, J. S. Binkley, R. Seeger, and J. A. Pople, J. Chem. Phys. 72,
650 (1980)) employ asingle CGTO of contraction length 4, 5, or 6 to describe the core
orbital. The valence spaceis described at the DZ level with the first CGTO constructed
from 3 primitive GTOs and the second CGTO built from asingle primitive GTO.

The values of the orbital exponents (zs or as) and the GTO-to-CGTO contraction
coefficients needed to implement a particular basis of the kind described above have been
tabulated in several journa articles and in computer data bases (in particular, in the data
base contained in the book Handbook of Gaussian Basis Sets. A. Compendium for Ab
initio Molecular Orbital Calculations, R. Poirer, R. Kari, and I. G. Csizmadia, Elsevier
Science Publishing Co., Inc., New York, New Y ork (1985)).

Severd other sources of basis setsfor particular atoms are listed in the Table shown
below (here JCP and JACS are abbreviations for the Journal of Chemical Physics and the
Journal of The American Chemical Society, respectively).

Literature Reference BasisType Atoms

Hehre, W.J.; Stewart, R.F.; Pople, JA. STO-3G H-Ar
JCP 51, 2657 (1969).

Hehre, W.J.; Ditchfield, R.; Stewart, R.F;

Pople, J.A. JCP 52, 2769 (1970).

Binkley, J.S.; Pople, JA.; Hehre, W.J. 3-21G H-Ne
JACS 102, 939 (1980).

Gordon, M.S,; Binkley, J.S.; Pople, JA.; 3-21G Na-Ar
Pietro, W.J.; Hehre, W.J. JACS 104, 2797 (1982).

Dobbs, K.D.; Hehre, W.J. 3-21G K,Ca,Ga
J. Comput. Chem. 7, 359 (1986).

Dobbs, K.D.; Hehre, W.J. 3-21G Sc-Zn
J. Comput. Chem. 8, 880 (1987).

Ditchfield, R.; Hehre, W.J.; Pople, JA. 6-31G H
JCP 54, 724 (1971).



Dill, J.D.; Pople, JA. 6-31G Li,B
JCP 62, 2921 (1975).

Binkley, J.S.; Pople, JA. 6-31G Be
JCP 66, 879 (1977).

Hehre, W.J.; Ditchfield, R.; Pople, JA. 6-31G C-F
JCP 56, 2257 (1972).

Francl, M.M.; Pietro, W.J.; Hehre, W.J.; 6-31G Na-Ar
Binkley, J.S.; Gordon, M.S.; DeFrees, D.J,;
Pople, JA. JCP 77, 3654 (1982).

Dunning, T. JCP 53, 2823 (1970). (49/2s) H
(49/39) H
(9s5p/3s2p) B-F
(9s5p/4s2p) B-F
(9s5p/5s3p) B-F

Dunning, T. JCP 55, 716 (1971). (59/39) H
(10g/49) Li
(10s/59) Be

(10s6p/5s3p) B-Ne
(10s6p/54p) B-Ne

Krishnan, R.; Binkley, J.S.; Seeger, R.; 6-311G H-Ne
Pople, J.A. JCP 72, 650 (1980).

Dunning, unpublished VDZ. (49/29) H
(9s5p/3s2)  Li,Be,C-Ne
(12s8p/4s3p) Na-Ar

Dunning, unpublished VTZ. (59/39) H
(65/39) H



(12s6p/4s3p) Li,Be,C-Ne
(17s10p/54p) Mg-Ar

Dunning, unpublished VQZ. (79/4s) H
(85/4s) H
(16s7p/54p) B-Ne

Dunning, T. JCP 90, 1007 (1989). (4s1p/2s1p) H
(pVDZ,pVTZ,pVQZ correation-consistent)  (5s2pld/3s2pld) H
(6s3p1d1f/4s3p2dif) H
(94p1d/3s2p1d) B-Ne
(10s5p2d1f/4s3p2dif) B-Ne
(12s6p3d2f1g/5s4p3d2flg) B-Ne

Huzinaga, S.; Klobukowski, M.; Tatewaki, H. (149/29) Li,Be
Can. J. Chem. 63, 1812 (1985). (14s9p/2slp) B-Ne
(16s9p/3slp) NaMg
(16s11p/3s2p) Al-Ar

Huzinaga, S.; Klobukowski, M. (14s10p/2s1p) B-Ne
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D. Polarization Functions

In addition to the fundamental core and valence basis described above, one usually
adds a set of so-called polarization functions to the basis. Polarization functions are
functions of one higher angular momentum than appears in the atom's valence orbital space
(e.g, d-functionsfor C, N , and O and p-functions for H). These polarization functions
have exponents (z or a) which cause their radial sizesto be similar to the sizes of the

primary vaence orbitals

(i.e., the polarization p orbitals of the H atom are similar in size to the 1s orbital). Thus,
they are not orbitals which provide a description of the atom's valence orbital with one
higher |-value; such higher-I valence orbitals would be radially more diffuse and would
therefore require the use of STOs or GTOs with smaller exponents.

The primary purpose of polarization functionsisto give additiona angular
flexibility to the LCAO-MO processin forming the valence molecular orbitas. Thisis
illustrated below where polarization dy, orbitals are seen to contribute to formation of the
bonding p orbital of acarbonyl group by allowing polarization of the Carbon atom's pp
orbital toward the right and of the Oxygen atom's py orhital toward the |eft.



Polarization functions are essential in strained ring compounds because they provide the
angular flexibility needed to direct the electron density into regions between bonded atoms.

Functions with higher I-values and with 'sizes more in line with those of the
lower-| orbitals are also used to introduce additional angular correlation into the calculation
by permitting polarized orbital pairs (see Chapter 10) involving higher angular correlations
to be formed. Optimal polarization functions for first and second row atoms have been
tabulated (B. Roos and P. Siegbahn, Theoret. Chim. Acta (Berl.) 17, 199 (1970); M. J.
Frisch, J. A. Pople, and J. S. Binkley, J. Chem. Phys. 80, 3265 (1984)).

E. Diffuse Functions

When dealing with anions or Rydberg states, one must augment the above basis
sets by adding so-called diffuse basis orbitals. The conventional valence and polarization
functions described above do not provide enough radial flexibility to adequately describe
either of these cases. Energy-optimized diffuse functions appropriate to anions of most
lighter main group elements have been tabulated in the literature (an excellent source of
Gaussian basis set information is provided in Handbook of Gaussian Basis Sets, R.
Poirier, R. Kari, and I. G. Csizmadia, Elsevier, Amsterdam (1985)) and in data bases.
Rydberg diffuse basis sets are usually created by adding to conventional valence-plus-
polarization bases sequences of primitive GTOs whose exponents are smaller than that (call
it agjff) of the most diffuse GTO which contributes strongly to the valence CGTOs. Asa

'rule of thumb', one can generate a series of such diffuse orbitals which are liniarly
independent yet span considerably different regions of radia space by introducing primitive
GTOs whose exponents are a giff /3, adiff /9 , aiff /27, €tc.

Once one has specified an atomic orbital basisfor each atom in the molecule, the
LCAO-MO procedure can be used to determine the Cy, j coefficientsthat describe the



occupied and virtual orbitalsin terms of the chosen basis set. It isimportant to keep in mind
that the basis orbitals are not themselves the true orbitals of the isolated atoms; even the
proper atomic orbitals are combinations (with atomic values for the Cy, j coefficients) of the
basis functions. For example, in aminimal-basis-level treatment of the Carbon atom, the 2s
atomic orbital isformed by combining, with opposite sign to achieve the radia node, the
two CGTOs (or STOs); the more diffuse s-type basis function will have alarger Cj n
coefficient in the 2s atomic orbital. The 1s atomic orbital is formed by combining the same
two CGTOs but with the same sign and with the less diffuse basis function having alarger
Chn,i coefficient. The LCAO-MO-SCF process itself determines the magnitudes and signs
of theGy .

V1. The Roothaan Matrix SCF Process

The matrix SCF equations introduced earlier

Snh Fmn Cn,i =& Sh Smn Cni

must be solved both for the occupied and virtual orbitals energiesg and C, j values. Only
the occupied orbitals Cp, j coefficients enter into the Fock operator

Fmn=<Cmlh|cn>+Sdk [Fk<CmCd|glCn Ck >
- Qdk<cmcd|g|ck cn>],
but both the occupied and virtual orbitals are solutions of the SCF equations. Once atomic

basis sets have been chosen for each atom, the one- and two-electron integrals appearing in
Fmn must be evaluated. Doing so is atime consuming process, but there are presently

severa highly efficient computer codes which allow such integrals to be computed for s, p,
d, f, and even g, h, and i basis functions. After executing one of these 'integral packages

for abasiswith atotal of N functions, one has available (usually on the computer's hard
disk) of the order of N2/2 one-electron and N4/8 two-electron integrals over these atomic
basis orbitals (the factors of 1/2 and 1/8 arise from permutational symmetries of the
integrals). When treating extremely large atomic orbital basis sets (e.g., 200 or more basis
functions), modern computer programs cal culate the requisite integrals but never store them



on the disk. Instead, their contributions to Fyyn are accumulated ‘on the fly' after which the
integrals are discarded.

To begin the SCF process, one must input to the computer routine which computes
Fmn initial 'guesses’ for the G, j values corresponding to the occupied orbitals. These

initial guesses are typically made in one of the following ways:

1. If one has available Cp, j valuesfor the system from an SCF calculation performed
earlier at anearby molecular geometry, one can usethese Cy, j values to begin the SCF
process.

2.1f onehas Cp, j values appropriate to fragments of the system (e.g., for C and O atoms
if the CO moleculeis under study or for CH2 and O if HoCO is being studied), one can use
these.

3. If one has no other information available, one can carry out one iteration of the SCF
process in which the two-electron contributionsto Fyyn areignored (i.e., take Fjyn = <Cm
| h|ch >) and use the resultant solutionsto Sp Fmn Cni =& Sph Smn Cnj  asinitial
guesses for the Cy, j . Using only the one-electron part of the Hamiltonian to determine
initial valuesfor the LCAO-MO coefficients may seem like arather severe step; it is, and
the resultant Cp, j values are usually far from the converged values which the SCF process
eventually produces. However, theinitial Cp, j obtained in this manner have proper
symmetries and nodal patterns because the one-electron part of the Hamiltonian has the
same symmetry as the full Hamiltonian.

Onceinitial guesses are made for the Cp, j  of the occupied orbitals, the full Fyn
matrix isformed and new g and C, j values are obtained by solving Sp Fiyn Chi =& Sp
Smn Chn,i . These new orbitals are then used to form anew Fyn matrix from which new g
and C, i areobtained. Thisiterative processis carried on until theg and C, j do not vary
(within specified tolerances) from iteration to iteration, at which time one says that the SCF
process has converged and reached self-consistency.

As presented, the Roothaan SCF processis carried out in afully ab initio manner in
that al one- and two-electron integrals are computed in terms of the specified basis set; no
experimental data or other input is employed. As described in Appendix F, it ispossibleto
introduce approximations to the coulomb and exchange integral s entering into the Fock
matrix elements that permit many of the requisite Fry, ; elementsto be evaluated in terms of
experimental dataor in terms of asmall set of ‘fundamental’ orbital-level coulomb
interaction integrals that can be computed in an ab initio manner. This approach formsthe
basis of so-called 'semi-empirical’ methods. Appendix F provides the reader with a brief
introduction to such approaches to the electronic structure problem and deals in some detail
with the well known Hiickel and CNDO- level approximations.



VII. Observations on Orbitals and Orbital Energies
A. The Meaning of Orbital Energies

The physical content of the Hartree-Fock orbital energies can be seen by observing
that Ffj = g f; impliesthat g can be written as:

g=<fi|F|[fi>=<fi|h|fi>+ Sjoccupied) < fi | J - Kj[fi>
=<fi[h|fi>+ Sjoccupied) [ Ji,j - Kij |-

Inthisform, itisclear that g isequal to the average value of the kinetic energy plus
coulombic attraction to the nucle for an eectroninf plus the sum over all of the spin-
orbitals occupied in Y of coulomb minus exchange interactions between f; and these
occupied spin-orbitals. If f itself isan occupied spin-orbital, theterm [ J i - Kj j]
disappears and the latter sum represents the coulomb minus exchange interaction of f with
all of the N-1 other occupied spin-orbitals. If fj isavirtua spin-orbital, this cancellation
does not occur, and one obtains the coulomb minus exchange interaction of f with all N of
the occupied spin-orbitals.

In this sense, the orbital energies for occupied orbitals pertain to interactions which
are appropriate to atotal of N electrons, while the orbital energies of virtual orbitals pertain
to asystem with N+1 electrons. It isthis fact that makes SCF virtual orbitals not optimal
(infact, not usually very good) for use in subsequent correlation calculations where, for
instance, they are used, in combination with the occupied orbitals, to form polarized orbital
pairs as discussed in Chapter 12. To correlate apair of electrons that occupy avalence
orbital requires double excitationsinto avirtual orbital that is not too didike in size.
Although the virtual SCF orbitals themselves suffer these drawbacks, the space they span
can indeed be used for treating electron correlation. To do so, it is useful to recombine (in a
unitary manner to preserve orthonormality) the virtual orbitalsto ‘focus' the correlating
power into as few orbitals as possible so that the multiconfigurational wavefunction can be
formed with as few CSFs as possible. Techniques for effecting such reoptimization or
improvement of the virtual orbitals are treated later in thistext.

B.. Koopmans Theorem



Further insight into the meaning of the energies of occupied and virtual orbitals can
be gained by considering the following model of the vertical (i.e., at fixed molecular
geometry) detachment or attachment of an electron to the original N-electron molecule:

1. In thismodel, both the parent molecule and the species generated by adding or removing
an electron are treated at the single-determinant level.

2. In this model, the Hartree-Fock orbitals of the parent molecule are used to describe both
the parent and the species generated by electron addition or removal. It is said that such a
model neglects 'orbital relaxation’ which would accompany the electron addition or
remova (i.e., the reoptimization of the spin-orbitalsto alow them to become appropriate
to the daughter species).

Within this smplified model, the energy difference between the daughter and the
parent species can be written as follows (f k represents the particular spin-orbital that is
added or removed):

1. For electron detachment:
EN-1-EN=<|fof o .. fr fnH|[f1f2 .. fr1.TN|>-
<|fafo...frafk..TNIH]||f2f2.. . Frafk..TN|>
= - <fy|h|fk>-Sjzak1k+1N) [ - Kkjl=-e&;
2. For electron attachment:
EN-EN+tl=<|fqfo .. fn|H|f1f2 .. .fN|>-
<|fafo.. INfK|H||[faf2....TNTK>
= - <fglh|fk>-Sj=aNn [ kj-Kkjl=-e&-

So, within the limitations of the single-determinant, frozen-orbital model set forth,
the ionization potentials (1Ps) and electron affinities (EAS) are given as the negative of the
occupied and virtual spin-orbital energies, respectively. This statement isreferred to as
Koopmans' theorem (T. Koopmans, Physica 1, 104 (1933)); it is used extensively in

guantum chemical calculations as a means for estimating 1Ps and EAs and often yields
resultsthat are at least qualitatively correct (i.e.,, = 0.5 eV).



C. Orbital Energies and the Total Energy

For the N-electron species whose Hartree-Fock orbitals and orbital energies have
been determined, the total SCF electronic energy can be written, by using the Slater-
Condon rules, as:

E = Si(occupied) < fi [ W i >+ Sisj(occupied) [ Jij - Kij 1.

For this same system, the sum of the orbital energies of the occupied spin-orbitalsis given
by:

Si(occupied) & = Si(occupied) < fi [h[fi >
+ Sj j(occupied) [ Jij - Kij 1-

These two seemingly very similar expressions differ in avery important way; the sum of
occupied orbital energies, when compared to the total energy, double counts the coulomb
minus exchange interaction energies. Thus, within the Hartree-Fock approximation, the
sum of the occupied orbital energiesis not equal to the total energy. The total SCF energy
can be computed in terms of the sum of occupied orbital energies by taking one-half of
Si(occupied) & and then adding to this one-half of Sj(occupied) < fi [ h|[fi >:

E = 1/2 [Sj(occupied) < fi | h [fi >+ Si(occupied) &1-

The fact that the sum of orbital energiesis not the total SCF energy also means that
as one attempts to develop a qualitative picture of the energies of CSFs along areaction
path, as when orbital and configuration correlation diagrams are constructed, one must be
careful not to equate the sum of orbital energies with the total configurational energy; the
former is higher than the latter by an amount equal to the sum of the coulomb minus
exchange interactions.

D. The Brillouin Theorem

The condition that the SCF energy <[f 1...f n| H [f 1...T N[> be stationary with respect
to variations df ; in the occupied spin-orbitals (that preserve orthonormality) can be written



<[f1...dfj...fnHf 1...Ti...Tn> = 0.

Theinfinitessmal variation of f; can be expressed in terms of its (small) components along
the other occupied f; and along the virtual f , as follows:

df| = Sj:occ U” fl + SmU|mfm

When substituted into [f 1...df j...f n|, the terms Sj=qccff 1...fj...f n|Uij vanish becausef
aready appearsintheoriginal Slater determinant [f 1...f |, so |f 1...f;...f y| contains T

twice. Only the sum over virtua orbitals remains, and the stationary property written
above becomes

SmUim<[f1...fm..fn[H [ 1...fi... N[> = O.

The Sater-Condon rules alow one to express the Hamiltonian matrix el ements
appearing here as

<[fr..fm. ENH 1 Fi NP = <Elnff > + Sj=oce,1 i <f ml[-K{]If i>,

which (because the term with j=i can beincluded sinceit vanishes) is equal to the following
element of the Fock operator: <f |Fffi> = g diy =0. Thisresult provesthat Hamiltonian
matrix elements between the SCF determinant and those that are singly excited relative to
the SCF determinant vanish because they reduce to Fock-operator integrals connecting the
pair of orbitalsinvolved in the 'excitation’. This stability property of the SCF energy is
known as the Brillouin theorem (i.e., that |f 1ff \| and [f 1...f m...T n| have zero Hamiltonian
matrix elementsif thef sare SCF orbitals). It is exploited in quantum chemical calculations
in two manners:

(i) When multiconfiguration wavefunctions are formed from SCF spin-orbitals, it
allows one to neglect Hamiltonian matrix elements between the SCF configuration and
those that are 'singly excited' in constructing the secular matrix.

(i) A so-called generalized Brillouin theorem (GBT) arises when one deals with
energy optimization for amulticonfigurational variational trial wavefunction for which the
orbitals and C; mixing coefficients are simultaneously optimized. This GBT causes certain
Hamiltonian matrix elementsto vanish, which, in turn, smplifies the treatment of electron
correlation for such wavefunctions. This matter is treated in more detail later in this text.






