Chapter 7. Statistical M echanics

When one is faced with a condensed-phase system, usually containing many
molecules, that is at or near thermal equilibrium, it is not necessary or even wiseto try to
describeit in terms of quantum wave functions or even classical trajectories of all of the
constituent molecules. Instead, the powerful tools of statistical mechanics allow one to
focus on quantities that describe the most important features of the many-molecule
system. In this Chapter, you will learn about these tools and see some important

examples of their application.

|. Collections of Moleculesat or Near Equilibrium

Asnoted in Chapter 5, the approach one takes in studying a system composed of
avery large number of molecules at or near thermal equilibrium can be quite different
from how one studies systems containing a few isolated molecules. In principle, it is
possible to conceive of computing the quantum energy levels and wave functions of a
collection of many molecules, but doing so becomes impractical once the number of
atoms in the system reaches afew thousand or if the molecules have significant
intermolecular interactions. Also, as noted in Chapter 5, following the time evolution of
such alarge number of molecules can be “confusing” if one focuses on the short-time
behavior of any single molecule (e.g., one sees “jerky” changesin its energy, momentum,
and angular momentum). By examining, instead, the long-time average behavior of each

molecule or, alternatively, the average properties of a significantly large number of
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molecules, one is often better able to understand, interpret, and simulate such condensed-

media systems. Thisis where the power of statistical mechanics comes into play.

A. TheDistribution of Energy Among Levels

One of the most important concepts of statistical mechanics involves how a
specified amount of total energy E can be shared among a collection of molecules and
among the internal (translational, rotational, vibrational, electronic) degrees of freedom
of these molecules. The primary outcome of asking what is the most probable distribution
of energy among alarge number N of molecules within a container of volumeV that is
maintained in equilibrium at a specified temperature T is the most important equation in

statistical mechanics, the Boltzmann population formula:

P. =W exp(- E /kT)/Q.

This equation expresses the probability P, of finding the system (which, in the case

introduced above, is the whole collection of N interacting molecules) in its " quantum

state, where E; is the energy of this quantum state, T isthe temperaturein K, W isthe

degeneracy of the jth state, and the denominator Q is the so-called partition function:

Q=S W exp(- E /KT).

The classical mechanical equivalent of the above quantum Boltzmann population formula

for a system with M coordinates (collectively denoted g) and M momenta (denoted p) is:
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P(g.,p) = h™ exp (- H(q, p)/kT)/Q,

where H isthe classical Hamiltonian, h is Planck's constant, and the classical partition

function Qs

Q=h™ oexp (- H(qg, p)/kT) dgdp .

Notice that the Boltzmann formula does not say that only those states of a given energy
can be populated; it gives non-zero probabilities for populating al states from the lowest
to the highest. However, it does say that states of higher energy E; are disfavored by the
exp (- E /KT) factor, but if states of higher energy have larger degeneracies W (which
they usually do), the overall population of such states may not be low. That is, thereisa
competition between state degeneracy W, which tends to grow as the state's energy
grows, and exp (-E, /KT) which decreases with increasing energy. If the number of
particles N is huge, the degeneracy W grows as a high power (let’s denote this power as
K) of E because the degeneracy isrelated to the number of ways the energy can be
distributed among the N molecules. In fact, K grows at least as fast asN. Asaresult of W
growing as E*, the product function P(E) = EX exp(-E/KkT) has the form shown in Fig. 7.1

(for K=10).
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Figure 7.1 Probability Weighting Factor P(E) as a Function of E for K = 10.

By taking the derivative of this function P(E) with respect to E, and finding the energy at

E&T

which this derivative vanishes, one can show that this probability function has a peak at

E* = K KT, and that at this energy value,

P(E*) = (KKT)* exp(-K),

By then asking at what energy E' the function P(E) dropsto exp(-1) of this maximum

value P(E*):
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P(E) = exp(-1) P(E¥),

one finds

E'= K KT (1+ (2/K)™2).

So the width of the P(E) graph, measured as the change in energy needed to cause P(E) to
drop to exp(-1) of its maximum value divided by the value of the energy at which P(E)

assumes this maximum value, is

(E-E*)/E* = (2IK)™2.

Thiswidth gets smaller and smaller as K increases. The primary conclusion isthat as the
number N of molecules in the sample grows, which, as discussed earlier, causesK to
grow, the energy probability function becomes more and more sharply peaked about the
most probable energy E*. This, in turn, suggests that we may be able to model, aside
from infrequent fluctuations, the behavior of systems with many molecules by focusing
on the most probable situation (i.e., having the energy E*) and ignoring deviations from
this case.

It isfor the reasons just shown that for so-called macroscopic systems near
equilibrium, in which N (and hence K) is extremely large (e.g., N ~ 10'° to 10?%), only the
most probable distribution of the total energy among the N molecules need be considered.

Thisisthe situation in which the equations of statistical mechanics are so useful.
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Certainly, there are fluctuations (as evidenced by the finite width of the above graph) in
the energy content of the N-molecule system about its most probable value. However,
these fluctuations become less and less important as the system size (i.e., N) becomes
larger and larger.

To understand how this narrow Boltzmann distribution of energies arises when
the number of molecules N in the sampleislarge, we consider a system composed of M
identical containers, each having volume V, and each made out a material that allows for
efficient heat transfer to its surroundings but material that does not allow the N molecules
in each container to escape. These containers are arranged into aregular lattice as shown
in Fig. 7.2 in amanner that alows their thermally conducting walls to come into contact.
Finally, the entire collection of M such containersis surrounded by a perfectly insulating
material that assures that the total energy (of al NxM molecules) can not change. So, this
collection of M identical containers each containing N molecules constitutes a closed
(i.e., with no molecules coming or going) and isolated (i.e., so total energy is constant)

system.
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Each Cell Contains N moleculesin VolumeV. There
areM such Cellsand the Total Energy of These M
CdlsisE

Figure 7.2 Collection of M Identical Cells Having Energy Conducting Walls That Do Not

Allow Molecules to Pass Between Cdll.

One of the fundamental assumptions of statistical mechanicsis that, for a closed
isolated system at equilibrium, all quantum states of the system having an energy equal to
the energy E with which the system is prepared are equally likely to be occupied. Thisis
called the assumption of equal a priori probability for such energy-allowed quantum
states. The quantum states relevant to this case are not the states of individual molecules.
Nor are they the states of N of the molecules in one of the containers of volume V. They
are the quantum states of the entire system comprised of NxM molecules. Because our

system consists of M identical containers, each with N moleculesin it, we can describe
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the quantum states of the entire system in terms of the quantum states of each such
container.

In particular, let’s pretend that we know the quantum states that pertain to N
moleculesin a container of volume V as shown in Fig. 7.2, and let’ s |abel these states by
anindex J. That is J=1 labelsthe first energy state of N moleculesin the container of
volume V, J=2 |abels the second such state, and so on. | understand that it may seem
daunting to think of how one actually finds these N-molecul e eigenstates. However, we
arejust deriving ageneral framework that gives the probabilities of being in each such
state. In so doing, we are alowed to pretend that we know these states. In any actual
application, we will, of course, have to use approximate expressions for such energies.

An energy labeling for states of the entire collection of M containers can be
realized by giving the number of containers that exist in each single-container J-state.
This is possible because the energy of each M-container state is a sum of the energies of
the M single-container states that comprise that M-container state. For example, if M= 9,
thelabel 1,1, 2, 2, 1, 3, 4, 1, 2 specifies the energy of this 9-container state in terms of
the energies{ g} of the states of the 9 containers: E=4 e, + 3 &, + €, + ,. Notice that this
9-container state has the same energy as several other 9-container states; for example, 1,
2,1,2,1,3,4,1,2and 4, 1, 3,1, 2, 2,1, 1, 2 have the same energy although they are
different individual states. What differs among these distinct states is which box occupies
which single-box quantum state.

The above example illustrates that an energy level of the M-container system can
have a high degree of degeneracy because its total energy can be achieved by having the

various single-container states appear in various orders. That is, which container isin
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which state can be permuted without altering the total energy E. The formulafor how
many ways the M container states can be permuted such that:
I there are n, containers appearing in single-container state J, with

ii. atotal of M containers, is

Wn) = MI/{P n,}.

Heren ={n, n,, n, ...n,, ...} denote the number of containers existing in single-
container states 1, 2, 3, ... J, .... Thiscombinatorial formula reflects the permutational
degeneracy arising from placing n, containersinto state 1, n, containers into state 2, etc.

If we imagine an extremely large number of containers and we view M aswell as
the{n;} asbeing large numbers (n.b., we will soon see that thisisthe case), we can ask
for what choices of the variables{n,, n,, n,, ...n,, ...} isthis degeneracy function W(n) a
maximum. Moreover, we can examine Wn) at its maximum and compare its value at
values of the {n} parameters changed only dlightly from the values that maximized W(n).
Aswewill see, Wisvery strongly peaked at its maximum and decreases extremely
rapidly for values of {n} that differ only slightly from the “optimal” values. It isthis
property that gives rise to the very narrow energy distribution discussed earlier in this
Section. So, let’ s take a closer look at how this energy distribution formula arises.

We want to know what values of the variables{n,, n,, n, ...n,, ...} make W=
M!/{ P jn,'} amaximum. However, al of the{n,, n,, n,, ...n,, ...} variables are not
independent; they must add up to M, the total number of containers, so we have a

constraint
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that the variables must obey. The {n} variables are also constrained to give the total

energy E of the M-container system when summed as

S, ng=E.

We have two problems: i. how to maximize Wand ii. how to impose these constraints.
Because Wtakes on values greater than unity for any choice of the {n}, Wwill
experience its maximum where InW has its maximum, so we can maximize In Wif doing
so helps. Because the n, variables are assumed to take on large numbers (when M is
large), we can use Sterling’ s approximation In X! = X In X — X to approximate In Was

follows:

INnW=InM! - S;{n,;Inn,—n,).

This expression will prove useful because we can take its derivative with respect to the n,
variables, which we need to do to search for the maximum of In W.

To impose the constraints S;n, = M and S;n,e, = E we use the technique of
Lagrange multipliers. That is, we seek to find values of { n;} that maximize the following

function:
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F=InM!-S,{n;Inn,—ny) - a(§n,—M) -b(S, n,e,—-E).

Notice that this function F is exactly equal to the InWfunction we wish to maximize
whenever the {n;} variables obey the two constraints. So, the maxima of F and of InWare
identical if the{n;} have valuesthat obey the constraints. The two Lagrange multipliersa
and b are introduced to alow the values of {n;} that maximize F to ultimately obey the
two constraints. That is, we will find values of the {n;} variables that make F maximum;
these values will depend on a and b and will not necessarily obey the constraints.
However, we will then choose a and b to assure that the two constraints are obeyed. This
is how the Lagrange multiplier method works.

Taking the derivative of F with respect to each independent n, variable and

setting this derivative equal to zero gives:

- Innc-a-beg=0.

This equation can be solved to give n, = exp(- a) exp(- b g,). Substituting this result into
the first constraint equation gives M = exp(- a) S,exp(- b e)), which allows usto solve for
exp(- a) interms of M. Doing so, and substituting the result into the expression for n,

gives:

n¢=M exp(- b e)/Q

where
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Q=S;,exp(- b &y.

Notice that the n, are, as we assumed earlier, large numbersif M islarge because n, is
proportional to M. Notice also that we now see the appearance of the partition function
Q and of exponentia dependence on the energy of the state that gives the Boltzmann
population of that state.

It ispossible to relate the b Lagrange multiplier to the total energy E of the M

containers by using

E=M S, e, exp(- be)/Q

=-M (TInQ/Ib)yy-

This shows that the average energy of a container, computed as the total energy E divided
by the number M of such containers can be computed as a derivative of the logarithm of
the partition function Q. Aswe show in the following Section, all thermodynamic
properties of the N molecules in the container of volume V can be obtained as derivatives
of the logarithm of this Q function. Thisiswhy the partition function plays such a central
rolein statistical mechanics.

To examine the range of energies over which each of the M single-container
system ranges with appreciable probability, let us consider not just the degeneracy WW(n*)

of that set of variables{n*} ={n*,, n*,, ...} that makes W maximum, but also the
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degeneracy W(n) for values of {n,, n,, ...} differing by small amounts{dn,, dn,, ...} from
the optimal values {n*}. Expanding In Was a Taylor seriesin the paramters{n,, n,, ...}

and evaluating the expansion in the neighborhood of the values {n*}, we find:

INnW=InW{n*, n*,, ...}) +S; (TI"W1In,) dn, + 12 S, (TInNWn,Tin,) dn, dny + ...

We know that all of the first derivative terms (InVWqIn,) vanish because InW has been
made maximum at {n*}. The first derivative of InWas given above is InWqn, = -In(n;),

so the second derivatives needed to compl ete the Taylor series through second order are:

(TINWIIn,Ting) = - dyy 0™

We can thus express W(n) in the neighborhood of { n*} asfollows:

In W(n) = In Wn*) — 1/2 S,(dn,)¥n,*,

or, equivaently,

W(n) = W(n*) exp[-1/2S; (dn;)*/n;*]

Thisresult clearly shows that the degeneracy, and hence by the equal a priori probability

hypothesis, the probability of the M-container system occupying a state having {n,, n,, ..}

falls off exponentially as the variables n, move away from their “optimal” values{n*}.
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Aswe noted earlier, the n;* are proportional to M (i.e., n;* =M exp(-be)/Q =T,
M), so when considering deviations dn, away from the optimal n,*, we should consider
deviations that are also proportional to M: dn, = M df,. In thisway, we are treating
deviations of specified percentage or fractional amount which we denote f,. Thus, the
ratio (dn,)%n,* that appearsin the above exponential has an M-dependence that allows

W(n) to be written as:

W(n) = Wn*) exp[-M/2S, (df))/f ],

wheref;* and df, are the fraction and fractional deviation of containersin state J. f,* =
n;*/M and df, = dny/M. The purpose of writing W(n) in this manner is to explicitly show
that, in the so-called thermodynamic limit, when M approaches infinity, only the most
probable distribution of energy {n*} need to be considered because only {df =0} is
important as M approaches infinity.

Let’'s consider this very narrow distribution issue a bit further by examining
fluctuationsin the energy of a single container around its average energy E, . = E/M. We
already know that the nunmber of containersin a given state K can be written as
n« =M exp(- b g)/Q. Alternatively, we can say that the probability of a container

occupying the state Jis:

P, = exp(- b&)/Q.

Using this probability, we can compute the average energy E, . as.
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Ene =S, Py8,= S, g,exp(- b €)/Q = - (TInQ/Tb)y -

To compute the fluctuation in energy, we first note that the fluctuation is defined as the

average of the square of the deviation in energy from the average:

(E' Eave))zave' = SJ (eJ _Eave)z PJ = SJ PJ (e.]2 - 2eJ Eave +Eave2) = SJ PJ(eJZ_ Eaave2 .

The following identity is now useful for further re-expressing the fluctuations:

(TINQ/Mb?)v = (-Sye, exp(-be)/Q)/Tb

=S, e/ exp(-bey)/Q - { S, eexp(-be)/QH{ S, & exp(-be )/Q}

Recognizing the first factor immediately above as S, e P,, and the second factor asE,, /7,

and noting that S, P,= 1, allows the fluctuation formulato be rewritten as.

(E-Bag)ae = (TINQMTD*)yy = - (T(Eao)/To)yy)-

Because the parameter b can be shown to be related to the Kelvin temperature T asb =

1/(KT), the above expression can be re-written as:

(E_Eave))zave =- (ﬂ(Ea\/e)/ﬂb)NV) = sz (ﬂ(Eave)/ﬂT)NV
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Recognizing the formula for the constant-volume heat capacity

Cy = (TEL/ My

allows the fractional fluctuation in the energy around the mean energy E, . = E/M to be

expressed as.

(E- Eave))zave/ Eave2 = sz CV/ Eavez'

What does this fractional fluctuation formulatell us? On its left-hand side it gives
ameasure of the fractional spread of energies over which each of the containers ranges
about its mean energy E, .. Ontheright side, it contains aratio of two quantities that are
extensive properties, the heat capacity and the mean energy. That is, both C, and E,, will
be proportional to the number N of moleculesin the container aslong as N is reasonably
large. However, because the right-hand side involves C/E,, 2, it is proportional to N™ and
thus will be very small for large N aslong as C,, does not become large. As aresult,
except near so-called critical points where the heat capacity does indeed become
extremely large, the fractional fluctuation in the energy of agiven container of N

molecules will be very small (i.e., proportional to N*). It isthis fact that causes the

narrow distribution in energies that we discussed earlier in this section.
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B. Partition Functions and Thermodynamic Properties

L et us now examine how thisidea of the most probable energy distribution being
dominant gives rise to equations that offer molecular-level expressions of thermodynamic
properties. The first equation is the fundamental Boltzmann population formula that we

already examined:

P. =W exp(- E /KT)/Q,

which expresses the probability for finding the N-molecule system in its J" quantum state

having energy E; and degeneracy W.
Using thisresult, it is possible to compute the average energy <E> of the system
<E>=SPE

[

and, as we saw earlier in this Section, to show that this quantity can be recast as

<E>=kT? T(UNQMT) v -

To review how this proof is carried out, we substitute the expressions for P, and for Q

into the expression for <E>:

<E>={SE, Wexp(-E/KT)}{S W exp(-E/KT)}.
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By noting that 1 (exp(-E/KT))/T = (/kT?) E; exp(-E/KT), we can then rewrite <E> as

<E>=KT2{S, W (exp(-E/KT))MT }{S W exp(-E/KT)}.

And then recalling that { IX/T}/X = fInX/qT, we finally obtain

<E>=KkT? (TIn(Q)/TT) -

All other equilibrium properties can also be expressed in terms of the partition

function Q. For example, if the average pressure <p> is defined as the pressure of each

quantum state

p = (15 /TV)y

multiplied by the probability P, for accessing that quantum state, summed over all such

states, one can show, realizing that only E (not T or W) depend on the volume V, that

<p>=, (TE /1V),, W exp(- E /KT)/Q

=KT(TInQ/MV)yr -
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Without belaboring the point further, it is possible to express al of the usual

thermodynamic quantities in terms of the partition function Q. The average energy and

average pressure are given above; the average entropy is given as

<& =k InQ + KT(TINQ/TIN), +

the Helmholtz free energy A is

A =-kT InQ

and the chemical potential mis expressed as follows:

m= -KT (TINQ/TN).

Aswe saw earlier, it is also possible to express fluctuations in thermodynamic

propertiesin terms of derivatives of partition functions and, thus, as derivatives of other

properties. For example, the fluctuation in the energy <(E-<E>)*> was shown above to be

given by

<(E-<E>)> =KkT?C,.

The Satistical Mechanics text by McQuarrie has an excellent treatment of these topics

and shows how all of these expressions are derived.
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So, if one were able to evaluate the partition function Q for N moleculesin a
volumeV at atemperature T, either by summing the quantum-state degeneracy and

exp(-E/kT) factors

Q=S W exp(- E /KT),

or by carrying out the phase-space integral over all M of the coordinates and momenta of

the system

Q =h™ dexp (- H(g, p)/kT) dq dp,

one could then use the above formulas to evaluate any thermodynamic properties as
derivatives of InQ.

What do these partition functions mean? They represent the thermal-average
number of quantum states that are accessible to the system. This can be seen best by

again noting that, in the quantum expression,

Q=S5 W exp(- E /KT)

the partition function is equal to asum of (i) the number of quantum statesin the j™

energy level multiplied by (ii) the Boltzmann popul ation factor exp(-E/KT) of that level.

So, Q isdimensionless and is a measure of how many states the system can access at

temperature T. Another way to think of Q is suggested by rewriting the Helmholtz free
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energy definition given above as Q = exp(-A/kT). Thisidentity showsthat Q can be
viewed as the Boltzmann population, not of agiven energy E, but of a specified amount
of free energy A.

Keep in mind that the energy levels E and degeneracies W are those of the full N-
molecule system. In the special case for which the interactions among the molecules can
be neglected (i.e., in the dilute ideal-gas limit), each of the energies E can be expressed
as asum of the energies of each individual molecule: E;= S,_,  g(k). In such acase, the
above partition function Q reduces to a product of individual-molecule partition

functions:

Q=(N)*d"

where the N! factor arises as a degeneracy factor having to do with the permutational
indistinguishability of the N molecules, and q is the partition function of an individual

molecule

q=Sw exp(-e/kT).

Here, g isthe energy of the ™ level of the molecule and w, is its degeneracy.

The molecular partition functions g, in turn, can be written as products of
trandational, rotational, vibrational, and electronic partition functions if the molecular
energies g can be approximated as sums of such energies. The following equations give

explicit expressions for these individual contributions to g in the most usual case of a
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non-linear polyatomic molecule:

Trandational:

g = (2pmkT/n?)*2V,

where m is the mass of the molecule and V isthe volume to which its motion is

constrained. For molecules constrained to a surface of area A, the corresponding result is

q = (2pmkT/h?)#2A, and for molecules constrained to move along a single axis over a

length L, the result is g, = (2pmkT/h?)*?L. The magnitudes these partition functions can

be computed, using minamu, T in Kelvin, and L, A, or V in cm, cn? or cm®, as

q=(3.28 X10® mT)¥22232 A V.

Rotational:

Qe = PYs (8p°1 \KT/N?)Y? (8p°1 gk T/H?) Y2 (8p%l KT/h?)*?,

wherel,, |5, and | are the three principal moments of inertia of the molecule (i.e.,

eigenvalues of the moment of inertiatensor). s isthe symmetry number of the molecule

defined as the number of ways the molecule can be rotated into a configuration that is
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indistinguishable from itsorigina configuration. For example, s is2 for H, or D,, 1 for
HD, 3 for NH,, and 12 for CH,. The magnitudes of these partition functions can be

computed using bond lengthsin A and massesin amu and T in K, using

(8p2 ,KT/N)¥2 = 9.75 x10°(I T)¥?

Vibrational:

Qhiv = Picrans {€XP(-N; /2KT)/(1- exp(-hn/kT))},

where njis the frequency of the j" harmonic vibration of the molecule, of which there are

3N-6.

Electronic:

Qe = S,W; exp(-e/KT),

where e; and w; are the energies and degeneracies of the J" electronic state; the sum is
carried out for those states for which the product w; exp(-e/kT) is numerically
significant. It is conventional to define the energy of a molecule or ion with respect to
that of its atoms. So, the first term above is usually written as w, exp(-DJKT), wherew, is
the degeneracy of the ground electronic state and D, is the energy required to dissociate

the molecule into its constituent atoms, all in their ground electronic states.
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Notice that the magnitude of the translational partition function is much larger than that
of therotational partition function, which, in turn, islarger than that of the vibrational
function. Moreover, note that the 3-dimensional trandational partition function is larger
than the 2-dimensional, which is larger than the 1-dimensional. These orderings are
simply reflections of the average number of quantum states that are accessible to the
respective degrees of freedom at the temperature T.

The above partition function and thermodynamic equations form the essence of
how statistical mechanics provides the tools for connecting molecule-level properties
such as energy levels and degeneracies, which ultimately determine the E; and the W, to
the macroscopic properties such as <E>, <S>, <p>, m €tc.

If one has a system for which the quantum energy levels are not known, itis
possible to express all of the thermodynamic propertiesin terms of the classical partition
function. This partition function is computed by evaluating the following classical phase-

space integral (phase space is the collection of coordinates g and conjugate momenta p)

Q=h"™ (NN o0exp (- H(q, p)/KT) dq dp.

In thisintegral, one integrates over the internal (e.g., bond lengths and angles),
orientational, and translational coordinates and momenta of the N molecules. If each
molecule has K internal coordinates, 3 translational coordinates, and 3 orientational
coordinates, the total number of such coordinates per moleculeisM =K + 6. One can

then compute all thermodynamic properties of the system using this Q in place of the
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guantum Q in the equations given above for <E>, <p>, etc.

The classical partition functions discussed above are especially useful when
substantial intermolecular interactions are present (and, thus, where knowing the quantum
energy levels of the N-molecule system is highly unlikely). In such cases, the classical
Hamiltonian is usually written in terms of H® which contains all of the kinetic energy
factors aswell as all of the potential energies other than the intermolecular potentials, and
the intermolecular potential U, which depends only on a subset of the coordinates. H = H°
+ U. For example, let us assume that U depends only on the relative distances between
molecules (i.e., on the 3N trand ational degrees of freedom which we denote r). Denoting
all of the remaining coordinates asy, the classical partition function integral can be re-

expressed as follows:

Q ={h™ (N!)*0exp (- H(y, p)/kT) dy dp {0exp (-U(r)/kT) dr}.

The factor

Qigea = N™ (N!)* 0exp (- H(y, p)/KT) dy dp V"

would be the partition function if the Hamiltonian H contained no intermolecular

interactions U. The V" factor would arise from the integration over al of the trans ational

coordinates if U(r) were absent (i.e., if U =0). The other factor

Qe = (UVY) {0exp (-U(r)/KT) dr}
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contains al of the effects of intermolecular interactions and reduces to unity if the
potential U vanishes. If, as the example considered here assumes, U only depends on the
positions of the centers of mass of the molecules (i.e., not on molecular orientations or
internal geometries), the Q,,.y partition function can be written in terms of the molecular

trandational, rotational, and vibrational partition functions shown earlier:

Qs = (N (2pmKT/R)*2V p¥¥s (8p3 \KT/h2) 2 (8p2 K T/N?) 2 (8p2 KT/H?)¥2

P13ne {exp(-hnj 12kT)/(1- exp(-hnj/kT))} S,w;, exp(-e/kT)} N

Because al of the equations that relate thermodynamic properties to partition functions
contain InQ, al such properties will decompose into a sum of two parts, one coming from
INQ,4y @nd one coming from InQ, .. The latter contains all of the effects of the
intermolecular interactions. This means that all of the thermodynamic equations can, in
this case, be written as an "ideal" component plus a part that arises from the
intermolecular forces. Again, the Satistical Mechanics text by McQuarrie is agood

source for reading more detail s on these topics.

C. Equilibrium Constantsin Terms of Partition Functions

One of the most important and useful applications of statistical thermodynamics

arisesin the relation giving the equilibrium constant of a chemical reaction or for a

physical transformation in terms of molecular partition functions. Specifically, for any
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chemical or physical equilibrium (e.g., the former could bethe HF U H*+ F
equilibrium; the latter could be H,O(1) U H,0O(g)), one can relate the equilibrium
constant (expressed in terms of numbers of molecules per unit volume) in terms of the
partition functions of these molecules. For example, in the hypothetical chemical
equilibrium A + B U C, the equilibrium constant K can be written, neglecting the effects

of intermolecular potentials, as:

K = (N/V)I(NAV) (Ne/V)] = (a/V)/(0a/V) (/)]

Here, q; is the partition function for molecules of type J confined to volume V at
temperature T. Alternatively, for an isomerization reaction involving the normal (N) and
zwitterionic (Z) forms of arginine that were discussed in Chapter 5, the pertinent

equilibrium constant would be:

K = (NAV)II(NWV)] = (@A V)T V)]

So, if one can evaluate the partition functions g for reactant and product moleculesin
terms of the trandlational, electronic, vibrational, and rotational energy levels of these
species, one can express the equilibrium constant in terms of these molecule-level
properties.

Notice that the above equilibrium constant expressions equate ratios of species
concentrations (in, numbers of molecules per unit volume) to ratios of corresponding

partition functions per unit volume. Because partition functions are a count of the
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thermal-average number of quantum states available to the system at temperature T (i.e.,
the average density of quantum states), this means that we equate species number
densities to quantum state densities when we use the above expressions for the

equilibrium constant.

D. Monte-Carlo Evaluation of Properties

A tool that has proven extremely powerful in statistical mechanics since
computers became fast enough to permit simulations of complex systems is the Monte-
Carlo (MC) method. This method allows one to evaluate the classical partition function
described above by generating a sequence of configurations (i.e., locations of all of the
moleculesin the system as well as of all the internal coordinates of these molecules) and
assigning aweighting factor to these configurations. By introducing an especially
efficient way to generate configurations that have high weighting, the MC method allows
us to simulate extremely complex systems that may contain millions of molecules.

To illustrate how this process works, let us consider carrying out aMC simulation
representative of liquid water at some density r and temperature T. One begins by
placing N water moleculesin a*“box” of volume V with V chosen such that N/V
reproduces the specified density. To effect the MC process, we must assume that the total
(intramolecular and intermolecular) potential energy E of these N water molecules can be
computed for any arrangement of the N molecules within the box and for any values of
the internal bond lengths and angles of the water molecules. Notice that E does not

include the kinetic energy of the molecules; it is only the potential energy. Usually, this
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energy E is expressed as a sum of intra-molecular bond-stretching and bending

contributions, one for each molecule, plus a pair-wise additive intermolecular potential:

E = S,E(internal),+ S, E(intermolecular),y.

However, the energy E could be computed in other ways, if appropriate. For example, E
might be evaluated as the Born-Oppenheimer energy if an ab initio el ectronic structure
calculation on the full N-molecule system were feasible. The MC process does not
depend on how E is computed, but, most commonly, it is evaluated as shown above.

In each “step” of the MC process, this potential energy E is evaluated for the
current positions of the N water molecules. In its most common and straightforward
implementation, a single water molecule is then chosen at random and one of its internal
(bond lengths or angle) or external (position or orientation) coordinatesis selected at
random. This one coordinate () is then altered by asmall amount (q® q +dq) and the
potential energy E is evaluated at the “new” configuration (g+dg). The amount dq by
which coordinates are varied is usually chosen to make the fraction of MC steps that are
accepted (see below) approximately 50%. This has been shown to optimize the
performance of the MC algorithm.

Note that, when the inter-molecular energy is pair-wise additive as suggested
above, evaluation of the energy change E(g+dq) — E(q) = dE accompanying the changein
g requires computational effort that is proportional to the number N of moleculesin the

system because only those factors E(intermolecular), ., with J or K equal to the single
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molecule that “moved” need be computed. Thisiswhy pairwise additive forms for E are
often employed.

If the energy change dE is negative (i.e., if the potential energy islowered by the
“move”), the change in coordinate dq is allowed to occur and the resulting “ new”
configuration is counted among the MC “accepted” configurations. On the other hand, if
dE is positive, the candidate move from g to g + dq is not simply rejected (to do so would
produce an agorithm directed toward finding a minimum on the energy landscape, which
is not the goal). Instead, the quantity P = exp(-dE/KT) is used to compute the probability
for accepting this energy-increasing move. In particular, a random number between, for
example, 0.000 and 1.000 is selected. If the number is greater than P (expressed in the
same decimal format), then the move is accepted and included in the list of accepted MC
configurations. If the random number is less than P, the move is not accepted. Instead, a
new water molecule and itsinternal or external coordinate are chosen at random and the
entire processis restarted.

In this manner, one generates a sequence of “accepted moves’ that generate a
series of configurations for the system of N water molecules. This set of configurations
has been shown to be properly representative of the geometries that the system will
experience as it moves around at equilibrium at the specified temperature T (n.b., T isthe
only way that the molecules kinetic energy enters the MC process). As the series of
accepted steps is generated, one can keep track of various geometrical and energetic data
for each accepted configuration. For example, one can monitor the distances R among all
pairs of oxygen atoms and then average this data over al of the accepted steps to generate

an oxygen-oxygen radial distribution function g(R) as shown in Fig. 7.3. Alternatively,
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one might accumulate the intermolecular interaction energies between pairs of water
molecules and average this over all accepted configurations to extract the cohesive

energy of the liquid water.

9(R)

LA
9 Y
s O,

“0.4 ‘{’ 1.0

Ri/nm

Figure 7.3. Radial Distribution Functions Between Pairs of Oxygen Atomsin H,O at

Three Different Temperatures.

The MC procedure thus allows us to compute the equilibrium average of any

property A(Q) that depends on the coordinates of the N molecules. Such an average

would be written in terms of the normalized coordinate probability distribution function

P(q) as:

<A> = 0P(q) A(g) dqg = { &xp(-bE(q)) A(q)da}/exp(-bE(g))dq.
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The denominator in the definition of P(q) is, of course, proportional to the coordinate
contribution to the partition function Q.
In the MC process, this same average is computed by forming the following sum

over the M accepted MC configurations q;.

<A> = (UM) S, A(q)).

In most MC simulations, millions of accepted steps contribute to the above averages. At
first glance, it may seem that such alarge number of steps represent an extreme
computational burden. However, consider what might be viewed as an alternative
procedure. Namely, suppose that the N molecules' 3 translational coordinates are the only
variables to be treated (this certainly is alower limit) and suppose one divides the range

of each of these 3N coordinates into only 10 values. To compute an integral such as

oexp(-bE(q)) A(g) dq

in terms of such a 10-site discretization of the 3N coordinates would require the

evaluation of the following 3N-fold sum:

SJl,jZ,...j3NA(q1! G - CI3N) eXp('bE(Chf qu)-
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This sum contains 10°" terms! Clearly, even for N = 6 (i.e., six molecules), the sum
would require as much computer effort as the one million MC steps mentioned above,
and MC simulations are often performed on thousands and even millions of molecules.

So, how do MC simulations work? That is, how can one handle thousands or
millions of coordinates when the above analysis would suggest that performing an
integral over so many coordinates would require 10" or 10-°°%® computations? The
main thing to understand is that the 10-site discretization of the 3N coordinatesis a
"stupid" way to perform the above integral because there are many (in fact, most)
coordinate values where A exp(-bE) is negligible. On the other hand, the MC algorithm is
designed to select (as accepted steps) those coordinates for which exp(-bE) is non-
negligible. So, it avoids configurations that are "stupid” and focuses on those for which
the probability factor islargest. Thisiswhy the MC method works!

It turns out that the M C procedure as outlined above is a highly efficient method

for computing multidimensional integrals of the form

OP(q) A(q) dq

where P(q) is anormalized (positive) probability distribution and A(q) is any property
that depends on the multidimensional variable g.

There are, however, cases where this conventional MC approach needs to be
modified by using so-called umbrella sampling. To illustrate how thisis done, suppose

that one wanted to use the MC process to compute an average, with the above
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exp(-bE(q)) as the weighting factor, of afunction A(q) that is large whenever two or
more molecules have high (i.e., repulsive) intermolecular potentials. For example, one

could have

A(Q) =S a|R-Ry[".

Such afunction could, for example, be used to monitor when pairs of molecules, with
center-of-mass coordinates R; and R,, approach closely enough to undergo reaction.

The problem with using conventional MC methods to compute

<A>=0A(q) P(q) dg

in such cases is that
i. P(q) = exp(-bE(Q))/ exp(-bE)dq favors those coordinates for which the total potential
energy E islow. So, coordinates with high E(q) are very infrequently accepted.
ii. A(Q) isdesigned to identify eventsin which pairs of molecules approach closely and
thus have high E(q) values.
So, there is a competition between P(q) and A(q) that renders the MC procedure
ineffective in such cases.

What is done to overcome this competition isto introduce a so-called umbrella
weighting function U(q) that
I. attains it largest values where A(q) islarge, and

ii. is positive and takes on values between 0 and 1.
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One then replaces P(q) in the MC algorithm by the product P(g) U(q). To see how this

replacement works, we re-write the average that needs to be computed as follows:

<A> = 0P(q) A(q) dg = {0A(q) exp(-bE(q)) da}/oexp(-bE(q) dq

= 0(A(9)/U(a) (U(q) exp(-bE(a))) da}/0(U(q) exp(-bE(a))) dg

R{o(1/U(9)) (U(a) exp(-bE(a))) da}/o(U(a) exp(-bE(a))) da} .

The interpretation of the last identity is that <A> can be computed by

i. using the MC process to evaluate the average of (A(Q)/U(q)) but with a probability

weighting factor of U(q) exp(-bE(q)) to accept or reject coordinate changes, and

ii. also using the MC process to evaluate the average of (1/U(Q)) again with

U(q) exp(-bE(q)) as the weighting factor, and finally

iii. taking the average of (A/U) divided by the average of (1/U) to obtain the final result.
The secret to the success of umbrella sampling is that the product Uexp(-bE)

causes the MC process to focus on those coordinates for which both exp(-bE) and U (and

hence A) are significant.

E. Molecular Dynamics Simulations of Properties

One thing that the MC process does not address directly is information about the

time evolution of the system. That is, the “ steps” one examines in the MC algorithm are
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not straightforward to associate with atime-duration, so it is not designed to compute the
rates at which events take place. If oneisinterested in ssmulating such dynamical
processes, even when the N-molecule system is at or near equilibrium, it is more
appropriate to carry out a classical molecular dynamics (MD) simulation. In suchaMD
calculation, one usually assigns to each of the internal and external coordinates of each of
the N molecules an initial amount of kinetic energy (proportional to T). However,
whether one assigns thisinitial kinetic energy equally to each coordinate or not does not
matter much because, as time evolves and the molecules interact, the energy becomes
more or less randomly shared in any event and eventually properly simulates the
dynamics of the equilibrium system. Moreover, one usually waits until such energy
randomization has occurred before beginning to use data extracted from the simulation to
compute properties. Hence, any effects caused by improper specifications of the initial
conditions can be removed.

With each coordinate having itsinitial velocity (dg/dt), and itsinitial value q,
specified as above, one then uses Newton’ s equations written for atime step of duration
dt to propagate g and dg/dt forward in time according, for example, to the following

first-order propagation formula:

q(t+dt) = q, + (dg/dt), dt

do/dit (t+dt) = (dayalt), - ot [(TE/q)s/my].

PAGE 36



Here m, is the mass factor connecting the velocity dg/dt and the momentum p, conjugate

to the coordinate q:

p, = M, do/dt,

and -(YE/1lq), isthe force along the coordianate q at the “initial” geometry q,. In most
modern MD simulations, more sophisticated numerical methods can be used to propagate
the coordinates and momenta. However, what | am outlining here provides you with the
basic idea of how MD simulations are performed. The forces can be obtained from
gradients of a Born-Oppenheimer electronic energy surface if thisis computationally
feasible. Alternatively, it can be computed from derivatives of an empirical forcefield. In
the latter case, the system's potential energy E is expressed in terms of analytical
functions of

I. intramolecular bond lengths, angles, and torsional angles, aswell as

ii. intermolecular distances and orientations.

The parameters appearing in such force fields have usually been determined from
electronic structure calculations on molecular fragments, spectroscopic determination of
vibrational force constants, and experimental measurements of intermolecular forces.

By applying this time-propagation to all of the coordinates and momenta of the N
molecules, one generates a set of “new” coordinates g(t+dt) and new velocities
do/dt(t+dt) appropriate to the system at time t+dt. Using these new coordinates and
momenta as g, and (dg/dt), and evaluating the forces (E/1q), at these new coordinates,

one can again use the Newton equations to generate another finite-time-step set of new
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coordinates and velocities. Through the sequential application of this process, one
generates a sequence of coordinates and velocities that simulate the system’ s behavior.
By following these coordinates and momenta, one can interrogate any dynamical
properties that one isinterested in.

In Chapter 8, | again discuss using Newtonian dynamics to follow the time
evolution of achemical system. Thereis afundamental difference between the situation
just described and the case treated in Chapter 8. In the former, one allows the N-molecule
system to reach equilibrium (i.e., by waiting until the dynamics has randomized the
energy) before monitoring the subsequent time evolution. In the problem of Chapter 8,
we use MD to follow the time progress of a system representing a single bimolecular
collision in two crossed beams of molecules. Each such beam contains molecules whose
initial velocities are narrowly defined rather than Maxwell-Boltzmann distributed. In this
case, we do not allow the system to equilibrate because we are not trying to model an
equilibrium system. Instead, we select initial conditions that represent the two beams and
we then follow the Newton dynamics to monitor the outcome (e.g., reaction or non-
reactive collision).

Unlike the MC method, which is very amenable to parallel computation, MD
simulations are more difficult to carry out in aparallel manner. One can certainly execute
many different classical trgjectories on many different computer nodes; however, to
distribute one trajectory over many nodesis difficult. The primary difficulty isthat, for
each time step, all N of the molecules undergo moves to new coordinates and momenta.
To compute the forces on all N molecules requires of the order of N? calculations (e.g.,

when pairwise additive potentials are used). In contrast, each MC step requires that one
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evaluate the potential energy change accompanying the displacement of only one
molecule. This uses only of the order of N computational steps (again, for pairwise
additive potentials).

Another factor that complicates MD simulations has to do with the wide range of
times scales that may be involved. For example, for one to use atime step dt short
enough to follow high-frequency motions (e.g., O-H stretching) in asimulation of an ion
or polymer in water solvent, dt must be of the order of 10™ s. To then simulate the
diffusion of anion or the folding of a polymer in the liquid state, which might require 10
s, one would have to carry out 10" MD steps. This likely would render the simulation not
feasible. For such reasons, when carrying out long-time MD simulations, it is common to
ignore the high-frequency intramolecular motions by, for example, simply not including
these coordinates and momenta in the Netwonian dynamics. Of course, thisisan
approximation whose consequences must be tested and justified.

In summary, MD simulations are not difficult to implement if one has available a
proper representation of the intramolecular and intermolecular potential energy E. Such
calculations are routinely carried out on large bio-molecules or condensed-media systems
containing thousands to millions of atomic centers. There are, however, difficulties
primarily connected to the time scales over which molecular motions and over which the

process being simulated change that limit the success of this method.

Il. Time Correlation Functions
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One of the most active research areasin statistical mechanics involves the
evaluation of so-called equilibrium time correlation functions such as we encountered in
Chapter 6. The correlation function C(t) is defined in terms of two physical operators A
and B, atime dependence that is carried by a Hamiltonian H via exp(-iHt/-h), and an
equilibrium average over a Boltzmann population exp(-bH)/Q.

The quantum mechanical expression for C(t) is

C(t) = S <F; | A exp(iHt/-h) B exp(-iHt/-h) |F; > exp(-bE)/Q,

while the classical mechanical expression is

C(t) = odq odp A(q(0),p(0)) B(a(t).p(t)) exp(-bH(q(0),p(0)))/Q,

where g(0) and p(0) are the values of al the coordinates and momenta of the system at

t=0 and q(t) and p(t) are their values, according to Newtonian mechanics, at timet.

As shown above, an example of atime correlation function that relates to molecular

spectroscopy is the dipole-dipole correlation function that we discussed in Chapter 6:

C(t) = S <F, | eemexp(iHt/-h) esmexp(-iHt/-h) |F; > exp(-bE)/Q,

for which A and B are both the electric dipole interaction esmbetween the photon's

electric field and the molecul€'s dipole operator. The Fourier transform of this particular

C(t) relates to the absorption intensity for light of frequency w:
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I(w) = odt C(t) exp(iwt).

It turns out that many physical properties (e.g., absorption line shapes, Raman scattering
intensities) and transport coefficients (e.g., diffusion coefficients, viscosity) can be
expressed in terms of time-correlation functions. It is beyond the scope of this text to go
much further in this direction, so | will limit my discussion to the optical spectroscopy
case at hand which now requires that we discuss how the time-evolution aspect of this
problem is dealt with. The Statistical Mechanics text by McQuarrie has a nice treatment
of such other correlation functions, so the reader is directed to that text for further details.
The computation of correlation functions involves propagating either wave
functions or classical trajectories which produce the q(t), p(t) values entering into the
expression for C(t). In the classical case, one carries out alarge number of Newtonian
trajectories with initial coordinates g(0) and momenta p(0) chosen to represent the
equilibrium condition of the N-molecule system. For example, one could use the MC
method to select these variables employing exp(-bH(p,q)) as the probability function for
accepting or rgjecting initial g and p values. In this case, the weighting function contains
not just the potential energy but also the kinetic energy (and thus the total Hamiltonian H)
because now we need to also select proper initial values for the momenta. So, with many
(e.g., M) selections of the initial q and p variables of the N-molecules being made, one
would allow the Newton dynamics of each set of initial conditions to proceed. During

each such trgjectory, one would monitor the initial value of the A(qg(0), p(0)) property and
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the time progress of the B(q(t),p(t)) property. One would then compute the MC average

to obtain the correlation function:

C(t) = (M) Spim A(04(0).p,(0)) B(ay(t).py(t)) exp(-bH(a,(0),p,(0))).

In the quantum case, the time propagation is especially challenging and is
somewhat beyond the scope of thistext. However, | want to give you some idea of the
steps that are involved, realizing that this remains an area of very active research
development. As noted in the Background Material, it is possible to time-propagate a
wave function F that isknown at t = 0 if oneis ableto expand F in terms of the
eigenfunctions of the Hamiltonian H. However, for systems comprised of many
molecules, which are most common in statistical mechanics studies, it isimpossible to
compute (or realistically approximate) these eigenfunctions. Thus, it is not productive to
try to express C(t) in terms of these eigenfunctions. Therefore, an entirely new set of
tools has been introduced to handle time-propagation in the quantum case, and it is these
new devices that | now attempt to describe in amanner much like we saw in the
Background Material's discussion of time propagation of wave functions.

Toillustrate, consider the time propagation issue contained in the quantum
definition of C(t) shown above. Oneis faced with
1. propagating |F; > from t=0 up to time t, using exp(-iHt/-h) |F; > and then acting with

the operator B
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2. acting with the operator A™ on |F ;> and then propagating A™ |F; > from t=0 up to time
t, using exp(-iHt/-R)A™ |F | >;
3. C(t) then requires that these two time-propagated functions be multiplied together and
integrated over the coordinates that F depends on.

The exp(-bH) operator that also appearsin the definition of C(t) can be combined,
for example, with the first time propagation step and actually handled as part of the time

propagation as follows:

exp(-iHt/-h) |F; > exp(-bE)) = exp(-iHt/-h) exp(-bH) |F; >

=exp(-i[t+b A /i]H/h) |F >.

The latter expression can be viewed as involving a propagation in complex time fromt =
0 tot=t+ b-h/i. Although having a complex time may seem unusual, as | will soon
point out, it turns out that it can have a stabilizing influence on the success of these tools
for computing quantum correlation functions.

Much like we saw earlier in the Background Material, so-called Feynman path
integral techniques can be used to carry out the above time propagations. One begins by
dividing the time interval into P discrete steps (this can be the real time interval or the

complex interval)

exp[-i Ht/-h] = {exp[-i Hdt/-hA]}F.
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The number P will eventually be taken to be very large, so each time step dt = t/P hasa
very small magnitude. This fact allows us to use approximations to the exponential
operator appearing in the propagator that are valid only for short time steps. For each of
these short time steps one then approximates the propagator in the most commonly used

so-called split symmetric form:

exp[-i Hdt/-h] = exp[-i Vdt/2-h] exp[-i Tdt/-h] exp[-i Vdt/2h].

Here, V and T are the potential and kinetic energy operatorsthat appear inH=T + V. It
is possible to show that the above approximation is valid up to terms of order (dt)*,
whereas the form used in the Background Material isvalid only to order dt? . So, for short
times (i.e., small dt ), these symmetric split operator approximation to the propagator
should be accurate.

The time evolved wave function F (t) can then be expressed as

F(t) = { exp[-i Vdv/2-h] exp[-i Tdt/-h] exp[-i Vd/2-h]}" F (t=0).

The potential V is (except when external magnetic fields are present) a function only of

the coordinates {q; } of the system, while the kinetic term T is afunction of the momenta

{p } (assuming Cartesian coordinates are used). By making use of the completeness

relations for elgenstates of the coordinate operator

1=0dq|g><q
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and inserting thisidentity P times (once between each combination of
exp[-i Vdt/2h] exp[-i Tdt/h] exp[-i Vdt/2h] factors), the expression given above for F (t)

can be rewritten as follows:

F(0s,t)=0dge, dQp, - .. do, ddy Pj-yp exp{ (-idt/2-R)[V(q) + V(g )]}

< gl exp(-idtT /R) |g,,>F (00,0).

Then, by using the analogous compl eteness identity for the momentum operator

1= (1/-h) odp| p><p; |

one can write

< q| exp(-idtT / h) |g;.,> = (U-h) odp < gj|p > exp(-ip’dt /2m-h) < plg,., >.

Finally, by using the fact (recall this from the Background Material) that the momentum

eigenfunctions |p>, when expressed as functions of coordinates g are given by

< ¢lp > = (1/2p)** exp(ipa/-h),

the above integral becomes
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< q | exp(-idtT /-h) [q, ;> = (1/2p-h) odp exp(-ip? dt /2m-) explip(q; - g;_)/A].

Thisintegral over p can be carried out analytically to give

< q | exp(-idtT /-h) [g;.,> = (m/2pih dt)** exp[im(q; - ¢ .,)* /2-h dt].

When substituted back into the multidimensional integral for F (g, ,t), we obtain

F (0 )= (M/2pih dt)™ 000p., Al . . - ddy ddy Psp exp{ (-idU/2R)[V(q) + V (g1}

exp[im(q; - g.,)*/2-h dt] F (,,0)

or

F (0 )= (M/2pih dt)™ 000, dCp. - - - dd, ddy eXp{ Sy (-id/2R)[V(q) + V(q.0)]

+(im(g - g.)* /2R di)l} F (6,0).

Why are such multidimensional integrals called path integrals? Because the

sequence of positionsq; , ... g, describes a"path" connecting g, to g, . By integrating

over all of theintermediate positionsq, , g, ,... g, fOr any given g, and g- oneis
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integrating over all paths that connect g, to g,. Further insight into the meaning of the

above is gained by first realizing that

(m/2dt) (g - ¢..)> =(MV2(dt)?)) (g, - g,)? dit = T dit

Is the representation, within the P discrete time steps of length dt, of the integral of Tdt

over the j" time step, and that

(d/2) [V(q) + V()] = o/ (a)dt

is the representation of the integral of Vdt over the j™ time step. So, for any particular
path (i.e., any specificset of q,, ¢, , --- O » O VAlUES), the sum over all P such terms
S [M(q, - 0.)° / 2dt - dt(V(q) + V(0,.,))/2] represents the integral over all time from

t=0 until t =t of the so-called LagrangianL =T - V:

Sise [M(J - .7/ 20t - di(V(q)) + V(0))/2] = Ol
Thistime integral of the Lagrangian is called the "action" Sin classical mechanics (recall
that in the Background Material we used quantization of the action in the particle-in-a-
box problem). Hence, the N-dimensional integral in terms of which F (g, ,t) is expressed
can be written as

F (G 1) = (MV2pHA dt)™ Sy, s eXp{i I OCE L } F (g ,t=0).
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Here, the notation "all paths’ isrealized in the earlier version of this equation by dividing
thetimeaxisfromt =0tot =t into P equal divisions, and denoting the coordinates of the
system at the " time step by g, . By then allowing each g, to assume all possible values
(i.e., integrating over all possible values of g; using, for example, the Monte-Carlo
method discussed earlier), one visits all possible paths that begin at g, at t = 0 and end at

gp a t =t. By forming the classical action S

S=odtL

for each path and then summing exp(iS-h) F ( g, ,t=0) over al paths and multiplying by
(m/2p-h dt)”?, oneis ableto form F (g, ,t).

The difficult step in implementing this Feynman path integral method in practice
involves how one identifies al paths connecting g, , t =0to g, , t. Each path contributes

an additive term involving the complex exponential of the quantity

S-1p [M(q - 0.0)° / 20t - dt(V() + V(9.))/2]

Because the time variable dt =t/P appearing in each action component can be complex
(recal that, in one of the time evolutions, tisreally t + b-h /i ), the exponentias of these
action components can have both real and imaginary parts. The real parts, which arise
from the exp(-bH), cause the exponential terms to be damped (i.e., to undergo

exponential decay), but the real parts give rise (in exp(iS/-h)) to oscillations. The sum of
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many, many (actually, an infinite number of) oscillatory exp(iS/-h) = cos (S-h) +i sin(S/
h) terms is extremely difficult to evaluate because of the tendency of contributions from
one path to cancel those of another path. The practical evaluation of such sumsremains a
very active research subject.

The most commonly employed approximation to this sum involves finding the

path(s) for which the action

S= S0 [M(q - .)°/ 20t - dt(V(q) + V(0,4))/2]

is smallest because such paths produce the lowest frequency oscillations in exp(iS/-h),

and thus may be less subject to cancellation by contributions from other paths.

The path(s) that minimize the action S are, in fact, the classical paths. That is, they are the
paths that the system whose quantum wave function is being propagated would follow if
the system were undergoing classical Newtonian mechanics subject to the conditions that
the system be at g, at t=0 and at g, at t=t. In this so-called semi-classical approximation
to the propagation of the initial wave function using Feynman path integrals, one finds al
classical paths that connect g, at t =0 and at g, at t =t, and one evaluates the action S for

each such path. One then applies the formula

F(Op ) = (M/2pih dt)™ S, pans eXp{i /A Odt L } F (qp ,t=0)
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but includes in the sum only the contribution from the classical path(s). In thisway, one
obtains an approximate quantum propagated wave function via a procedure that requires
knowledge of only classical propagation paths.

Clearly, the quantum propagation of wave functions, even within the semi-
classical approximation discussed above, is arather complicated affair. However, keep in
mind the alternative that one would face in evaluating, for example, spectroscopic line
shapesif one adopted a time-independent approach. One would have to know the
energies and wave functions of a system comprised of many interacting molecules. This
knowledge is simply not accessible for any but the simplest molecules. For this reason,
the time-dependent framework in which one propagates classical trajectories or uses
path-integral techniques to propagate initial wave functions offers the most feasible way
to evaluate the correlation functions that ultimately produce spectral line shapes and other
time correlation functions for complex moleculesin condensed media.

[11. Some Important Chemical Applications of Statistical M echanics

A. Gas-Molecule Thermodynamics

The equations relating the thermodynamic variables to the molecular partition
functions can be employed to obtain the following expressions for the energy E, heat
capacity C,,, Helmholz free energy A, entropy S, and chemical potential min the case of a

gas (i.e., in the absence of intermolecular interactions) of polyatomic molecules:

E/NKT = 3/2 + 3/2 + Sy, 3u6 [MNy2KT + hnykT (exp(hny/kT)-1)*] — DJKT,
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Cy/Nk = 3/2 + 3/2 + Sy, 346 (hnyKT)? exp(hnykT) (exp(hnykT)-1)?,

-AINKT = In {[2pmKT/h3¥2(Ve/N)} + In[(p“?/s) (8p2 KT/n?) 2 (8p KT/h?) 2

(82 KT/ - S, s [NNY2KT + In(1-exp(-hn/KT))] + DJKT + Inw,

SINK = In {[2pmKT/H¥2 (VE2IN)} + In [(p¥¥s) (8p% \KT/N?)¥2 (8p% KT/h?)¥2

(8% KT/ + Sy [NN/KT (exp(hny/KT)-1) — In(L-exp(-hn,/KT))] + Inw,

mKT = - In {[2omkT/h?*? (KT/p)} - In[(p*?/s) (8p° \KT/h?)*? (8p°l KT /h?)"?

(8?1 KT/N)Y?] + Sy, gn.6[NNY2KT + In(1-exp(-hnyKT))] - DJKT - Inw,.

Notice that, except for m al of these quantities are extensive properties that depend

linearly on the number of molecules in the system N. Except for the chemical potential m

and the pressure p, all of the variables appearing in these expressions have been defined

earlier when we showed the explicit expressions for the tranglational, vibrational,

rotational, and electronic partition functions. These are the working equations that allow

one to compute thermodynamic properties of stable molecules, ions, and even reactive

species such as radicals in terms of molecular properties such as geometries, vibrational
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frequencies, electronic state energies and degeneracies, and the temperature, pressure,

and volume.

B. Einstein and Debye Models of Solids

These two models deal with the vibrations of crystals that involve motions among
the neighboring atoms, ions, or molecules that comprise the crystal. These inter-fragment
vibrations are called phonons. In the Einstein model of a crystal, one assumes that:
1. Each atom, ion, or molecule from which the crystal is constituted is trapped in a
potential well formed by its interactions with neighboring species. This potentia is
denoted f (V/N) with the V/N ratio written to keep in mind that it likely depends on the
packing density (i.e., the distances among neighbors) within the crystal. Keep in mind
that f represents the interaction of any specific atom, ion, or molecule with the N-1 other
such species. So, N f/2, not N f isthetotal interaction energies among all of the species;
the factor of 1/2 is necessary to avoid double counting.
2. Each such species is assumed to undergo local harmonic motions about its equilibrium
position (q,’) within the local well that trapsit. If the crystal isisotropic, the force
constants k;, that characterize the harmonic potential 1/2 k, (g,-q,))* along the X, y, and z
directions are equal; if not, these k, parameters may be unequal. It is these force
constants, along with the masses m of the atoms, ions, or molecules, that determine the
harmonic frequencies n, = 1/2p (k,/m)"?of the crystal.
3. Theinter-species phonon vibrational partition function of the crystal is then assumed to
be aproduct of N partition functions, one for each speciesin the crystal, with each

partition function taken to be of the harmonic vibrational form:
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Q =exp(-N f/2kT) { P ., 5 exp(-hny2kT) (1-exp(-hnykT)) "

There is no factor of N! in the denominator because, unlike a gas of N species, each of
these N species (atoms, ions, or molecules) are constrained to stay put (i.e., not free to
roam independently) in the trap induced by their neighbors. In this sense, the N species
are distinguishable rather than indistinguishable. The Nf /2kT factor arises when one asks
what the total energy of the crystal is, aside from its vibrational energy, relativeto N
separated species; in other words, what is the total cohesive energy of the crystal. This
energy is N times the energy of any single speciesf, but, as noted above, divided by 2 to
avoid double counting the inter-species interaction energies.

This partition function can be subjected to the thermodynamic equations
discussed earlier to compute various thermodynamic properties. One of the most useful to

discussfor crystalsisthe heat capacity C,, whichis give by:

Cy = Nk Sy, 5 (hn/KT)? exp(hn,/kT) (exp(hn/KT) —1)2

At very high temperatures, this function can be shown to approach 3Nk, which agrees

with the experimental observation know as the law of Dulong and Petit. However, at

very low temperatures, this expression approaches:

Cy® S, ;Nk (hn/kT)?exp(-hny/KT),
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which goesto zero as T approaches zero, but not in away that is consistent with
experimental observation. That is, careful experimental data showsthat all crystal heat
capacities approach zero proportional to T° at low temperature; the Einstein model’s C,
does not.

So, although the Einstein model offers avery useful model of how acrystal’s
stability relatesto Nf and how its C,, depends on vibrational frequencies of the phonon
modes, it does not work well at low temperatures. Nevertheless, it remains awidely used
model in which to understand the phonons' contributions to thermodynamic properties as
long as one does not attempt to extrapolate its predictionsto low T.

In the Debye model of phononsin crystals, one abandons the view in which each
atom, ion, or molecule vibrates independently about it own equilibrium position and
replaces this with aview in which the constituent species vibrate collectively in wave-
like motions. Each such wave has awave length | and afrequency n that are related to

the speed c of propagation of such wavesin the crystal by

The speed c is a characteristic of the crystal’ s inter-species forces; it islarge for “stiff”
crystals and small for “soft” crystals.

In amanner much like we used to determine the density of quantum states
WE) within athree-dimensional box, one can determine how many waves can fit within
acubic crystalline “box” having frequencies between n and n + dn. The approach to this

problem isto express the alowed wave lengths and frequencies as:

PAGE 54



| ,=2L/n,

n,=nc/2L,

where L isthe length of the box on each of itssidesand nisaninteger 1, 2, 3, .... This

prescription forces all wave lengths to match the boundary condition for vanishing at the

box boundaries.

Then carrying out a count of how many (VWn)) waves have frequencies between n

and n + dn for abox whose sides are all equal gives the following expression:

W(n) = 12p V n?c’.

The primary observation to be made is that the density of wavesis proportional to n*:

W) = an?

It is conventional to define the parameter ain terms of the maximum frequency n,,, that

one obtains by requiring that the integral of W(n) over all allowed n add up to 3N, the

total number of inter-species vibrations that can occur:

3N =oWn) dn=an, /3.
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This then gives the constant ain terms of n,, and N and alows Wn) to be written as

Wn) = 9NNn%/n, 2.

The Debye model uses this wave picture and computes the total energy E of the crystal

much as done in the Einstein mode!, but with the sum over 3N vibrational modes

replaced by a continuous integral over the frequencies n weighted by the density of such

states W(n):

E = Nf /2 + (ONKT/n, 2) o[hn/2KT + (hn/kT) (exp(hn/kT) =1)*]n?dn,

where the integral over n ranges from 0 to n,,,. It turns out that the C,, heat capacity

obtained by taking the temperature derivative of this expression for E can be written as

follows:

C, = 3Nk [ 4 D(hn,{kT) — 3(hn/KT) (exp(hn (kT) =1)*]

where the so-called Debye function D(u) is defined by

D(u) = 3 u® ox3 (exp(x) — 1) dx,

and the integral istaken fromx =0tox = u.

PAGE 56



The important thing to be noted about the Debye model is that the heat capacity,
as defined above, extrapolates to 3Nk at high temperatures, thus agreeing with the law of

Dulong and Petit, and varies at low temperature as

C, ® (12/5) Nkp*(KT/hn,)%.

So, the Debye heat capacity doesindeed vary as T at low T as careful experiments
indicate. For thisreason, it is appropriate to use the Debye model whenever oneis
interested in properly treating the energy, heat capacity, and other thermodynamic
properties of crystals at temperatures for which kT/hn,, is small. At higher temperatures,
it is appropriate to use either the Debye or Einstein models. The major difference
between the two lies in how they treat the spectrum of vibrational frequencies that occur
inacrystal. The Einstein model says that only one (or at most three, if three different k,
values are used) frequency occurs n, = 1/2p (k/m*?; each speciesin the crystal is
assumed to vibrate at this frequency. In contrast, the Debye model says that the species
vibrate collectively and with frequencies ranging fromn =0 up to n=n,, the so-called
Debye frequency, which is proportional to the speed ¢ at which phonons propagate in the
crystal. In turn, this speed depends on the stiffness (i.e., the inter-species potential s)

within the crystal.

C. Lattice Theories of Surfaces and Liquids

This kind of theory can be applied to awide variety of chemical and physical

problems, so it isavery useful model to be aware of. The starting point of the model isto
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consider alattice containing M sites, each of which has ¢ nearest neighbor sites (n.b.,
clearly, c will depend on the structure of the lattice) and to imagine that each of these
sites can exist in either of two “states’ that we label A and B. Before deriving the basic
equations of this model, let me explain how the concepts of sitesand A and B states are
used to apply the model to various problems. For example,

1. The sites can represent binding sites on the surface of a solid and the two states A and
B can represent situations in which the site is either occupied (A) or unoccupied (B) by a
molecule that is chemi-sorbed or physi-sorbed to the site. This point of view is taken
when one applies lattice models to adsorption of gases or liquids to solid surfaces.

2. The sites can represent individual spin = 1/2 molecules or ions within alattice, and the
states can denote the a and b spin states of these species. This point of view alows the
lattice models to be applied to magnetic materials.

3. The sites can represent positions that either of two kinds of molecules A and B might
occupy in aliquid or solid in which case A and B are used to label whether each site
containsan A or aB molecule. Thisis how we apply the lattice theories to liquid
mixtures.

4. The sites can represent cis- and trans- conformations in linkages within a polymer, and
A and B can be used to label each such linkage as being either cis- or trans-. Thisis how

we use these model s to study polymer conformations.

InFig. 7.4 1 show atwo-dimensional lattice having 25 sites of which 16 are occupied by

dark (A) species and 9 are occupied by lighter (B) species.
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Figure 7.4 Two-dimensional Lattice Having 25 sites With 16 A and 9 B Species

The partition function for such alattice is written in terms of a degeneracy Wand
an energy E, as usual. The degeneracy is computed by considering the number of ways a

total of N, + N species can be arranged on the lattice:

W= (NA+NQ)V[NL! Ng!].

The interaction energy among the A and B species for any arrangement of the A

and B on the lattice is assumed to be expressed in terms of pairwise interaction energies.

In particular, if only nearest neighbor interaction energies are considered, one can write

the total interaction energy E,, of any arrangement as
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Eint = Naa Ean + Ngg Egg + Nag Eng

where N,,is the number of nearest neighbor pairs of type I-Jand E; is the interaction

energy of an I-Jpair. The example shown in Fig. 7.4 hasN,, = 16, Ngg = 4 and N,z = 22.
The three parameters N, that characterize any such arrangement can be re-

expressed in terms of the numbers N, and N of A and B species and the number of

nearest neighbors per site ¢ asfollows:

Naa+ /2 N,yg =CN,

Ngg + 1/2 Npg = CNg.
The factor of 1/2 is needed to make sure that one does not double count the AB pairs.
Note that the sum of these two equations states the obvious fact that the sum of AA, BB,
and AB pairs must equal the number of A and B species multiplied by the number of
neighbors per species, c.

Using the above relationships among N,a, Ngg, and N,g, we can rewrite the

interaction energy as

Eint = Ean (C NA_ NAB)/2 + EBB (C NB - NAB)/2 + EAB NAB

= (NA EAA + NB EBB) C/2 + (2 EAB_ EAA_ EBB ) NAB/2
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Thereason it is helpful to write E; in this manner isthat it allows usto expressthingsin
terms of two variables over which one has direct experimental control, N, and N, and
one variable N, that characterizes the degree of disorder among the A and B species.
That is, if N,g issmall, the A and B species are arranged on the lattice in a phase-
separated manner; whereas, if N, islarge, the A and B are well mixed.

Thetotal partition function of the A and B species arranged on the lattice is

written as follows:

Q= qANA qBNB Swas WN,, Ng, Ng) exp(-E/KT).

Here, g, and g5 are the partition functions (electronic, vibrational, etc.) of the A and B
species as they sit bound to alattice site and WAN,, Ng, N,;z) isthe number of ways that
N, species of type A and N, of type B can be arranged on the lattice such that there are
N,g A-B type nearest neighbors. Of course, E,, is the interaction energy discussed earlier.
The sum occurs because a partition function isasum over all possible states of the
system. There are no (1/N,!) factors because, asin the Einstein and Debye crystal models,
the A and B species are not free to roam but are tied to lattice sites and thus are
distinguishable.

This expression for Q can be rewritten in a manner that is more useful by

employing the earlier relationshipsfor N, and Ngg:
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Q = (G eXP(-CEAn/2KT))™ (ds€XP(-CEgg/2KT))"™ Syypp WIN A, N, Nag) eXP(N»sX/2KT),

where

X =(-2Exg+ Epn+ Egg ).

The quantity X plays acentral rolein al lattice theories because it provides a measure of
how different the A-B interaction energy is from the average of the A-A and B-B
interaction energies. Aswe will soon see, if X islarge and negative (i.g, if the A-A and
B-B interactions are highly attractive), phase separation can occur; if X is positive, phase
separation will not occur.

The problem with the above expression for the partition function is that no one
has yet determined an analytical expression for the degeneracy W(N,, N;, N,z) factor.
Therefore, in the most elementary |attice theory, known as the Bragg-Williams
approximation, one approximates the sum over N, by taking the following average value

of Njpg:

Nag* = Na (CNg)/(Na+Ng)

in the expression for W. This then produces

Q = (0 eXP(-CEAA/2KT))™ (0peXP(-CEg/2KT))® eXp(Npg* X/2KT) Syag WIN A, Ng, N,ug).
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Finally, we realize that the sum S, WAN,, Ng, N,g) isequal to the number of ways of
arranging N, A species and Ng B species on the lattice regardless of how many A-B
neighbor pairs there are. This number is, of course, (N,+Ng)!/[(NA)(Ng!)].

So, the Bragg-Williams | attice model partition function reduces to:

Q = (0, exP(-CEAA/2KT))™ (0o €XP(-CEgg/2KT))"® (N4 +Ng)!/[(NA!)(Ng!)] exp(Ng* X/2KT).

The most common connection one makes to experimental measurements using this
partition function arises by computing the chemical potentials of the A and B species on
the lattice and equating these to the chemical potentials of the A and B asthey exist in the
gas phase. In this way, one uses the equilibrium conditions (equal chemical potentialsin
two phases) to relate the vapor pressures of A and B, which arise through the gas-phase
chemical potentials, to the interaction energy X.

L et me now show you how thisisdone. First, we use

m=-KT (TInQ/TIN)

to compute the A and B chemical potentials on the lattice. This gives

M, = -KT{ In(QaeXP(-CEAA/2KT)) — IN(NA/(NA+Ng)) + (1-[NA/(NA+Ng)])? cX/2KT }

and an analogous expression for m, with N replacing N,. The expression for the gas-

phase chemical potentials m\? and my? given earlier has the form:
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m= - KT In {[2pmKT/h*2 (KT/p)} — KT In[(p¥%/s) (8p% JKT/h2)V? (8p? KT/h?)"2

(8P KT/N)Y?] +kT Sy an6[NNy2KT + In(1-exp(-hny/kT))] - D, — KT Inw,,

within which the vapor pressure appears. The pressure dependence of this gas-phase

expression can be factored out to write each mas:

m? =m’+ kT In(p,),

where p, isthe vapor pressure of A (in atmosphere units) and m,° denotes all of the other
factorsin m\°. Likewise, the | attice-phase chemical potentials can be written as aterm that

containsthe N, and N; dependence and a term that does not:
m, = -KT{ IN(gaeXP(-CEAA/2KT)) —INX 4 + (1-X,,)? cX/2KT },
where X, isthe mole fraction of A (N,/(N,+Ng)). Of course, an analogous expression
holds for my.
We now perform two steps:

1. We equate the gas-phase and | attice-phase chemical potentials of species A in acase

where the mole fraction of A isunity. Thisgives

m°+ KT In(p,°) = -KT{ In(q,exp(-CE,A/2KT))}
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where p,° isthe vapor pressure of A that exists over the lattice in which only A species
are present.

2. We equate the gas- and lattice-phase chemical potentials of A for an arbitrary chemical
potential X, and obtain:

M+ KT In(p,) = -KT{ In(q,exp(-CE,A/2KT)) —InX, + (1-X,)? cX/2KT },
which contains the vapor pressure p, of A over the lattice covered by A and B with X,
being the mole fraction of A.
Subtracting these two equations and rearranging, we obtain an expression for how the

vapor pressure of A dependson X,:

Pa= pAOXA eXp('CX(l'XA)Z/ZkT)-

Recall that the quantity X isrelated to the interaction energies among various species as

X=(-2Ep+ Eant Egg).

L et us examine that physical meaning of the above result for the vapor pressure.

First, if one were to totally ignore the interaction energies (i.e., by taking X = 0), one
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would obtain the well known Raoult’s Law expression for the vapor pressure of a

mixture:

Pa= pAOXA

Ps = pBOXB'

InFig. 7.5, | plot the A and B vapor pressuresvs. X,. The two straight lines are, of
course, just the Raoult’s Law findings. | also plot the p, vapor pressure for three values
of the X interaction energy parameter. When X is positive, meaning that the A-B
interactions are more energetically favorable than the average of the A-A and B-B
interactions, the vapor pressure of A isfound to deviate negatively from the Raoult’s Law
prediction. This means that the observed vapor pressure islower than is that expected
based solely on Raoult’s Law. On the other hand, when X is negative, the vapor pressure

deviates positively from Raoult’s Law.
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Figure 7.5. Plots of Vapor Pressuresin an A, B mixture as Predicted in the Lattice Model

With the Bragg-Williams Approximation.

An especially important and interesting case arises when the X parameter is
negative and has a value that makes cX/2kT be more negative than —4. It turns out that in
such cases, the function p, suggested in this Bragg-Williams model displays a behavior

that suggests a phase transition may occur. Hints of this behavior are clear in Fig. 7.5
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where one of the plots displays both a maximum and a minimum, but the plotsfor X >0
and for cX/2kT > -4 do not. Let me now explain this further by examining the derivative

of p, with respect to X,:

dpa/dX, = P21 + X,(1-X,) 2cX/2kT} exp(-cX(1-X ,)%/2KT).

Setting this derivative to zero (in search of a maximum or minimum), and solving for the

values of X, that make this possible, one obtains:

X, = 12 {1+ (1+4KT/cX)2}

Because X, isamole fraction, it must be less than unity and greater than zero. The above
result giving the mole fraction at which dp,/dX, = 0 will not produce arealistic value of

X, unless

cX/KT <-4,

If cX/KT = -4, thereisonly one value of X, (i.e., X, = 1/2) that produces a zero slope; for
cX/KT < -4, there will be two such values given by X, = 1/2 {1 + (1+4kT/cX)*}, which
iswhat we seein Fig. 7.4 where the plot displays both a maximum and a minimum.

What does it mean for cX/KT to be less than —4 and why is thisimportant? For X
to be negative, it means that the average of the A-A and B-B interactions are more

energetically favorable than isthe A-B interactions. It is for this reason that a phase
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separation is may be favored in such cases (i.e., the A species “prefer” to be near other A
species more than to be near B species, and similarly for the B species). However,
thermal motion can overcome a slight preference for such separation. That is, if X isnot
large enough, KT can overcome this slight preference. Thisiswhy cX must be less than
-4KT, not just less than zero.

So, the bottom lineisthat if the A-A and B-B interactions are more attractive, on
average, than are the A-B interactions, one can experience a phase separation in which
the A and B species do not remain mixed on the lattice but instead gather into two
distinct kinds of domains. One domain will berich in the A species, having an X, value
equal to that shown in the right dot in Fig. 7.5. The other domains will berichin B and
have an X, value of that shown by the left dot.

As| noted in the introduction to this section, lattice models can be applied to a
variety of problems. We just analyzed how it is applied, within the Bragg-Williams
approximation, to mixtures of two species. In thisway, we obtain expressions for how the
vapor pressures of the two speciesin the liquid or solid mixture display behavior that
reflects their interaction energies. Let me now briefly show you how the lattice model is
applied in some other areas.

In studying adsorption of gasesto sites on a solid surface, one imagines a surface
containing M sites per unit area A with N, molecules (that have been adsorbed from eth
gas phase) bound to these sites. In this case, the interaction energy E,, introduced earlier
involves only interactions among neighboring adsorbed molecules; there are no
interactions among empty surface sites or between empty surface sites and adsorbed

molecules. So, we can make the following replacements in our earlier equations:
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N,® N,

N;® M —N,

Eint = Eagaa Nagaor

where N, 4 IS the number of nearest neighbor pairs of adsorbed species and E,; ; isthe
pairwise interaction energy between such apair. The primary result obtained by equating

the chemical potentials of the gas-phase and adsorbed moleculesis:

P =KT (g V) (1/0) [0/(1-0)] eXp(E,0a/KT).

Here q,./V isthe partition function of the gas-phase molecules per unit volume, g, isthe
partition function of the adsorbed molecules (which contains the adsorption energy as
exp(-f/kT)) and g is called the coverage (i.e., the fraction of surface sites to which
molecules have adsorbed). Clearly, g plays the role that the mole fraction X, played
earlier. This so-called adsorption isotherm equation allows one to connect the pressure of
the gas above the solid surface to the coverage.

Asin our earlier example, something unusual occurs when the quantity E..co/KT
is negative and beyond a critical value. In particular, differentiating the expression for p

with respect to q and finding for what q value(s) dp/dq vanishes, one finds:
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q=12[ 1+ (1+4KT/CE)"].

Since g is apositive fraction, this equation can only produce useful values if

CE/KT < -4.

In this case, this means that if the attractions between neighboring adsorbed moleculesis
strong enough, it can overcome thermal factors to cause phase-separation to occur. The
kind of phase separation on observes is the formation of islands of adsorbed molecules
separated by regions where the surface has little or no adsorbed molecules.

There is another area where this kind of lattice model iswidely used. When
studying magnetic materials one often uses the | attice model to describe the interactions
among pairs of neighboring spins (e.g., unpaired electrons on neighboring molecules or
nuclear spins on neighboring molecules). In this application, one assumes that “up” or
“down” spin states are distributed among the lattice sites, which represent where the
molecules are located. N, and N, are the total number such spins, so (N, - N,) isa
measure of what is called the net magnetization of the sample. The result of applying the
Bragg-Williams approximation in this caseis that one again observes a critical condition
under which strong spin pairings occur. In particular, because the interactions between a
and a spins, denoted —J, and between a and b spins, denoted + J, are equal and opposite,

the X variable characteristic of all lattice models reduces to:
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X = '2Ea,b+ Ea’a + Eb,b = '4 J.

The critical condition under which one expects like spinsto pair up and thusto form

islands of a-rich centers and other islands of b-rich centersis

-4cJKT <-4

or

cJKT > 1.

D. Viria Corrections to |dea-Gas Behavior

Recall from our earlier treatment of classical partition function that one can

decompose the total partition function into a product of two factors:

Q ={h™ (N!)'0exp (- H(y, p)/KT) dy dp {0exp (-U(r)/KT) dr}
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one of which

Qigea = ™ (N!) 0exp (- H(y, p)/KT) dy dp V"

istheresult if no intermolecular potentials are operative. The second factor

Quia = (V) {0exp (-U(r)/KT) dr}

thus contains all of the effects of intermolecular interactions. Recall also that all of the
equations relating partition functions to thermodynamic properties involve taking InQ and
derivatives of InQ. So, all such equations can be cast into sums of two parts; that arising
from InQ,,, and that arising from InQ, .- In this Section, we will be discussing the
contributions of Q,,,, to such equations.

The first thing that is done to develop the so-called cluster expansion of Q. iSto
assume that the total intermolecular potential energy can be expressed as a sum of

pairwise additive terms:

U=S.,U(,

wherer,; labels the distance between molecule | and molecule J. This allows the

exponential appearing in Q,,, to be written as a product of terms, one for each pair of

molecules:
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exp(-U/KT) = exp(- S,,U(r,)/KT) = P, ;exp(- U(r,)/KT).

Each of the exponentials exp(- U(r,,)/KT) is then expressed as follows:

exp(- U(r)/kT) =1+ (exp(- U(r,)/kT) =1) =1 +f,

the last equality being what definesf,;. These f,; functions are introduced because,
whenever the molecules | and J are distant from one another and thus not interacting,
U(r,;) vanishes, so exp(- U(r,;)/KT) approaches unity, and thus f,; vanishes. In contrast,
whenever molecules | and J are close enough to experience strong repulsive interactions,
U(r,,) islarge and positive, so f,; approaches —1. These properties make f,; a useful
measure of how molecules are interacting; if they are not, f = 0, if they are repelling
strongly, f = -1, and if they are strongly attracting, f is large and positive.

Inserting the f,, functions into the product expansion of the exponential, one

obtains:

exp(-U/kT) =P (1 + fu) =1+ SI<JfIJ+ SI<JSK<L fl.]f kLt

which is called the cluster expansion in terms of the f ; pair functions. When this

expansion is substituted into the expression for Q,,, We find:

Qinter = v o1+ S, f;+ SoySka fisf i +..) dr
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where the integral is over all 3N of the N molecul€e' s center of mass coordinates.
The integralsinvolving only one f; function are all equal (i.e., for any pair I, J, the

molecules areidentical in their interaction potentials) and reduce to:

N(N-1)/2 V20f(r, ) dr, dr,.

The integrals over dr, ... dry produce VN2, which combines with V™ to produce the V2
seen. Finally, because f(r, ,) depends only on the relative positions of molecules 1 and 2,
the six dimensional integral over dr, dr, can be replaced by integrals over the relative
location of the two moleculesr, and the position of their center of mass R. The integral

over R gives one more factor of V, and the above cluster integral reduces to

4p N(N-1)/2 V' of(r) r* dr.

with the 4p coming from the angular integral over the relative coordinate r. Because the
total number of molecules N isvery large, it is common to write the N(N-1)/2 factor as
N?/2.

The cluster integrals containing two f,; f,, factors can aso be reduced. However,
it isimportant to keep track of different kinds of such factors (depending on whether the

indicesl, J, K, L areall different or not). For example, terms of the form

VN of ,f dr,dr, ... drywith 1, J, K, and L all unique
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reduce (again using the equivalence of the molecules and the fact that f,; depends only on

the relative positions of | and J) to:

1/4 N*(4p)? V2 of , 1,7 dry, Of s, 15,2 dryy,

where, again | used the fact that N is very large to replace N(N-1)/2 (N-2)(N-3)/2 by
N*/4.
On the other hand, cluster integrals with, for example, 1=K but Jand L different

reduce as follows:

VN of ,f.drdr, ... dry=21/2 V3N? of ,f,,dr, dr, dr,.

Because f,, depends only on the relative positions of molecules 1 and 2 and f,; depends on
the relative positions of 1 and 3, the nine-dimensional integral over dr, dr,dr, can be
changed to a six-dimensional integral over dr,, dr,;and an integral over the location of
molecule 1; the latter integral produces a factor of V when carried out. Thus, the above

cluster integral reducesto:

(4p)2 1/2 V_Z N3 C)le f13 r122 rl32 dr12 drl3 '

There is afundamental difference between cluster integrals of the typef,,f,, and

those involving f,,f,;. The former are called unlinked clusters because they involve the
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interaction of molecules 1 and 2 and a separate interaction of molecules 3 and 4. The
latter are called linked because they involve molecule 1 interacting simultaneously with
molecules 2 and 3 (although 2 and 3 need not be close enough to cause f,;to be non-
zero). The primary differences between unlinked and linked cluster contributions are:
1. The total number of unlinked terms s proportional to N*, while the number of linked
terms is proportional to N°. This causes the former to be more important than the | atter.
2. The linked terms only become important at densities where there is a significant
probability that three molecules occupy nearby regions of space. The linked terms, on the
other hand, do not require that molecules 1 and 2 be anywhere near molecules 3 and 4.
This also causes the unlinked terms to dominate especially at low and moderate densities.
| should note that a similar observation was made in Chapter 6 when we discussed the
configuration interaction and coupled-cluster expansion of electronic wave functions.
That is, we noted that doubly excited configurations (analogous to f,,) are the most
important contributions beyond the single determinant, and that quadruple excitations in
the form of unlinked products of double excitations were next most important, not triple
excitations. The unlinked nature in this case was related to the amplitudes of the
quadruple excitations being products of the amplitudes of two double excitations. So,
both in electronic structures and in liquid structure, one finds that pair correlations
followed by unlinked pair correlations are the most important to consider.

Clearly, the cluster expansion approach to Q,,., can be carried to higher and
higher-level clusters (e.g., involving f,,f,,f-,0r f;, 55, €tc.). Generally, one finds that
the unlinked terms (e.g., f;,f4, fss iN this example) are most important (because they are

proportional to higher powers of N and because they do not require more than binary
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collisions). It is most common, however, to employ a severely truncated expansion and to

retain only the linked terms. Doing so for Q. produces at the lower levels:

Qe =1+ U2 (N/V)*4p V of r*dr + /4 (N/V)*[4p V of r* dr ]?

+ 1/2 (N/V)3V (4p)?0f ,f 151,715 dro,drys.

One of the most common properties to compute using a partition function that

includes molecular interactions in the cluster manner is the pressure, which is calculated

as

p=KT (TINQ/V)y 1

Using Q = Q,uey Qinier @d inserting the above expression for Q, . pProduces the following

result for the pressure:

PVINKT =1+ B, (N/V) + B, (N/V)?+ ...

where the so-called virial coefficients B, and B, are defined as the factors proportional to

(N/V) and (N/V)?, respectively. The second virial coefficient’s expression in terms of the

cluster integralsis:

B, =-2p of r?dr = - 2p o[exp(-U(r)/kT) <1] r*dr.
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Thethird virial coefficient involves higher order cluster integrals.

The importance of such cluster analysesis that they allow various thermodynamic
properties (e.g., the pressure above) to be expressed as one contribution that would occur
if the system consisted of non-interacting molecules and a second contribution that arises
from the intermolecular forces. It thus allows experimental measurements of the
deviation from ideal (i.e., non-interacting) behavior to provide adirect way to determine
intermolecular potentials. For example, by measuring pressures at various N/V values
and various temperatures, one can determine B, and thus gain valuable information about

the intermolecular potential U.
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